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§0. Introduction (motivation)

e D =X HBOD concept 2EEHC DL EEXET. C OHEBEOHE%
x, %% T =a—ib(x =a+ib, a,b 1FFEEi=/-1) £TDHLE, new
product 2 xy =T *y \Z L > TEREUET. ZOD new product IZIEREEHIMN
% (by (zy)z # z(yz)) THH, ZOFET

g(xy) = (97)(9y), d(zy) = (dx)y + z(dy)

RAHHECHEM g 20 d 2% 25, C % re? THFKor, Fll 2r TERT L

. 2 1 13
Aut C = {0 = %n, n :integer} = {1, +2\/§ Z, 2\/§ Z} >~ G
2 27t 4w
Der C={d € End C|d = gm, n : integer} = {0, g, %}

Db £ 9. product (&) ICHEREL TS ZE 0.
§=0,1,2 2K LT (A j %2 mod 3 THERXET), End C DILT,

9i(xy) = (gj+12)(gj+2y), dj(zy) = (djt12)y + 2(djt2y)



LB g5, dj BEZDE, IRD K57 Aut C,Der C D—LMV RO NF
9. Trig, and Trid DFL 5 OHMBIZIROH TITVWET.

T’I”lg C= {(90791792)| g; = GIL'p(v -1 OZ]‘),OLO + o +ay = 07 Qg € Re C}a

Trid C = {(do,d1,ds)| dj = V~1 o, ag+ a1 +az =0, a; € Re C}.
RIZn x n IROTTHRMA THEET L, j=0,1,2 1T/ LT
oj(a)r = aji1 *x+" aji2, dj(p)x =pjt1*xT — T *pjta.
772U a; € Ay :={be Alb+' b= Id,}, p; € Alt(A) :=={c€ Al tc = —c},
(x * y & standard product of matrix, z I% transpose of matrix),

ELEYT. Z2ZTay= Y(rxy) & new product ZEHT D&, D
B oy (FERENRETT Y, AR MO O — BT o N E T,

oj(a)(zy) = (0j11(a)z)(0]42(a)y), d;(p)(zy) = (djt1(p)x)y+2(d;+2(P)Y),
p; = (1 —a;) = (1 +a;)~! (Cayley transformation) 23 D 26 £ 9.

Remark. Tits {2 & % derivation ®—#&LD 8 7LED =W FHIZ DWW T
K ([S],[T],[T6] and [K.3] %) % 24

Remark. Note that for a symmetric composition algebra A (i), if
V3 € F (BiE), and dimpA = 2, then AutA = Ss (3 IRDOXIFREE) |, if
dimpA = 1, then TrigA = K4 (Klein’s 4 group) ([K-0.3], [K.2]). 25
D&% — R DOIEFEEHRETUTEZ £ 7.

81. Definitions of triality relations and normal triality algebras

Z DETIFEGHRBCRIZE T 5 — 72 triality relations (local and
global @ cases) ZR X I T W72 & £7. (a correspondence of local and
global triality relations)

Let A be a nonassociative algebra over ch F # 2,3 (algebra 1&A RIXIT
ZUTHTUBHMILE B R VIEREEIREROEEE2E X £T).

Following ([K-O.2] or [K-0O.3]), suppose that a triple g = (¢1,92,93) €
(Epi A)3 satisfies a global triality relation

9i(xy) = (gj+17)(gj+2Y) (1.1)

where the index j is defined by modulo 3, so that g;+3 = g, (this is said to
be a triality group). We denote

Trig A=

{9 = (91,92,93) € (Epi A)*|g;(xy) = (9j+17)(gj42v), ¥ = 1,2,3} (1.2)

This is a generalization of the automorphism group of A, because if g; =

g, 7 =0,1,2., then this ¢ means an automorphism of the algebra A.



In constrast to the algebra triality relations (1.1), we may also consider a

local triality relation
£ (oy) = (b)Y + (ts20). (13)
Analogously to (1.2) if [t;, ;] is closed, we introduce
Trid A =

{t = (t1,t2,13) € (Bnd A)|t;(zy) = (tj112)y + x(tjr2y), V5 = 1,2,3}.
(1.4)
Then, it defines a Lie algebra with component wise commutation relation.
Also if (t1,t2,t3) € Trid A, it is easy to verify that we have for any o; €
Fooji3=0o;
3

t = (ty,ty,t3) € Trid A, where t; =Y a;_pty (j =1,2,3).
k=1

Furtheremore, if the exponential map t; — &; is given by

oo

1
§=expty= ()" (1.5)
n=0
is well-defined, then we can show that
&i(@y) = (§4+12)(&+29), (1.6)

provided that ¢t = (t1,t2,t3) € Trid A and vice-versa.
Next we introduce multiplication operators of A, L(x), R(x) € End A by

L(z)y = zy and R(x)y = yz.

Def.1.1. Let d;(z,y) € End A, for z,y € A (j =1,2,3) be to satisfy
(i)
di(z,y) = R(y)L(z) — R(z)L(y) (1.7a)
da(z,y) = L(y)R(z) — L(z)R(y). (1.70)

(ii) The explicit form for ds(z,y) is unspecified except for
dg(fﬂ,y) = —dg(y71'), (170)

(iii)
(di(2,y), d2(,y), ds(2,y)) € Trid A.
We call the algebra A satisfying these conditions to be a regular triality

algebra.



Remark. Any Lie (resp. Jordan) algebra with product [z, y] (resp. zy)
is an example of the regular (in particular, normal) triality algebra with
respect to the L([z,y]) = d;j(z,y) (resp.[L(z), L(y)]) for j =1,2,3.

