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Abstract This note is a study of quadratic and composition algebras, in particular,
it is to give exmaples of quandle (or rack) in knot theory, and to deal with related topics
associated with the quandles. That is, the contents are described about quadratic or
composition algebras and an announce of triality groups as a generalization of automor-
phisms on nonassociative algebras. These results are a new concept and we talk about a
viewpoint of mathematical history in nonassociative algebras.

§Introduction ((Z LU &II)

BEHR R NE % &, FEREAIIREL (nonassociative algebras) & #%% L TV B EH )1
BitE 2 72 quandle DEHIZ 52T, ZFOIRHIZOWTIwhTHZLH, Zo/MhadH
ITY. IRFEDO/IZH UM LS ZDOHHED knot theory IZHBWTIE, HloNzHEENE
HnEwEA», E i'é”%$m’5: G, ERMNLREIZEHAZ AT T, X4 (involution) %
T RBRDIEG»SH U\ idea & U TR IF T WL E
E9. RHBIKIZE ZITHERBEZORHL LT o zoNnd L BVWET (KEAE
BIFLLZTW).

HFG AR OV TIIRARER (CRE & Wigner medal 25%25) & OHL[FEAFSE
[K-O] D3CHRAY 2 IRAEL, B D —IRILIZOWTIELTH Y, Z,[\/q], Z,[\/7, 7]
FEONE <, > UE|a|, /)VL) 2525 ETHRIZIDDERNETA, LILrLE
¥, TNoOEREZMES DI TIERVWTT A, Abﬁﬁiﬁ(&iﬂﬂ%?ﬁi‘%%}\@?%ﬂ%@b“‘é‘li‘f
W22 & £9. KT quandle DG Z ST 5 DIZHlIE D 5 A4 121%, FEAY standard 75
HED TR VDT, HE5E (—MIZ involution 2 & DFH) TER 2 Z D/NwmAMRIZILD &
Bongd. 250, ZO/NETIEquandles DHlE, = I TOfHZECCRBEH (D
—f%Ak, triality relations (ZDWT) ZEFZR L £9. ARFZLATO@ED TY. HRERIZ 2K
B ARARBOEL E PRUIZOVWTHEEZDOHRTERSE T WL EXT.
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§1. Preliminary (#{g§&E&H

£EM &% ZTODbijective 725 FiEo NEA LN L &, IROFML) L 2) &7
(M,0) % quandle (#7> F)V) EEWVWET.
1) zox=2 VreM
2) (zoy)oz=(roz)o(yoz)forany x,y,z € M.
2) DEM1F rack DERMAETT. T4 6 1d knot theory(topology) DFHFETT . IEMEIT X
R,y = yox ODAFEE R, » bijective TY.
ZZTa*xy=yox & new product ZE#HET 5 &,
3) zxx=u
4) xx(y*xz)=(r*y)*(r*2)
CEEETIELNTEET. ZLTHICS,y=axy EKRT L.
o S;xr==x
® S.S, = Ss,,5:
&R0, (M,S,) 1% s-mainifold & HEHE L £3. ZO&KMAEZEHD {S,} & smap, M %
sset ERERZ X2 LU FT (T42bH Z ik generalized symmetric space DAREIBEE &
Lb—IEL ET) . 2w, S, DERIAKE U TORGEFEEZMITIMATOHMTY. ZIT
FEEL VR IC T EA T A, O RMZRREHNE HEE T 2 LB WE 90, Hlofks
IZIRTWAEZEET. (FIRIEIFFZEMIZ DWW TIE O.Loos DAEZ Z2HLUTTFI W)
— i homogeneous presystem n(z,y,z) OBEE T n(z,z,y) = S,y = xxy £35&,
n(a,b,n(z,y,z)) = n(nla,b,x),n(a,b,y),n(a,b,z)) WHARHEERDE &L D, homo-
geneous presystem & S, ODHERE VERL T, TNSIZDOWTEHL < IF[K-S.1], [K-S.2]
ZZRUTEIIW (n(z,2,n(y,y,2)) = S5,z ICHELTTFIW) .
ZO/NGTIE1) & 2)1E3) £ 4) LEMETT DT, 3) &4) &2/ d Rk« 25 DRBCR
TEHELEY. DD, REZEOHLIEADHT, AxA=XDx X 2{lOF52LT
. LEDOHEMNS 3) & 4) 2mi/zd S, & smap, M % s-set EIERZ & DT,

§2. Results (FEREHE)

l<qg<r<p p%&FEH qr ZERK, ¢ =1(mod p) »Dq &r DVWTNEF
ThW\Wedd (EoTp#2TT).

