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Abstract
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Introduction (I U &®I2)

Z D/NGm I ZFERE A HIARER (non associative algebras) DF/EIZDWTD
s (topics) T, Y —R&& (BR) TOWTTT.

AEDFEED 1D H X 1956 FFITMMBED Y —BROARDBHRES N K Uz,

2 DHEIF 1965 FITRH U727 A U WEF 2D E% X 1172 N.Jacobson
(Yale Univ.) #f%i3, HABZE2DOHEIF THARO KR (RERZE, JREX
F, R, UM RS, e K22, [ REE, £ R RFE) T, U —RE,
Y a V& U ARE FETHREE DR () & 37 HE ORIz T - 72

3DOHIEY a VX REDZFEFITHA GE) TIEFHEREI N TWARWERTT.

INSDHFWNEIEZT, HRD Z OB OBFAEHRIE T —REU
EWVWDRZA MV DITONTZIRARZEED - EITBFOSEICREL T, &4
DT RIRE 53 U A7 AS S iR X BTV X £ 9 (I T4 5 0 BRI ).

CDEDRBIZY — I () —B) OEE L AHERRTEE £ T

O EDORZ MLVEMYV CT2HHB [, | THAUTWTHIEEZ RS, IR
D1)&2) Zhi= 9 RERZ Y —RE (Lie algebra) &\ 5.

1) [l’,y] = _[y,l’], vxay ev

2) [z, ], 2] + [y, 2] 2] + [[z,2], 9] = 0, Va,y,2 € V

£ 7RI Mat(n, ®) THZ [r,y] = 2y —yr & LU 72REL

4 LRI H CTREBERO X7 FVERSZEM Im H OBz x y % [z,y]
DEHFELTHE, Zhsix) —RETT.

ZO/NewTIERY =R (V) —ER) ODERZULEDOISIZIETWAEEE
F9. HEIT) —BROEHEEZAK D LDV —RE LD Mol FTERT
L% LT 57-HTT.
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— 73, C.Chevally O¥AEE < DHARAAED A HANZHRD, V- DHE
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(5) U —8 - RE& WS SEZ A ERMIT Lie algebra DFRE LT L 72
DPEZFIZRY FLEADT, TD/2ROTLDH KD LHWTY. HA
WBWTHPRINZY —REDFHER L INZDOTL EO0? (o TWwd
HWrDHNEEAD).

1947 D ¥ LR E DM E K DFi T Lie algebra &5 X MLA3DI}
L5NTWVWBEHEDHH D £9; On the Cartan decomposition of a Lie algebra,
Proc. Japan Acad. 23(5) 50-52.

(8) AT (b 2 & T) DFEME (K - FwX) T, ) —REUZ DWW TERE ST N
TWE5HDDXEE NS (L RDIMIXBFELTVWD XD TY).
R VRY T L (2023, Oct. 15) DIFPARD Z & 2 BURN 272 & E LTz
[1939] & HHHE, b —ERam (CRIREERFZEFHEEE V).
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§5 b & M E (Conclusion)

V—REDADEEZF & UTHIERBORIZEE T 28 UTHRZ 3,
BEFE U THE 2 RET 5, Mmont & omHN R flm e L TFHRT S,
FHDODEZEZFH LI tax 7wk (FR) ORBFOMSNGFEHET 2B ET.
TR - SR (RO EFE), R—VBOHNELERT 22 BVET. flAIX
Section 1 TR AR, A, BIBKOZEF I =ZF =KD TN ETNDOK[E (%
&) BHTWTHRENTT (EHEETWThDEEREHEAH O £ L7
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ZDOWTIEHIDOBERIZ, Z U THBINET SN TOWARWIIEE - EEEDF 4
HEZHGFETH22HHANERTA. HEOHERZBHNL 7.

BRIZZ D K D REFEOF LNELR & F8 (Blik) DXk, £7ZHAT
FEATERDP N E A T DT, 2F R (5IHHR) ZFEL A (%
TS5, EEDOHREARAEPBHNE AN, HEDEREBIH L IEZI V).