Proposition 1.2 ([K-O.3]). Let A be a reqular triality algebra satisfy-
ing either the condition (B) or (C); (B) AA = A, (C) if some b € A satisfies
either L(b) = 0 or R(b) = 0, then b = 0. Then we obtain the following.

(i) For any t = (t1,ta,t3) € Trid A, we have

[tj. di(@,y)] = di(tj—kz, y) + dis(@, ;1Y) (1.8a)
Especially, if we choose t; = d;(x,y) it yields
[d;(u,v), di(x,y)] = di(dj—r(u, )2, y) + dp(z, dj—(u,v)y).  (1.8b)
(ii) For any g = (g1, 92,93) € Trig A, we have
9idi (@, 9)g; " = di(gj—k,y) + di(2, g5 1Y) (1.8¢)
Let A be a regular triality algebra with either (B) or (C), and set
D = span < d;(z,y),Vr,y€ A, j=1,2,3>. (1.9)

Then ® is a Lie algebra by (1.8b). Moreover, it is an ideal of the large Lie
algebra Trid A by (1.8a), denoted by D <Trid A. We call an "inner triality
derivation” (naming of the author) this © as a generalization of derivations.

Def.1.3. If a regular triality algebra satisfies Eqs.(1.7) as well as
ds(z,y)z + d3(y, 2)x + ds(z,x)y = 0, (1.10a)

[dj (’LL, U)a dk (.Z‘, Z/)] = dk (dj—k(u’ 1})33, y) + dk (JZ, dj—k(uv U)y)’ (110b)

then we call a pre normal triality algebra ([K-0O.1]). Furthermore, if we have
Q(xa Y, Z) = d1(27 l‘y) + d2(y7 ZCC) + d3(xa yz) =0, (111)

then A is called a normal triality algebra ([K-O.2]). Next we introduce the
second bilinear product in the same vector space A with involution x — T
by

THRY=TY="7 T. (1.12)
Then the resulting algebra (A, z x y) is said to be a conjugation algebra of

A, for the new product x * y, by means of Qz = Q Z and Q € End A, we

have

gi(xxy) = (gj112) * (gj420), dj(z*y) = (djy12) xy + x % (dj12y). (1.13)



Remark ([K-O.1]). The conjugation algebra of a structurable algebra
which contains an alternative algebra is a normal triality algebra.

Note that the vector space 2y ® Jo with 182 dimension ([S]) appeared
Tits second construction of the Lie algebra of type Fg is a normal triality
algebra (see next section for the details).

Theorem 1.4 ([K-0.2]).  The symmetric composition algebra, Lie and
Jordan algebras are a normal triality algebra.

Theorem 1.5. For a normal triality algebra A, if we define

& =expd; (j=1,2,3), (assuming the well — defined)
then we have
§i(zy) = (&12)(§42y), that is,(&5, &1, &512) € Trig A,
[%((exp td;)dy(exp td;) ™ Hi=o = [dj, dx] € Trid A.
That is, this means that ([d;, dg], [dj+1, dk+1], [djt2, drt2]) € Trid A.

Corollary. For the pseudo octonion or para Hurwitz algebras, the same
result in Theorem 1.5 holds, as these algebras are a symmetric composition
algebra and so a normal triality algebra.

Remark. In the normal triality algebra A, if we define an endomor-
phism by D(z,y) := di(z,y)+da(x,y)+ds(z,y), then we have the relations
D(z,y) = —D(z,y), D(zy,z) + D(yz,z) + D(zz,y) = 0 and D(z,y) is a
derivation satisfying [D(z,y), D(u,v)] = D(D(z,y)u,v) + D(u, D(z,y)v),
thus this algebra A is a generalized structurable algebra ([K.1]).

Remark([K-O.1]). The conjugation algebra (A, z*y) of normal triality
algebra (A,zy) with a para unit e (i.e., ex = xe = T) is a structurable
algebra with the unit e*x = e = x, since x x y = Ty and T = z.

Remark. Let (A, xy) be an associative algebra. Then (A,z -y) is a
Jordan algebra with new product and involution difined by z-y = x*xy+y*x
and T = x, since they satisfy the identities 2 -y = y -z and (v -y) - 22 =
x - (y - 2?). This identity is a definition of the Jordan algebra.

Remark. Let A be anormal triality alg. For (£1,&2,&3) = (exp dy, exp da,
exp ds) € exp D, provided that the exponential map is well-defined,

Vg = (91,92,93) € Trig A =

gjﬁkg;1 = gj(exp d;g)gj*1 = e:z:p(gjdkg;l) €exp D. (by (1.8) and (1.9))
Therefore Gy =< &1,£2,&3 >span is an invariant subgroup of T'rig A. We call
an ”inner triality group” (naming of the author) and we obtain ©® +— Gj.

For the definitions of this section, we would like to refer ([K-O.1],[K-
0O.2]and [K-0.3]), that is, for the concept of normal triality algebras and



related topics. It seems that this concept (called a normal triality algebra)
of a generalization of the derivation may be regarded as a generalization in
the " principle of triality” of the octonion (or para octonion) algebra due to
Tits ([K.3)).