BIZAEp=5q=2,r=3,p=7q¢=3, r=5p=11,q="17,7r=8 FDX (p, q, )
2EAET. ZUT, ARIKRZ, =Z/(p) LD Z,[\/q,\ /1] EFEELET (LARZDZRMET
Z25).

BiZay = (m+nyg+1/r)(m +n' g+ 1r), 2ETIET = m —nyg — Iyr if
r=m+n/q+1/r T3 (ZDW% standard product LIFRZ &IZLET) .
ZZTHRE (VL) ZIROBRIZERL X

1
lzl=v<za>, <zy>=y+y7) € Z)
Mim Z, ETO 2 RMRE (quadratic algebra) TI. DX D 1, 2,22 D 1LIRKIETH Y,

rx—(r+7Z)r+Tx =0
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w7z UEd. XERMAEOME -
lzyl=llzly] (<zyzy>=<z,2><y,y>)

PISLLES. 22Tz |P=<z,x>=2T €Z, TT. 272U < z,y > FIFR{L & IFR
DERA.

A& 2 LR U 72 involution(N&)zy =y T 72 2 Nz di/z U £ 7.

AR DHEGRDMHIZIRD L S il 528 AL, HnwsdZ eizUxd.

m  nqg+I . .
Ms(p,q,r) = { 1 |m,n,l € Z,}, (analogous of matrix representation
n+lr m
of the complex number), if ¢ = —1,7 = 0, then it is a characterization of complex number.

GL(My(p,q,7)) :=={A € Ms(p,q,7)|det A # 0},

SL(Ms(p,q,7)) == {A € M(p,q,7)|det A =1},

N(p,q.r) :={z € Zp[\/q, V7]l || = ||=1}.

EE1 (75 e /v ADER) Lo EOdET

¢ : Zy[\/q,\/T) = My(p,q,7) (as algebra, ¢ is a homomorphisum)
Zy[\/q.\/1) * = GL(Ms(p,q,7)) (as group)

N(p,q,7) = SL(M(p,q,7)) (as group)
NI AIRVASR

m  ng+1

FIEER x:m+n\/§+l\/7_"tA:< )ﬁfzpj:ﬁﬁlﬁlﬂtii@,

n+lr m
|z ||°=< 2,2 >=m? — n’q — I*r — 2nl
det A =m? —n?q—Pr —2nl

DEONLDDT, [[z||=1 & det A=1 DRMEWPREET. T < z,z>>0 D/KIZ,
T p TH Z, well-defined (3MEL £7. O

Remark. 3(n,l) € Z, X Z,, s.t. ng+1 = 0(mod p) , n+ Ir = 0(mod p) #* Ker ¢ D
LEERLET (Tiim=0T79).

Remark. flifiaZ & TN, MWD LBET.
SL(Msy(p,q,7)) < GL(Ms(p,q,r)). (EBE )

ZLT Q(N(p,qr)):={N€ N(p,q,7)|]A = X, \is invertible},

£ Q(N(p,q,r) #E#HLET (weak quandle DFMTT). 72 N(Q) % X € Q DMK
&35, HIZ

T*Yy=2Y
IZ& > Tnew product * ZE AT L, TOF* TIAN=XIFAx A=)\ EXEFT.

Remark (V< AMAS)?2=[A||?=M\ BDT, Ziie*T=Tr =<z,r> CI.

Q(N(p,q,7)) > X D¥invertible 7, <=> || A ||# 0.
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g ~
A
A—r—
<A A >
£ 0 X i&invertible TT. FIZA2 =X KO || X2 |=[| A ]| 222 || M| 0 =51,
lzy =l ([l y | 23Vz,y € Zy[y/q, V7] KEWTEDZDODT, [ A[P=[ AN 25

A=Al A£0DEE, Va iBLT ||z |2 Z, Z25

=1if <AMA>#0

A [l=1.