AR HFERR - BEFERTTH, HEROL LA TO—Hl& L TH
EETITHIRENZZEIED XA MILENEDN SRRDOFHSK & Z D EDOIE
[F] % 529 2 B AL DiEm DO Frat & U CHBI R0 2 &0 72wk T
DY, PERANDEE L ERD—4 - HEOWH & U THEMEE DHRTI 21U
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ZD/INGRDEARIZH CEARZ R TRDIR X &2 & T, ANOFEEITIEZ
D438 (Lie algebras, Jordan algebras, nonassociative algebras, etc. ) Ot
D (Fields BED32EHE D Zelmanov, Kac-Moody algebra T#E%472 Kac, 5%
DA ) DIk N TWE S, Springer Publisher, Proc. Math. and
Statistics series DA (2023 £ HHK, vol.427) IZ 5T Nonassociative algebras
DEBE 2 (2022 FEE, RV AV, Coimbra University) DR awSCED
BORDWREIA 2 A5 ETRISIOPB L EEA.

F2AUEHWDE ULNEFAD 1990 4EE JLETD ICM D satellite DERE
2D Proceeding & LT World Scientific £ & D Nonassociative algebras and
related topics, Yamaguti and Kawamoto eds, (1991) 23RS TWE T
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§ Appendix I (Construction of exceptional simple Lie algebras)

BTG —ARE g DRERIZBE T % root R % W2\ 5-graded Lie al-
gebra L(A) =g =9 2® g 1D gD gL D go DT MIVZE A = g_1(or g1)
DO RIZZHARBOB A LHEE 2 E AR I EPHOoNTVWET. 2720
(95, 9x) € givr and |i + k| < 2, (mod 5). T T THRBEAK O 1FAEE O DRELEAIK,
i,k 1X—2<i k<27T7. OIE8IXILD Cayley algebra TT.

(i) A=g1=0®0 DOHE (tensor product case): go = D7 @ ®Id and
dim g_o = dim g, = 14, dim L(A) = 248, 7N, dim A = dim g_, = 64.
A=A ®Ay, dim Ay, dim Ay 725585205 L, TNE 1 construct X4
% Lie algebra L(A) = (9 =)g—2 @ g-1 D go ® 91 B go I FEAFDERIZ7R D 7.

L(A) = Eg, g_2®g0Bg2 = Ds, go = D;®®Id, Der(g-19g1) = -2 go D ga-

dimAs\dimA; | 1 2 4 8
1 A1 AQ Cg F4
2 Ay As® Ay As Eg
4 03 A5 DG E7
8 F, Es B, Eg

FEg % Extended Dynkin diagram T&Y & L(A)/(g 2D goD g2) = g1 D 1
I3 128 IRTT DX FRZE M T

(i) A = g1 = (g p
Jordan algebra with 27 dimension). dim g_y = dim go = 1, dim A = 56.

L(A) = Eg, g 2®goD g2 = Er Ay, go = Er @ @Id. @Eﬁ’ﬂ, vo)i’ﬁm,
i% H.Freudenthal 1Z & % 5 6 ¥X7¢®D metasymmplectic geometry & ﬂ} ii/bé
BMENGFHELET (PxQand {P,Q} R5iED T TCEHRINET). %
LU T D&EMIE Jordan algebra & BHHE 3 2 REARA BN E T (triple system
TREXNxT) .

(iii) The case A = Ay ® Jo : Here Ay denote {x € Oltrace x = 0} and
Jo = {z € H3(0)|Trace x = 0}, and with dim A =7 x 26, dim Der (A) =
66, where the base field ® is an algebraically closed field of characteristic 0.
Then we have L(A) = Der(A) @ A = Eg, Der(A) = Derl & Dery =
Gy ® Fy =< D(X,Y) >gspan - For the product of A, X oY = (axb) ® (x *xy)
and with respect to the Lie product of L(A), [X,Y] = D(X,Y)+ X oY the
vector space (A, o) has an algebraic structure of satisfying D(X oY, Z) +

DEE: a,f € @, a,b € H3(0) (exceptional



D(YoZ X)+D(ZoX,Y)=0, where X,Y,Z € A (HiiR, Springer’s vol.427,
p 65-79 and see the earlier references of therein).
If we set J = H3(O) — H3(2A) (= B), then we have the following table;

dimB=1 dmB=6 dimB=9 dimB=15 dimB =27
dim2 =1 0 Ay A, Cs Fy
dimSA = 2 0 Ay Ay @ Ay As B
dim = 4 Al Cg A5 D6 E7
dim =8 GQ F4 E6 E7 Eg

Here the case of dim B =1 means B = & and note that L(A)/(G2 & F}) is
a reductive homogeneous space with 182 dimension.