§2. Examples of triality relations of algebras

For several examples of normal triality algebras, in particular, to construct
Lie algebras, we will exhibit them in this section.
First, it is known that a symmetric composition algebra A over a field

F(ch F # 2) with a symmetric bilinear form < x,y > satisfying the relations
(zy)z = z(yx) =< z,z >y, < x,y > is non — degenerate,

is a normal triality algebra and the symmetric composition algebra is either
a para-Hurwitz algebra (that is, the conjugation algebra is a Hurwitz algebra
which contains the Cayley number if ch F = 0), or an eight dimensional
pseudo octonion algebra due to M.Gell-mann ([G],[K-0.2],[K-0.3], [K3] and
[O]). Note that this symmetric algebra satisfies the relation < zy, xy >=<
z,x ><y,y >, ie., ||lzy|| = ||z]|||y||, where < z,x >= ||z||?.

We denote the conjugation algebra of the Cayley algebra by O and the
pseudo octonion algebra by Op, this Oy, is called an Okubo algebra.

This symmetric composition algebra A has a triality derivation (dy, di,d2) €
Trid A defined by do(z,y) = 2{[L(z), L(y)] — R(w,y))}.

di(z,y) = R(y)L(z)—R(z)L(y), and dz(z,y) = L(y)R(z)—L(z)R(y). (M)
The case of the symmetric composition algebra;
< dj(a,b) >span= D4 (Lie algebra of 28 dimension),

since < d;(a,b)z,y >+ < z,d;(a,b)y >=0, (Vj=0,1,2).

Secondarily, the Lie algebra (¢ = —1) and Jordan algebra (¢ = 1) are
a normal triality algebra equipped with the product L(x)y = zy = eyx =
eR(x)y and the triality derivation d(z,y) := do(z,y) = di(x,y) = da2(x,y) =
—[L(2), L(y)].

The other examples are the following:

Example a) ([K-0O.2]). The vector space O ® O with 64 dimension in-
duced from two para octonion algebras O (para octonion is the conjuca-
tion algebra of octonion O) is a normal triality algebra with respect to the
Di(a®z,b®y) = d§-1)(a,b)® <zx,y>id+ <a,b>id® d§-2)(x,y), where
dg-l) and d;Q) with the triality derivation defined by (#) respectively. Note



that D = Dy + Dy + Dy construct a Lie algebra of type Gy @& G5. This
implies that Der O = Go(Lie algebra of 14 dim) in particular.

As we will show in next section, this case is relevant for a construction of
so-called Freudenthal’s magic square.

Remark. A vector of the tensor product Op ® Op induced from the
pseudo octonion algebra Oy, is a normal triality algebra with D;(a ® z,b®
y) = d§-1)(a,b)® <z,y >idt <a,b>id® d;Q)(a:,y) as well as the tensor
product of the para octonion algebra O. However note that D = Dy +
D; + Dy construct a Lie algebra of type As @ As. Hence this means that
Der O, = A, (Lie algebra of 8 dim).

Example b) ([K-O.1], [K-O.3]). For the octonion algebra O and a para

Zorn vector matrix with 56 dimension induced from the vector space

(o)

is a normal triality algebra, where V a,b € H3(O)(= J) is a exceptional Jor-
dan algebra of degree three with 27 dimension over a field F', and o, 8 € F
(the base field). For the details, see section 5 in ([K-0.3]). This concept was
appeared a meta symplectic geometry due to H. Freudenthal (for example,
see ([K.5], [K-O.4])).

Example c¢). The vector space 2y ® Jo with 182 dimension appeared
Tits second construction of Eg([S],[T6]) is a normal triality algebra with the
(triality) derivation Dy = Dy = Do(= D). Here this derivation of 2y ® Jo
means that D = (do + dy + d2)® < z,y > id+ < a,b > id ® [R(x), R(y)],
where d; is the triality derivation of the normal triality algebra 2 (as the
para octonion algebra) and [R(x), R(y)] is the derivation of the normal
triality algebra J (as the exceptional Jordan algebra with dim J = 27).
Here denote by 2y = {a € AUltrace (a) = 0}, Jo = {z € J|Trace (x) = 0},
and dim Ay =7, dim Jo = 26 respectively.

83. Lie algebras construction

In this section, we will discuss a construction of Lie algebras associated
with the normal triality algebras of Examples a), b) and ¢) in section 2.

Following (JK-0.2]), let A be a normal triality algebra and consider linear
maps:

pjA—=VandT; : A A=V (3.1)

for 5 = 0,1,2, where V is an unspecified algebras with skew symmetric

bi-linear product [o,o]. We set now



L(A) = po(A) & p1(A) & p2(A) & T (A, A). (3.3)

Let (i,7,k) be a cyclic permutation of indices (0,1,2), and assume the

following anti-communtative multiplication relations:

[i(2), pi(y)] = =[pi(y), pi(x)] = Ts—i(x, y) (3.4a)

[pi(@), p; ()] = =[p;(y), p; ()] = —pr(xy) (3.4b)

[Ti(z,y), p;j(2)] = —[pj(2), Ti(z,y)] = pj(di+j(z,y)2) (3.4c)
[Ti(u, v), Trn (%, )] = Ton (di—m (u, )2, y) + Ton (2, di—n (1, 0)y)

= —Ti(dm—1(z, y)u,v) = Ti(u, dm—i(2, y)v) (3.4d)

for I,m = 0, 1,2. Hence, we introdcuce the Jacobian in L(A) by
J(X,Y,Z) =[[X,Y], Z] + [[Y, 2], X] + [[2, X], Y] (3.5)

for X,Y, Z € L(A).

Lemma 3.1. T(A,A) and Tj(A, A) for j = 0,1,2 are Lie algebras.
AlsoTj(A, A) is an ideal of T(A, A), where T;(A, A) = span < Tj(z,y),Vz,y €
A>.

Condition (D) Suppose that we have p;(z) = 0 for some z € A and for
some value of j = 0,1,2, we then have x = 0.