PAEX D, X dVinvertible, 2D N2 =X D& E, JIVALIDITET, Q(N(p,q,r)) 5% %
ZEWHEETY. 22T, ADBOTHRLSTE | AN||=02457)VAH0 DI N B FET S
CZLIZHELTTRIY (WBE <, >DIER(BEIFERD EEA) .

Q(Zy[\T, V7)) = {\ € Z,[\/q, VT]|A % A = A, X is invertible}

B E, weak quandle LIER, Tz Q KT, ZDQ 2T, Qr={AeQ|l,\ )}
CELSERDZ ENFALT 5.

T2 (Y RO Q Pweak quandle DE X, Q\ ZH Y RILTHH, ZDQ
IZIRDFRIZRRTEET

Q = Uninor@ (QrDFIEAR).

FEUWVEEINIIIEL £9772%, 1x A=), As A=\ A=\ ZFZ2H\ET.

Remark For the new product z x y, note that < x xy,x xy >=< x,x >< y,y >
(composition law) and < z xy,z >=< x,y * z > (symmetric associative law w.r.t. the
bilinear form < x,y >), but for the standard product zy, we have < xy, z >#< z,yz >
and < xy,xy >=<z,x >< Y,y >.

ZITiEk KF EORE A($ﬁﬁ: 125720 GEBRET D) 32 IARE (quadratic
algebra) £ 1EVe € A IR U Taz? +br+c=0&,RBba=b=c=0LANDabceF
DIFET DL ELEHRTD. (BALEH DL E 1, 2,22 B IIXREETT).

Remark HAIC2 R/ 720 2IRAE2 P U 72 REX(Z,[\/q, /1], %) DBEHETHY, %
U THHZ Q DI « I3IERE A (nonassociative) TF. DED (zxy)kz#xx*(y*z) &
720, standard product DFE 5 THRT &,

@)z # 2(72) (i, Z(xy) # (y2)7)

ZREKT 20T, HEEEGHEEx 28 ORERT, 1xx=7 (paraunit) (22T &
HRETT, DEOVNELZLORBREZATVET).
PAE& 034 (E) 26D Z ORRIRMREBR D weak 7Y RIVORIZIRBEEZET.
{ /)L 1 DDMZFTT (idenpotent) DAY NILEZEKRL X }.

§3.Examples (EHIZDWT)

BN 0% Zs[V2] BEEAN =1 OBAB A« A=\ 27z UET.  Z;[V3] O
{12+ V3,2 - V3 B DRMETZL, | A |=1D5%IE6HTT.
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RIZ Zy[\/q, /7] 1IZBWT, FHIRB p DV/NE VIO weak quandle DHFZ LA IZFIZE L
£79.

(5) Zs[v2,V3]; Ax A=\ DL
(m,n, 1) : A=m+n/qg+1/r £EL.

(1,0,0)

(2,0,1), (2,0,4).
(2,1,2), (2,1,4),
(2,2,0), (2,2,2)
(2,3,0), (2,3,3)
(2,4,1)  (2,4,3)

INSIFIEFELET. A=2+V3 DL E N =2+4/3TT. LETHRT & N(Q) = 11.
ry 7% standard product TlE A\ =\ 27z L £ 7.
| A|l=1 OOMEBUL30ME. 2EDa®> =1, ° =1 DO | A ||=1 %2572 LF
T. 5T Zs[v2,V3] I2BWTIE, weak quandle Q % BAAMIZRKRD S x T

A=2+/3D¢ X Qx = {1, A}
L=2+2/20 ¢ % Qu={L,p, 11}
V:2+\/§+2\/§O)t% Qz/:{lﬂyvﬁ}
E=2+V2+4/308E Q. ={l,xF}
E=2+3V2+3V/30LE Q= {1,£¢E}.

INSDQx, QuQu,Qu, Qe BENTFN quandle TH Y, weak quandle Q 1% Q = Qy U
Q.UQ,UQ.UQ: (QIX1HDEHREDES) TY. Q- ,Q EOIEELIX {1} D
ATT.