For the triality relations of Lie algebras associated with triple systems (or
structurable algebras) without using root systems, to see our papers .

DX D, SRR (ternary algebra) 2* 5 @D root systems & iR\ Y —
RE(V —BRE)L(A) ORERIZEI L T, ([Kamiya and Okubo] £355) %
TROMIPELEL £ 9. HIAIE  FEED RIMS #5isx GURBELIISLAT)
FEDHR (notation and concept 5 L WHMNIZDOWT) &2 ZTHIAHLES
DEZMUTFI.

ZDFEDBRBRITER KT D05 OREFITBISY ) — B DORERITIE Jor-
dan and alternative algebras REETHSH I L ZRLTWVWET.

(——FROV —REUKT BT 74NV N EFTHET 572012 ——)

§ Appendix II (Triple systems and their examples)

TR fRICE < O (EEICEET ) 2BdRE5ZLITUET.
< z,y>RBNE% KD vector space V IZEWT,
72720 <,y >=<y,z >€ D,

{zyz} =<z,y > 2+ <y,z>r— <z, x>y
L EF T NI Jordan triple system (Y a VXV ZIER) 12720, X 51
Wz, y)z = [zyz] = {zyz} — {yaz}

IZ & D Lie triple system(the tangent space of a symmetric space) with respect
to the ternary product I(z,y) € End V 551, £ L T Lie algebra 2 HEk
A[BETY. DXV Der V =< l(z,y)|z,y € A >gpan DHIT Lie product % &
AT BHETT. 20 L(V) =V & Der V IZ Lie RBOREDFIET 5.



YXIZ binary product DB S, Ty = yx %M 723 involution % FF D%
RINZIHR (triple system) {zyz} = (27)2 + (29)r — (2T)y IC X > TERI N

(®) {zy{ww}} = {ryupow} — {u{yrviw} + {uv{zyw}}

72 B HARNK (FHEEFEREIERGEE H D £97) YD 7D & E structurable
algebra EIFIXNET. D &S 2 =R ((-1,1)-Freudenthal-Kantor triple
System & H?lim%) » %%ﬁﬁﬁ D) ‘—'fjﬁiﬁ (ﬁ-ﬁ-ﬂ t’fﬁ”%ﬂ/‘]fc}: GQ, F4, Eﬁ, E7, and Eg
) MEoNET. 2D UEILT S & Lie superalgebras  Hik Al 6E.

FEOHDHLIRDa)b),c),d),e) DX DA type il X B root systems % W72
WHERDMFAEL 3. a)A = O ® O(64 t), b)A =g 1 = ( g ; )(56 X
J6), ¢)A = 2y ® Jo(182 ¥XJt) Tits construction, d) bilinear forms < z,y >,
e) triple systems induced from matrix algebras,

N6 DA ZNE N triple system, or nonassociative algebra @ struc-
ture VEAIN, TNoHN6 Y —REE 721F Y —BREZ construct TE £
T, a),b),c),d)e) types DIRELREZ EFLHT A LRKLUET. a)b),d),e) itriple
system (ZIHBR) O structure ZH 5, a),b),c) 1&H % REL (normal triality al-
gebra) DFETHALTWVWET. TN o DHEENEN XD simple Lie algebras
or simple Lie superalgebras 7% construct & #1% 9", we denote by L(A). FiZ
5-graded Lie algebrag o &g 1D go® g1 ® g2 = L(A), and g1 = A TY.
ZTUTT(A) =A® A= (g9-1 ® g1)has a structure of Lie triple system.

i€ > T symmetric (super)spaces X I reductive homogeneous spaces H%
L(A)/Der(T(A)) = g_1® g1 and DerT(A) = g_o® go ® g2 PR E L TH
EKAHETT . 7272L DerT(A) IZRHBER T(A) @ derivation TY .