Proposition 3.2.  Let A be a pre-normal triality algebra. If we have
J({L” Y, Z) = TO(J’.’ yz) + Tl (27 xy) + TQ(Z/? Z{L‘) = 07 (36)

then L(A) is a Lie algebra. Moreover, if the condition (D) holds, then A
is a normal triality algebra. Conversly, if L(A) is a Lie algebra and if the
condtion (D) holds, then A is a normal triality algebra with the validity of
Eq.(3.6).

Theorem 3.3.  Let A be a normal triality algebra. Then, the quotient
algebra L(A) = L(A)/J is a Lie algebra, where J = span < J(x,y,z) >.

ZOEM 3.3 #HWAL T 5-graded g oD g_1Dgo®D g1 Dge DEIATLY —
REZERERL LU £ 9. 712 normal triality algebra A @ inner triality derivation
dj 2 T; &AET.

L(A) = p1(A) ® p2(A) © p3(A) & T (A, A), and

T(Aa A) =< Tj(a7 b)vv] =0,1,2,Va,b e A > span

and we identify T} (a, b) with the triple T} (a, b) = (d;(a,b), dj+1(a,b),d;12(a,b)).
§2 @ Example a),b),c) DAL 7z Lie algebras 2 &%¢3 5. D&,
FEEAR PO 0 ORBBIkE T 5.



a) A = 0®0 DE# (tensor product case , and dim g_o = dim go = 14):
A=A, R Ay, dim Ay, dim Ay BB E5E2HWBE L, TN E N construct X
N3 Lie algebra IZBL RORRIZAR D £97, 72721 O & octonion algebra.

L(A) = ES, Lj = p](A) @T3_j(A, A) = DS,T]‘(A,A) = D4 D D4.

dimAs\dimA, | 1 2 4 8
1 Ay As Cy Fy
2 Ay As® Ay As Eg
4 Cs As Ds E;
8 F, Es E; FEg

Eg % Extended Dynkin diagram T&R3 & L(A)/L;(A) 1% 128 IRt DX FR
72,
@—o—o—o—o—o—o—@ E]omitted >~ Dg, and ® is hieghest

root.

a a
b
L(A)=Eg, Lj=p;(A)®Ts5_;, = E; DA, Tj(AA) = EsPgl(l)®gl(1).
ZZT H3(0) = H3(A)(=B) 5l ZITES A 5. 72720 A & Hurwitz
S o ) — A ¥ BY dimB A
3 B F
9 5 Lie algebra (ZLA FDRRIZZ D £9.

b) A= D& (balanced case, and dim g_s = dim ga = 1):

algebras over F. V «

dimB | 1 6 9 15 27
dimA | 4 14 20 32 56
dimL(A) | 14 52 78 133 248
L(A) | G. F E; B, Es

ZD%ED construct X N7z By % Extended Dynkin diagram THT &
L(A)/L;j(A) 1& 112 Rt DR FRZE[H;
@_E]—o—o—o—o—o—o
|

o

[o] omitted = A, @ Er.

c) A=Ay RJg D& Here denote Ay = {z € Oltrace x = 0},Jg = {z €
Hs(O)|Trace x =0}, (dim A =7 x 26, dim gy = 66):

L(A) = Der(A) & A = Eg, Der(A) = T(A,A) = Der2l & DerJ =
G2®F; =< D(X,Y) >span - TDHED Ag@Jp 1 XoY = (axb)@(z+y) and
[X,Y] = D(X,Y)+XoY IZ X5 generalized structurable algebra 2> DY —



REOHETT (K.1)). b) DEA L BT 3 = Hy(0) - Ha() (= B) L&
<. FHULWVEHIAIRE & £ 9% 248 LD 5-graded Lie algebra’s construction;

L(A) =g 2®9-1® 90D g1 D g2, and go = Der (g_2®g—1® g1 ® g2)

with respect to the A = 20y ® Jo with the certain algebraic structure.

dim B=1 dim B=6 dim B=9 dim B=15 dim B=27
dim2A =1 0 Ay A, Cs Fy
dim2l = 2 0 Ay As @ As As Eg
diml =4 Ay Cs As Dg E;
dim2l =8 Gs Fy FEg E; Eg

Z DEE D construct N7z Eg % Dynkin diagram TS &, L(A)/(G2®Fy)
1% 182 ¥X5T D reductive homogeneous space TH D, XD E S IZFHRINET.
[o]-0-0-[o] 0o—0—0 [o] omitted = Gy ® Fy = Der A.
|

o

Z ZTIlE Examples a), b) and ¢) @ (extended) Dynkin diagram (2L
T, Bg IZDWTEIFTEAERINTRRE U2, Go, Fy, Eg, B DG S RIBRIZEK
TET.

For the triality relations of Lie algebras associated with triple systems (or
structurable algebras) without using root systems, to see our references.

D% 0, EFID normal triality (super)algebras D& & ZHARE D S
DY — R (U —ERE) OWERPFEEL £9. ZIHR (Freudenthal-Kantor
triple systems) 5 5 OEKIZBI L, super /L% &8 ([K.5], [K-O.1]~[K-0.4])
REEFEOXMREZZTHHUE LAEZEEZSIRLU T ZI 0.

UEDFEFRIZ g 2D g 1®go® g1 Dga D 5-graded V — () {RELDKERL
1Z1% Jordan and alternative algebras % & & normal triality algebras & % ®
super {t O SNEETHE Z 2 RLTWVWET.