2+V3)*(2+2V2) =1+4V2+2V3=1+V2+3V3¢ QTY.
« DFTQ BB TWEHA.
(1) Zu[V7.V8]; AxA=) DL

(m,n,l) :
(1,0,0), (5,0,5), (5,0,6) (5,1,9),
(5,1,10) (5,2,2), (5,2,3), (5,3,6),
(5,3,7), (5,4,0), (5,4,10), (5,5,3),
(5,5,4), (5,6,7), (5,6,8), (5,7,0)
(5,7,1), (5.8.4), (5,8,5), (5,9,8)
(5,9,9), (5,10,1), (5,10,2)

INSIFBMEFELET. NQ)=23 TF
I A ||=1 OXDMEEBIL 132, o'l =1, b2 =1 DILDOED | N\ ||=1 2z LUET.

(1) Zi7[V5,VT]; A A=\ DIL.



(m,n,l)):

(1,0,0),  (8,0,3),  (8,0,14),
(8,1,9),  (8,1,15), (8,2,4),
(8,2,10), (83,5),  (8,3,16),
(8,4,0),  (8,4,11), (8,5,6),
(8,5,12), (86,1),  (86,7),
(8,7.2),  (8,7.13), (888),
(8,8,14), (8,9,3),  (8,9,9),
(8,10,4),  (8,10,15), (8,11,10),
(8,11,16), (8,12,5), (8,12,11),
(8,13,0), (8,13,6), (8,14,1),
(8,14,12), (8,15,7), (8,15,13),
(8,16,2),  (8,16.8)

INoIE3BMEEFEL £T. NQ) =35
| A |=1 OEOMEEBUL 306 . a'7 =1, b8 =1 DITLOFEH || N ||=1 %%~ LET.
Remark Z[vV7,V11] IZ2WT, | A ]=1A&R2TICO2VWTiEa® =1, b9 =1 7%
BIEDBEAN DILTT. TUT AN =\ OfERE 39 TT. N(Q) =39, Moz LT
Zio[V3,V13] TEAx A=) OxiX 1. || A|=1 Dtix19 x 20 T

Remark Z;[v3,V5] i2BWTIE | A ||=1 DX 56 HTTH, Ax A=\ Otk 11
TY9. A=1DATT.

Remark FEEEDHIET, 2p+1HDE%E D weak 72 NIV CE 2 L BWE T,
Remark Z,[\/q,\/r] D p,q,r DEVHIZELD, AxA =)\ Did 1HDEGEBFLE.

Remark 2 RMREDHID Z;[V2], Zs[V2] FIZHBT 5 Z,[\/q] DMED N\ =\ 2570
3% TH3MTT. AV NLVOFIE LTIEHE D BIRLHFTEEADTEKL £
LALALETRRETE, 20K Z,[/d(p#2,3) 0< g < p iZ2WTIE
(a) Z,[\/q] PME
ifp = VA1 OTLOMEBA p + 1 fH
(b)  Z,[\/q) BT
iff < JIVA ] @ﬁ@{ﬂﬁéﬁ(ﬁs‘p— 1 4
a) DL E, p+ 1 MN3DMHEAESIE, M = X DD N# 1) BEFEET S, ZOH,
Aut,Zy\/q) = S5 (722U xxy DMTER). ie, g(xxy) = g(x) x g(y) %5 HCFREE
M 3MDMFEER LKL £T. {1,\, A} %25 set (2B 1F % automorphism AEEZRD T,
p+1 73 DTV Aut, Z,[\/q) = Zo.
bYDEE, p—1 B3DMEHIRSIE, M=)\ DD\ £ 1 BFIET 5. a) DR L [[Akk
IZb) OB ECHEBIFELET. DF D Aut,Z,[\/q] == S; Xidp—1 73 DfFHT
RN Zy T
PAE®D Z,[\/q] DFERIE unpublished paper (in preprint [2017] SRR Z D R K & D



HLFEZE) T, MHLUE L (i p, ¢ THEREL T, SFAREROBESZ WAk
IZ&oTTY). ZZITRBHOAIZEHLTEEET.

B Z: V2 IR THRL, zxy =TIl L BT lxx =T &40 BAITCATEE LW,
MREDY < 1+2v2, 1422 >= 0 & 2 HFEARRBERTT (FEEREEZ2RFL £T).