EZHEUT (m,n) IRITHIA = My o(P) IZBEWT =1 2B E, o 13z
BT E UTIRD XD ICZIHE 2 ERT S (ALY OB TERINET);

{zyz} = oy’ 2+ §(zy"x — 22"y), Va,y,z2€ A

Z D triple product {zyz} 1 (—1,§)-Freudenthal-Kantor triple systems T

DXD (M) and (#d) K(K(a,b)e,d)— K(a,b)L(c,d)— L(d,c)K(a,b) =0,
D2 2DMEERZ WU X, 272U L(a,b)c = {abc} and K(a,b)c = {acb}—
6{bca} TY.

§ = 1 A% structurable algebra (if m = n) TH D, V —REDEL T
§ = —1 @O & Z anti-structurable algebra (if m =n) TdH 0, U —#REN
MEE S VX 9. ZGw H-graded Lie (super)algebra L(A), THH A = g, 1ZfX
B REENEA I N TWE T . root systems 2 HWRWHIETT.



m # n 7% 513 ternary(triple) product 1&771E U £ 323 binary product (%
FIELVERA, ZUTRIZI = -1 DL &, My, 0,(P) 72 51 0sp(2n, 4n) type,
M oni1(®) 72 51K 0sp(2n + 1,2m) type, DV —BREDFEL S N E T

consept of algebraic structure <= concept of geometric structure

D& HIGDIEREGRRBERDLIGE N S FEZSNET (Bip £ 205
BHEHTTY). THho DB, roots system & HWRWHILTT .

BIE 2 R DX RITE D a),b),c),d)e) F, FfhEHIMRECRDIEE notation,
FiE (methods), 12 & D tax L EIMNZ PR Z H £ D IERTIZEHZTLHI L
MHBETY. ZN5DWIRIC DOV TIHFEF DGR UZZ ZITBWTHHLEL
T2i X ZH U T 723V, (Math. Review classification 17, nonassociative
algebras, mainly)

DUBTENENSE DS LN EFHAD, For Lie algebras and symmetric
spaces (or bounded domains), XFFRZE ] SF MR B S % 2Z 1F:

[1980] Satake, Algebraic structures and symmetric domains (the corre-
spondence of Hermite JTS and bounded symmetric domains),

[1969] Loos, Symmetric spaces, I, II (the correspondence of Lie triple
systems and symmetric spaces)

[2002] Bertram, Complex and quaternionic structures on symmetric spaces
-correspondence with Freudenthal-Kantor triple systems, Sophia Kokyuroku
in Mathematics, vol.45, 57-76.

T o b ZHRAE L BT F O I6 & R T 1T DI DFEFEZ L EZ &
3. E AT A7z Okubo’s book ([1995]) 13 EFRYBELY: & = THR o B
MR SN TNET.

§ Appendix III (Certain papers of N. Kamiya)
AR R F BRI L FTas 2L 8% Uk E T\ % N.Kamiya DFE/EY X b

* Examples of Peirce decomposition of Generalized Jordan triple systems
of second order: Balanced classical cases vol.1503 (2006)1-9.

* Some constructions of Lie superalgebras from triple systems and ex-
tended Dynkin diagrams, vol.1562 (2007)1-9.

- EBAE L B X T ZDEHEOILE, vol.1604 (2008)110-113.

* On Lie slgebras and triple systems: Bs-type case, vol.1655 (2009)56-65.

F INAFIIVD 3 T L FIE (BUF SR OISE), vol.1677 (2010)253-258.

* On («, ,7) triple systems, vol.1712 (2010)10-20.

CEAREBEEDEEDRH S IZDWT (BUFE DY), vol. 1739 (2011)37-
41.
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- On anti-structurable algebras, vol.1769 (2011)13-22.
* On Construction of Lie Superalgebras from Flexible Lie-admissible Al-
gebras: sly loop algebra and tertahedron algebra, vol.1809 (2012)42-53.
CERTTABD B B —MALIZ DN T vol.1814 (2012)54-60.
- Triple systems and structurable algebras, vol.1873 (2014)106-113.
* On (a, B, 7)structurable algebras and Dynkin diagrams, —Beyond Lie
algebras to triple systems—,vol.1915 (2014)78-88.
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