DEOENT B L, AR OB EZ2EEZT2000HEEZ ZDEDE
BITR AR F T

- Eg/Dg (182 dim), Es/(A1 ® E7) (112 dim) --- symmetric space

- Es/(Go @ Fy) (182 dim), ---reductive homogeneous spase

- E7/(A1®Dg) (64 dim), FEg/(A1® As) (40 dim), Fy/(A1®C3) (28 dim),
G2/(A1 ® A1) (8 dim), - - - quaternionic symmetric space

C(n+ 1)/(gl(1) ® Cy) (4n dim), B(0,n)/C, (2n dim), G(3)/(41 &
G2) (14 dim), F(4)/(A1 & B3) (16 dim), - - - super symmetric space

Z D & D A F DR A ZIHR XU normal triality algebra 5 & K A]
BEZN5TY.

geometry concept = algebraic characterization (nonassociative algebras)

10



84. On equivalent’s concept of Lie and Jordan algebras

ZOETIRY —REE Y a VAV REDPHEDHETIE AR L n D HEE
DEIET BB O Hs A HRECR D 5 (MSC2020 DAIR), & O
KDL ZETBRIZWEBWET. THEHOEMIL 4 FHET Db L
BAVSHOME ([T ) —=IHR, ¥ a VR URERE, ZHRVHARIZ
BOWTEHFEOVMREINTVARVOLOHEEEDELT) ND—DDRE -
JESLDFie UTRIESE TV L EXT

Math. Subject Classification  (17-XX, nonassociative algebras);
17A(1973-now) general nonassociative rings,
17B(1973-now) Lie algebras and Lie superalgebras,
17C(1973-now) Jordan algebras (algebras, triple systems and pairs),
17D(1980-now) other nonassociative rings and algebras,
EIDLFFLSBRET LT D@ED TY.
17A40(1980-now) ternary composition,
17A70(1980-now) superalgebras,
17B81  Applications of Lie (super)algebras
17C37(1991-now) associated geometries of Jordan algebras,
17C70(1991-now) super structures,
17C90(1991-now) Applications of Jordan algebras to physics,
17D05(1973-now) Alternative rings.

UEonfEIrORONETESIT, V—REEMTzREZRV) &Y
IV ARE (AL e % 75 0) 13RS S IIRBCR O TER T 5 & 17B, 17C &
WORRKIZREL 2DIZHFINTVES. ZITYVa VXV RBDOEHEES
ZTHBEEY. KF LOXZ PVZERV T2HM vy EPEEEZ B B, IR
DA% i 72 3 RECR%E Y 3 V& VR (Jordan algebra) &£ 5 5.

1) xy = yx, Yo,y €V,
2) (z%y)z = 2*(yx), Yo,y € V.

FEH. ATHMRE(V, zxy) THLUVWEZ sy =2 xy+y*xx TEHRT D&
VI KURECTT, %7 4 EHREL (H, ), 8 e8I (0, %) & Z Ot 2y
TYa VX URETT.

Lie algebras and Jordan algebras @ % — I > ZIZD\W\WCatdke LT (%
B T3 ) AT ORI Z B AT H X 27
(*)The achievement of Lie had been to reduce the study of local properties
of an analytic group to the study of corresponding properties of a certain
non-associative algebra called its infinitesimal group. In his lecture, Weyl
proposed an independent study of such algebras, which became known as
Lie algebras (N. Jacobson @ personal history & 9).

(*)The study of such algebras seems to have been initiated by P. Jordan in

connection with quantum mechanics and we shall call them Jordan algebras

11



(A.A. Albert DFX L D).

HKF EORT MVER YV T 2B oy TEHUTOWTHREMLEZ S5, 1RO
Gt % i 72 9 RBCR % S3MRAREX (alternative algebra) & WWE T
1) 2%y = x(zy), Yo,y €V,
2) yz? = (yx)x, Vz,y € V.

Z ORECRIZEA L TIXIRD Artin’s theorem RIS NTWET.
The subalgebra generated by any two elements of an alternative algebra V
18 associative.
— 75, R (V,zy) Troy=ay+yr EHLVWEHo ZEHRTH LV al
X URECTT. I, ATHIMRER (V, 2y) THERT LMD I L EEDIHET.

[z,y] = vy — yz => Lie algebra,

z oy = xy + yr = Jordan algebra.

F LD EEHRIIZIEY 2L X U AREUE 1934 2D Jordan-Wigner-Neumann
D X THAMAR L DOV FHINT (BT HFORET DR, BflD Z A1
r-number systems & FEIEA EEED & 512 A A.Albert IZ & b Jordan algebra
& naming I N7z), V—REEH TS NZ5IE 1935 4£D Jacobson D
XA L B E T A Lie algebras & Jordan algebras IZM374Z, Bl % (2%
B L, 1950 F£RIEH 5, Chevalley-Schafer ® Fy, Eg DI, Freudenthal
® 56 {XIT metasymplectic geometry DEERIZFNTN 27T IRTD T a VX v
REL H3(0) RN T, £ D% Loos, Neher 12 &2 Y a VXY =IHR & %7
ANEWHFEPFE I N T VB & BWE . $EH X Jordan triple system 25 5
DU AL U 72 ARBER T Y — (#) R¥%Z &7z construction 2EEE L TWE
9. RECRD 5 #{F\; A generalization of Jordan algebra = symmetric
space, reductive homogeneous space, bounded symmetric space (FEfE &)
RERDOFMFEADIGH) . HlIZIEX ERKD  Algebraic structures of
symmetric domains (1980). — /3, triple system O¥IEEANDGHIZEI L Tld
quark theory, field theory (ZE# § 25X BNFHEL £3. £ U TRARED
Introduction to octonion and other nonassociative algebras in physics(1995)
HEFELET.

firge U — (G8) Rz yarxy () REPHETHROORE WD
FHZ B AV EZ RO TTARY a2 VX VRO RBGRO KA 5E 221317
FELRVWDT, £/ - ) —REDOEORRIZY a v Ao REE#H (AC
FREEZ E8) OFEHSE, F7ZFZRBROSEVL FET S HEEFLH
RIs0hb LNEEA. 2L TYHY: L OFE % 5 ® T Zelmanov(Fields
BREH) EMHZEL TWET Jordan superalgebras 732 O3 ¥ OFATHIZ%
SMODEH LNERA.