Remark Z,[\/q,\/r] IZBTF 2 A« A=\ DuDOMEE || X ||=1 &2 0OBUZ DWW
TH, FRVPARETT. 22 TILEMRICHEADET, quandle DFIAH new product DH &
THZONDZ T 2R NERVWET.

Remark. Z,[\/q,\/r] IZBWVWT Z,[\/q] & Z,[v/r] OEHHIRTROBE+5 S
| A=1 DDA p(p—1) THD. EHE500 Kok Eidpp+1) THS, (Z0D
EOBFRPKOLDOEEZEZET) .

ZDEDRBITFERZT TT D triality group (ZXFE) ( ERIE 5 ESR) 2F R L
Trig.Z,[\/q) = Sy or Sy DWAFEL LD XT (p & ¢ ITKFL X T).

§4. Generalizations (—f{EICDWT)

Hifi & TIT Z,[\/q, /] 128 1T B quandle DHIZBNE U 7A, £ TDidea 1%, RD
RRIZ—BILTE B LEZXT.

(A, zy) ZHALIG 1 & % D associative, commutative, involutive (Ty = 7 T) algebra & ¢
5. ZZTaxy=72y =7y T Cnew product ZE&ET 5. A I MLVZERE L TIXFA
UTTD, REMENELRD oy Loxy OMMPIFHAELET. ZUTClxaz=1x=2 Th
D, BRI WIERSAEMARETYT. 20D 1 1d para unit EFEEXNEHDTT.

Q(A) := {z € Alz xx =z, x is invertible}

LEET DL, Q(A) IE weak quandle DREEZFFD. 772U, x*y IZIEREAN R TIE «
ERORBRTYT (EMEITT ey e Q(A) LIZRD $HA) . TR Q(A) 2W5ET 5
DL, FFRADHETT. DED weak WV NVOE[E G 2B LEZET (INELOR
EEHARD). N(Q) :=the number of {NA*X=\} (Q DIER) 2R3,

Let B be a commutative associtative algebra with a binary product xy.

Q(B) = {\ € B| A\ = \, \ is invertivle}

Q(B)={k € Q(B)|x = uv, "u,v € Q(B)} (GRIETHHU T3 ADEAM)
Sy =zy Y,y € Q(B)

LEHTDH. ZOW Yz,y € Q(B) ITNULT S, =2, S5, = Ss,,5: BEOID. S, A
HORM, 20 Q(B) IEs-set, {S,} l&s-map. H>¥ KILOHITT. 727U Q(B) ix—
IZEAL T nwafgeMEnd b £ 9.

MOBEENSH S DUBRET. BAILEBT ULERZRWRERE UToxy & FE
£95. ZZTlE<a,y> OIFBRIIMEL TVWEEA.

O (z*xy)*xx = x*(y*xzx) =<z, >y (called quasi symmmetric composition algebra)

® [Jxxy|=[ x| y]| (called pre composition algebra)



® involution Ty =y *T ZHfH, o *T,x + T € base field,
z,z* z,1(para unit) 2 LIRIEJER B D, DED

rxx—(x+T)xx+zxT=0
25BN %723 (2% para quadratic algebra & IE.R) .

Z DRk STEHDOIEFEGHIRBEARVE Z o d L BWE T GEED AT E R 7R3
R) 12U <y > BIERIEE IR Z¥AL, Z,[/4], Z,[\/7, V7], L1, §, k], Zp[eq, - - -, e7]
(ARRAR LD 2¥k5t, 31RoG. 41k, 8IRITRED 2%, TS DFEHITT. FROMIEHR
BETY. e UTIX Meson & Baryon O ITIZBIN S Gell- Mann ((1929-2019),
quark BiER D/ — NVEZEH) O 8 IRILAEX (pseudo octonion algebra or symmetric
composition algebra, Lie admissible algebra) @ Z, ETOWZE T ( YR & ORE
PIHRFFTRE T 3. AR LOFR FHEE— — KRB TITH). 2o OREBCR T =R
(ZXEE, ZNEB) 2FEUL720wWDTT. [K-0] 815 Z, version TY .

[t emphasizes that concept of a local triality relation (triality derivation) in this paper

is a generalization of ”principle of triality” due to J. Tits.
§5.Applications (I&F)
Let (M, S;) be a s-set with s-map S, defined in section one (i.e.satisfying (3) and (4)).
We shall now define an endomorphism g € Epi(M, S,) as follows;
39Sz = Sg29-
Then it is said to be a s-automorphism on (M, S, ).
Ex. smap {S,} is a s-automorphism, because S, S, = Sg,,S5-
Ex. Let (G, zy) be a group. We set S,y = (zy)x~!, then (G, S,) is a s-automorphism.

Ex. Let (G,n(z,y, 2)) be a homogeneous presystem. Then by n(a, b)c := n(a, b, c),n(a,a)

is a s-automorphism on G, because
n(a,a,n(x,z,2)) = Syn(x,x,z) = S5z =n(n(a,a,z),n(a,a,z),n(a,a,z)) = Ss,.5%,
where

n(a,a,z) = S,z.

Ex.(counter example) Following ([K-S.1]), we recall a quasi group (@s,xy) with
the following multible table;

B W NN~ O

N = O W e |O
= O N~ W
= o WO NN
S W k= N =W
W N = s O




01=3, 10=3, 23 =4, 32 =4, 04 =0, 40 = 2, etc., and 27! is an element y satisfying
xy = yx = 1 for any x € Q5. Then we can define
5.y = (y)r

however, this s, is not s-map, i.e., (@5, ;) is not the s-set.
In final comments, we describe only the results.

Aut (Q\(Z5[V2,V3])) = S5 (if A =2+ V3)
Aut, (Qx(Z7[V3,V5])) =< Id > (A A= Xisonly A =1).

Indeed, general speaking, these mean that

g(xxy) = (g(z)) * (9(v))

for any element g € Aut,(Qx(Zy[\/q, /7)), where s,y = x xy, ",y € Qx(Z,[\/7,V/7])-
Remark If N(Q)) # 1 = Aut,Q\ = Ss.

The details will deal with future study and so for the complex number, we will induce
a concept of triality group as a generalization of automorphisms of these subjects.

PRI T2 A % % 2 T 2 D O B s B D EHI T 7.

(1) EEBAER C DGE: (Ax A=)\ D) -new product DEA-

r *y = 7y,(new product) & Z 5. T Z T ay ¥EFEL C D standard product, and
DHBZIZE > TEE I NS new product x 252 F3. C % re’? THR.

0=2n x¥BrE, Al T —tr=2r LA—BLET, o ORETEE e XD,
ei™ = ei™ x e3™ (M 21), BFWT

e’ =exe’, (zry) = ("2) x ("y), "r,y€C,i= V-1

DED f(=g) Bx OFETHIMBTT. FETEHELSL, gz xy) = (g92) * (gy) HEK
DB ET. X imi(zxy) = (Emiz) xy+x* (3miy) DROIHEFTDT, T 2ri A
(C,x) DB ZRERL X9 (A 2r TEXEY) . 2mi ORI —2mi 2K

e «—if (6 = gw)
725 glogal <— local XazZRLUTWET. DEDIROMILBKDLH £ T,
Aut(C, x) = S5 (symmetric group of order 3)

i.e., g(zxy) = (9x) * (gy), g is an automorphism,

global relation <— local relation
Der(C, %) = {d € End C|d = (%)m’, n :integer}.
i.e., d(x*xy) = (dz)*y+ x * (dy),the definition of derivation.
IhoD—f b UT triality group (H CFRBBEOILEMS, =8 2FZ L7200
TY. DXV ARV AWFEETTD, oxy ZRIZEBEL, RIZoy =%y 1I2&>T
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standard product 2% x5 &, HARMER g R rxy DET gz xy) = g(x) x gly) &
UTHDSLDE DR Z EDVATRE R RBR EZ KT 2 DD HETYT. ZL T gi(xxy) =
(gj11%) * (gj+2v), J = 0,1,2 725 triality group (ZXHE) g; ZIRELZWVWEFZZTVWE
3, local and global triality relations for algebras #4234 5 DA HIETY, EHDOLE
1% Ky (Klein’s four group), EEBDGE L 2 KT DM T, EEE, HEBD L &,
N=g;(1) (j=0,1,2) &L E N = NN &0 ||\ =1 and \; = €9, where
a; +az+ a3 =0, a; € R (real number) (for the details, c.f. [ K-O]).