—— nonassociative algebras IC&1F% Fanky 2 A (Jack EADHE
@) REHHELNBZ I ER/FLT——
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Appendix T (RFRHYE AR D IR & =X J5TH).
Let A be a symmetric composition algebra over the field F and /3 € F.

Y= {a = (al,ag,ag) S A3|ajaj+1 = Qjt2, < aj,0; >= 1, Vj = 1,2,3}.

(A.1)
For a given a = (a1, as,a3) € ¥, we introduce a notation
A(a) = {p = (p1,p2,p3) € 47|
a;Pj+1 + DjGj+1 = Pjt+2, < Pj, A5 >= 0, Vj=1,2, 3} (AQ)

Note that A(a) is a vector space over F.

Moreover, we define g; € A by ¢; = aj+1Dj4+2 = Pj — Dj+10j42-

From (Th.2.5 and Th.3.2 in [K-0O.3]) and the notation being as avobe,
we have the following theorems for global and local triality relations.

Theorem A.1. ForVa,b e X, we have oj(a) and 0;(a) € Trig A,
G =< 0;(a)o;(b) and g;(a)f;(b) >span is an invariant subgroup of TrigA,
ojt2(a)ojy1(a)oj(a) =1d, 0,42(a)fj11(a)0;(a) = Id, (inner triality group)
where 0;(a) = R(aj+1)R(ajy2) and 0;(a) = L(aj42)L(aj11).

Theorem A.2. For anya € X and p € A(a), if we introduce D;(a,p) €
End A by Dj(a,p)x = (pj+12)aj+1 + aj(xq;), then this D;(a,p)satisfies

Dj(a,p)(zy) = (Djt1(a,p)x)y+x(D;2(a,p)y) (inner triality derivation).

Furtheremore, we obtain that T;(A, A) =< D;(a,p) >span s an ideal of
Trid A.

¥ 72 8 YRILD symmetric composision algebra DA, u,v % W2 IR IS

Dj(a,p) < ———— > d;(u,v) (normal triality algebra (Z&1J % local trial-
ity derivation ) DREAHI SN TWE T ([K-0.3]). Hence, < d;(u,v) >span™
Dy (28Rt D YV —REX) 72D T Dj(a,p) ZHEKT 5 28D a = (a1, a2, a3)
and p = (p1,p2,p3) & EARBNZLA RSB I TWAZE£T. Zho DHEEIC
B9 % FfEFR X para and pseudo octonion algebras 1&Z N ZFIIRDET, N
Bido =3 zje, y=3",yje; DL E <w,y>=3 x;y; CEHINKT.

(*) para octonion DEE: e1, -+, er DTEDBI, e1e0 = —e3, erer = —eq, eger = —ei.
para case el es es eq es e6 er
el —1 —es eg —es ey —e7 eg
e2 es -1 —e1 eg —er —ey es
e3 —e el —1 —er —eg es eq
eq es —eg er —1 —eq eo —e3
es —ey er eg el —1 —e3 —e2
eg er eq —es —eo es —1 —eq
er —egp —es —ey es €2 el —1

(AI) Examples of triality group and derivation in the para octonion al-
gebra (the conjugation algebra of Cayley algebra), eg = 1 72D THIUK.
a=(a1,az,a3),p = [p1,p2,p3] LERT 5.
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(AI):(para octonion algebra), with respect to basis ey, - - -, e7.

(1) a = (e1, ez, —e3), p = [e2, —e1,0],

Remark. a = (a1,a2,a3) € LU T p; = ajp1pjr2+pjr1aj42 &z
T p = [p1,p2,p3) DEGTIENL ONFIET S, HIZIX, p=[e3,0,—e1]. p =
[0,e3,—e3] D3 D £97. (2)(e1,eq, —e€5), [e4, —€1,0] (3)(e1,eq, —€7), [e6, —€1, 0]
4)(ea,eq,€6), [€1, —€2,0] (5)(e2,e5, —€7), [es—e2,0] (6)(es,eq, —e7), [€4, —e3, 0]
7)(es, e5, —€g), [e5, —es, 0] (8)(%61—1—@62,%61—1—@62,—1,) [‘égel—%eg, ‘fel—
2,0, 20 (8) @ (5,7) = (1,2) EHVT (9)~(28):i % J, (3¢ i+ seit

\/\_/

Q

l\')\»—"\"\

% ,—1), [\2[6’1 ;ej,gei 5€j, ]’)iV)( 66-‘1-\[67,%664—\2[67, 1), [\2[66—
ser, §66—§67,0] etc. FLT(8)~(28): 70 =21 @V{FEL £9. where
eoe; = e;eq =¢€; = —e; (i #0),ep is a para unit.