(8) Tits O =XfJH: The Cayley algebra O has a triality derivation (d;,d;i1,d;+2) €
(D4, Dy, Dy) where Dy is the simple Lie algebra with dim 28, satisfying d;(zy) = (dj112)y+
x(djs2y), Vr,y € O, and < d;z,y > + < z,djy >=0, Vj =0, 1,2, where < z,y > is the
inner product defined by < z,y >= %(m@ + yx). Furthermore, we have D := dy + d; + ds
is a derivation of O and < D >4,,,= G2, where G is the simple Lie algebra with dim 14.

§6. Conclusions and References (&N E T & Xk)

ZDINRTIX AR ZIZE A CIREL FHADT, FIHENIZZ K IZBITERTA. Z
TRz Z,[\/q, /1] FD 2 IRAREUL, [K-O] T symmetric composition algebra
(< zy|lvy >=< z|r >< yly >) D variation (H5FED—Mf) TT. NE <, > Wk
BAETHRWEAETEATWET. 2%0 Z,[/g,vrl(gr =1 (mod p)) 1ZZD & 5 2T
1,\/q,r B Z, B 1R 5070 DT I 3IReRET Y

Z, b, (zy)x=z(yz) =<z, >y ZHLIRECRBEASNELT. T D algebra DM
BBk, |zyl=|z||lyll (PEY <zz>=|z]|> DEZEDS &T) 2 5HEHRR
2723 RECR L, Cayley algebra @ =X FEH D —f{b D =X BI{R (triality of groups and
derivations) {Z DWW TIX, RO XERBBIZILD & WE T,

[K-OJ; N.Kamiya and S.Okubo, Algebras and groups satisfying triality relations, Mono-
graph (Book), Aizu Univ., (2015), Arxiv.1503.00614, Arxiv.1609.05892, (ZEIZFEH0 D
R EDRECRTDOHISE) . triality group % WF%% U 72 St D5 L.

X, RDOXERH quandles DIGHE U THRIZIODNB NI TADTEITTCEZ £T.

[K-S.1]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps associated with
homogeneous presystems, J. Gen. Lie theory App. 5, (2011) Art ID,G110116.

[K-S.2]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps and weak Hopf
algebras associated with quandles, Proc.of the meeting for study of Number theory, Hopf
algebras and related topics, 2019, p1-23, (Yokohama Publisher) IX#%zm .

f s ([K-S.1]and[K-S.2]) iZA v Fve v v o - N7 2R —FRERNCEEL 2D TT.
NPT B RAMBR & 255 & OILFEFSRIC X 6 ZIHRREX (triple systems) D&MD &
® Yang-Baxter equations DFEFKIZET B2 WL DD XBFIELEFT. ZLTE5A
BEKZ DY Z DR R K & O L [EIF5E T Hermitian generalized Jordan triple system
and Field theory BIE DGR XFIEL £ 3. (BCEYHEEANDIRHRFEZ TVWET).

e RUET &, 4 0BRE, 8 uBRBZ R p EOKRTEZ S & ZD/NGwmTHR AT
Z,(\/q, /7] DB AEH TR TT A ENR XM OBRTERIE TV EET.
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[K-M]: N.Kamiya and D.Mondoc, A construction of Lie (super) algebras and (e, )
Freudenthal-Kantor triple systems defined by bilinear forms, J. Alg. and its applications,
doi./10.1142/ S0219498820502230. HiED LD [K-M] I ZHRMRE A 5V — R
B ORERR D AT RE AR B 22 I 2 K52, V— P RIC K S WER F# (quark theory)
DRHT P IfF I NS EZET.

BRI OIS 5 M E T &, FEREGIRECR + BEWEZ: + SRR = koot
theory, mathematical physics, differential geometry, etc., (fEADIEH) . Z DREA
AR EF ANER WD A IFE 2 2 R IZ AT E BV, RO —a v LTI ZIZiliR
T TWAEEE UL E2MERSEZI V. X, fil- EHFDELIAET, NAE - BEKZE
ETAAIILRTEEENPAONSRWZOITMEDRESEZ UTHGEL HAGENI v Y
AUEXEIZZDE LI, BIZEDBHOANEIZED, RX TS ULAED2E 02D A 5T
BEHEDORADL, BILSEEZNBULNETA, BERSEL UK, BHFLIEZI L.