Note that the product [e;, ex] = ejer — exe;, (4, k= 1,---,7) makes a

Malcev algebra with seven dimension ([O]). ZJ5fi (eiej)e; = e; (7= U £ 7.
(**) pseudo octonion DEJE: e1,---,es DBDHBI, e1en = e3, ege1 = e1, eges = —es.

pseudo case el (D) e3 €4
el es [} —e2 ?ee + %87
€2 —e€3 es e1 %66 — §e7
es €2 —eq es ?&1 + %65
eq ges - %67 —%ee - ?67 @64 - %55 g% - %'38
€5 %36 + ?67 ?66 - %67 %64 + ?65 —%83 - §38
es Ves—tes  Leat+ Les —Legtier Lo le
er %64 + @65 —§64 + %65 —%66 — §e7 —%61 — @@
es e1 €2 €3 _%64 + ?65
pseudo case es eg er eg
e1 —%ea—i-?e? 7364+%e5 —%64+§65 €1
e Begt+ler —leat+ Les —Ley—les e
es —feat Yles  —Yleo—fer  fes— Ller €3
€4 %63 + ?58 @81 + 5€2 %61 - ?82 —%e4 — §e5
es Beg—Ltes —ler+Ler Leitiex Lea—Lles
€6 %61 +§62 *7363* %68 *%63+§68 *%66* %67
er Vo1 —tea  les— Les —Les—les Leg— ler
es ~VBey—Les —les+ Ler —Leg—Ler —es

(AIT) Examples of triality group and derivation in the pseudo octonion
algebra (the pseudo octonion algebra (¥ Okubo algebra of eight dimensional
matrix EIFEND) ZORBUIHBALITDRN. (eie5)e; = e, < e;,e5 >= 5.

(AII):(pseudo octonion algebra), with respect to basis e, - - - eg.
(1)(e1,ea,e3), [e2, —e1,0], (2)(eq, e, ?eg + %67),]) = [eq, %el — ?62,0],
(3)(e1, es, —%eg—i—@eﬂ, [es, 3e1— @eg, 0], (4)(e1, eq, %e5+§e4), les, 3€1+
@eg, 0], (5)(e1, ez, §e5 - l64) le7, 2e1+ @ez, 0], (6)(ez,e4 — §e7 + Leg),
[e4, §€1+%62, 0], (7)(e2, €5, 5 Lot \2[66) [es, §€1+%62, 0], (8)(ez, es, @65—

3e4), les, —§61 + 3e2,0] (9)(e2, e7, —§64 — 3es5), [er, —§€1 + 3e2,0],
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(10)(es, e4, §64+%65), [e4, % ‘/geg, 0], (11)(es, €5, @esf%&;), [es, %637
@eg,O], (12)(es, eg, — \ég% - 267), [es, %63 + ?eg, 0], (13)(es, er, —§e7 +
%66),

[e7, *63 + f@g,O] (14)(eq, €4, — leg + \/geg) [es, — 163 + ‘/568,0]

(15)(64,65, 2 68—|— 63) [es, —eq, 0], (16)(64,66,\2[61+ e2), e ,\2[65+ eq,0],
(17)(es, e7, —Lea+Ler), [er, LeatLes, 0], (18)(es, €5, —Les—Les)[es, —es, 0],
(19)(es, es, \gged—feg) [63,?68 Zes, 0], (20)(es, eq, ‘ég ea—3€1), e, 2e5
§64,0] (21)(65,67, \2[61+ sea), ler, — fe4+ 5¢€s5,0],

(22)(65,68, 2 3e,— 65),[64,63,0],(23)(66766, ;68—§€3),[63,—%63—@6870],
(24)(eq, e7, 5 eg — 263) [e7, —es, 0], (25)(66,68,—§e7 — %eg), [e7, es,0],
(26)(e7, e7, 5e8 + Leg) les, —%63 — @eg,O], (27)(e7, es. — %e7 + ?ee),

[es, —e3, 0], (28)(—es, —es, —e€g), [e1, —e1,0]. where egeg = —eg. (eg DSHLAL

JE 72 % #]T ). pseudo octonion algebra (& HLALITE % £ 7z 72\ 8 IRITDREK
R TH Y %D derivations BEBREIE Ay BLD 8 ot DHAL Y —RELTT.

Note that if we define a product by [3e;, 2e;] = Z?:l firi(3er), where
the notation f;r refer ([G], [O], [K.3]), then it makes the Lie algebra of
type As. —73 para octonion algebra (the conjugation algebra of octonion)
® derivation DFE 1L 14 IXIED Gotype TY.

Appendix II (Okubo algebra {Z 2\ T)

pseudo octonion algebra Op, D4 Td % Okubo algebra (2 2W TR 7z
WEEZET.

A Z{EED traceless 3 x 3 matrix DEE LT 5. DFED

A={X|X € Mat (3,3; F), trace X = 0},f:f5b ch F #2,3.

DL E, pandv 2RO K S BEFEKEL T 5, v T,

3uv=p+v=10rp=v=:3+/-3). %b’CVXYGA XL T
(%) XY =pX Y +vY*X — L(trace X xY)E;3

7272 UALD XY 13475 DE@EDRE, F3 1% 3x3 BAifrdland < X, Y >=
% trace(X *Y) IZ& D XY 725 new product & inner product < X, Y > %
EFRT D,

D (A, XY) E 8 TH 0, AL 2Kz, IROMWEEHT 5;

trace (XY) =0, (X)X =X(YX)=<X,X>Y, and
< XY, XY >=< X, X >< Y,V > (), < XY, Z >=< X, YZ > .

Z @ new product (&) 2D (4, XY) % Okubo algebra LIFUE 7.

ZLULTC, 20 (AXY)T[X,Y]=XY -YX &V —-EEHTHL, 81K
JLD Ay type (= sl(3)) DYV —RE LD, (A, XY) D derivation BARIE %
7z A type DV —REZEK LU ET. BHR L7z O O & 5 72 para octonion &
ZOMHED [X,Y] = XY — YX % Malcev algebra TH D ) —RE L2 %
A, UL  Der Ol% Gy type DY —REZEKRL £T.

(%) DFZFFD  Okubo algebra i% Lie admissible algebra, and flexible
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algebra T . Furthermore, real Okubo algebra is a division algebra, be-
(%Y)X =Y, 5L —Mtd % & formally real symmetric
composition algebra is a division algebra.

Okubo algebra i& ch F =3 D56 % &GO TR ORRIZ —#A L U TRER AT
RETY (EHEDOELRTT) .

A % traceless n x n matrix (n >3) £9%. D% P

A ={X|X € Mat(n,n; F), trace X = 0}, and 2™ = 1 @ primitive root
FwbkdbHEE,

cause

_ =1
XY =wX Y —w" 'Y+ X — (&)tmce()( *Y)E,

n

where D X « Y 3T O @D T . i trace(XY) = 0.
DG (A, XY) & n? — LIRGTTDOHALITL % FF 727 WREGR T
BHZ[X,Y] = XY -YX TV —FREHT 5L (A, [X,Y]) 1 A,_itype (=
sl(n,F)) DY —REZAER LU £9. > T (A, XY) I& Lie admissible algebra
EIFENSRBCREMR L T, 72 < XY >= L (trace X «Y) 7272L
<E,X>=0* WEEzEHRTDI L <[X,)YV],Z>+<Y,[X,Z]>=0n
DN H F9. BRIZ n =3, and if we set

w —w2

/‘LZ* vV =
w—w?’

w—w?’
then we obtain the Okubo algebra (that is, the pseudo octonion algebra).
Mathematical physics ® & 2R3 1F 12845 Okubo algebra ® KA f#
HE IS (1930-2015) (Z{-RBIE - Wigner prize ZEEH TH 0, EHFIILHDOILF
ge (FLFGR0) RS ETWRZE X L.
BIAAL - IR T4 D BOEEEE L TV & 9 H;

para octonion, pseudo octonion (or Okubo algebra)—— > symmetric com-
position algebra —— >normal triality algebra,
Jordan, Lie, the conjugation algebra of structurable algebra—— > normal-

triality algebra,

Under a certain condition in flexible, alternative algebra—— > normal tri-

ality algebra.

triple system or normal triality algebra==>construction of Lie (super)algebra.
Pr¥+ RE = mathematical algebra (FUERET) -+ Tk £
Appendix IIT (JESRHK L FHR-FOB R TDFETT).

Section 3 IZBWVWTH ARz (a) A=0®O0, (b) A= E ; c) A=

Ao @ Jo DEHE, TS IZHISLDEH Y —RBDOHEEIZ B L TN 5 A5
RTY. INSDEFIZOWTIFHIZER T 5212 & 0 BRI B A R
729D £9. (a certain viewpoint without using concept of root sytems and
Cartan matrix) —— SR OFE T ——
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Jordan algebra 23Bi % S F ) 72 AR
* E.Cartan or N.Jacobson IZ2& 3 DerO 25 14 IXIED Gs.
% C.Chevalley and R.D.Schafer |2 &% Der(H3(0)) 25 52 IRILD Fy.

* H.Freudenthal IZ& 3% A = ( z ; 75 P xQ and {P,Q} concept

D% & TD 56 IXILD metasymmplectic geometry (2B 5 =R

* Tits or Freudenthal IZ&% A =0 ® O, 5 magic square table.

* Tits 1IZ& 5 182 ¥RITD vector space A = Ay @ Jg 2> 5 Es.

* Tits IZ& % Cayley algebra O D5 DHLERD S =X HH (local triality).

% Springer {Z & % Jordan algebra %5 algebraic groups.

% Loos or Satake IZ& % certain Jordan triple systems %5  xfFRZE[H
X & bounded symmmetric domains.

* Koeher, Kaup or Upmeier, T.Nomura (Z & % Jordan algebra %%
harmonic analysis (C* algebra) and Toeplitz operators.

* Encyclopedia of Mathematics(2001,Kluwer Academic Publishers) @ Lie
triple system OIHHEIZIZY —=IHR & % D standard embedding Lie algebras
DHEHPERIZFHH I N TWE T, £72 Jordan and Lie algebras DEAfRT %
history 12 2WTIRESEDHEED ([KA]) K BB TV ETOTHKD B 2 T5

2R LUTL I,

PLER WO £ £ DA RE (ER - 6l ORATTAR RO LS5 7%
KIPFEL TWDH EFEZTWVWET. (nonassociative algebras world (23
WTDFETY)

REES = >R P IR
REGRE YD & 5 3BTRS T & o THR (K1) 28R4 0 3232 2 Tl

FEFE G HIRBER DB D 5 @aﬁf@‘. fF%% 122 2Tl ARz =5 R IL Jacobson,
Freudenthal, Yokota &M H 5 Tld7z < Tits OBLEH 5 D KB F T
HBEZLITERLTLZI .

2 O MALIZHLA: U 7= Lie algebras and Jordan algebra &\ 5 Bl DEIF %
2 T AT Z 2 HADPNEADDUZZITIRIEL T2 E WS BRD 721 ———

HEUHFEINE 54 Z ORI ) — b (BFOIAIE T, BFEH
FlEmIE HAS, &4 MVIEHSEE) OWrh 250 OREAZED TRHD O
L LTHERLTBERVWEEATVET
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