§7. Appendix (f1#%). Definitions of Z,[i,j, k] and Z,[es,--- ,e;] (FHKR) & FE

GIRAA Z, =D 8IRILD Cayley algebra ( and Hamilton number) OFMEZ 52 9.1
Z,ley,- - ,er] D Table;

€1 €9 €3 €4 €5 € €7
er | =1 | e3 | —ea| e5 | —eq4 | €7 | —eg
€y | —€3 —1 €1 —E€g €7 €4 —€x
€3 ()] —e1 —1 €7 €6 —€5 | —€4
es | —es3 | e | —er | —1 e1 | —es | es
es | es | —er | —eg | —e1 | —1 es €
€g | —€7 | —€4 €x €9 —e3 -1 €1
€7 (& €5 €4 —€3 | —€2 | —€1 —1

(& Z, E® standard product zy TEF) . £ L Tnew product * 2% A 5.
7 7
xrxy =Ty (new product), = = ey + Z e, T=ey— Z e; (standard involution)
i=1 i=1

e1 = i,e9 = j,eg = k in Zy[i, j, k](called a quasi quaternion),eq = 1 13 (in table),
Zyler, - ,e7] % a quasi octonion LR, NI < 2,y >= (27 + y7)/2, BIEHIZ I
€361 = €9,63 % €] = €36] = —€9,6€567 = €1,6¢ * €7 = €g67 = —ey &. DX D for the
product zy, < €g,€1,€2,63 >4, W4 TTEDEE TS . But for the new product z x y,
(e1 % €3) x €1 = e and (e * e9) * €3 # ey * (eg * e3) FIHFEANRHAVWVEEZ EH £ 7.

T8

o Z,[\/q,r] IZBUTqr=1(mod p), q,r IZFTTETRR\,

a) /I 1 DIEDMEED p(p + 1). <>ifp Z,[/q) XIE Z,[\/r] DMK,

b) /A1 DICDMEED p(p — 1). <ipp Zp[\/q) 222 Zp[\/r] DHEH IR TZRN,
L4 Je8, 8 ST DEF % Zorn’s vector matrix THRILT D HILB AL £ T OFMHK (table) TEHIH WL EET.

11



a) DI p + 1 A3 DML D) DG p — 1 N3 DR = N(Q) = 2p+1, ZhLSHE
N<Q> =1, 772U N(Q) 1% weak quandle DE %K.

o Zyli,j, k] D/ IVL1OTOMEENE P —p LT N(Q) = 3p.

o Zyer, - ,er] DIV DLOMEEIT " — pP.

~ p+1

ZLT N@Q)=p"4+(1-8,3)(—1)"2 (p®+(—=1)"2"), where 6, is the Kroneker’s delta.

o N(Q)>1= Aut,Q\ = Ss. (x DREDE & TD Qy D H CIAITIEEI 3 RDFREE).

EH I O PRI N T W THAZRDOPDLN D FEAPBRIETCWZZE X
T GEEAHREBRONG TORETT) . Zsler, - ,e7] ICBTF D A\ =\ Dd—Hlix
l+e +eat+es THY, Zsler, - ,er] IZBIFDAxA=XAXDIED—HllZ2+e,+e, THD,
Ziler, - e IZBITFDAxAN=XNXDILOHIE 3+ e + e+ e3+eq+ €5+ e, 3+ 3eg + 269
HFTT. eyxes =616 = —e3 ICEBHE« TOERIZHELTLZI W, 458, 8 HD
EERFHEDOHRZRDOTHE - R LARTNER SR VWRE X AT 5 LW E T2,
JEERI RISt LTOFRE L THEHFL T,

BARIZ, Zp[\/q,/r] WU THREBINE (M) KRB B2 RER 2B (2018
L)) ICEHRABRIEDHIRIZE D, A« A= ADit%kD 5 T & D recheck & L CTIHW
Ll EITEHOEZR LU VWERWET.

A« X=X ZFEZ5DNF g WHAHAEEGZSIX N =9(1) £BL< & g(1) =g(1) *
g(1) BRBELRMEEPLSTT. 2O gDEEDDTT. —HlE UT Aut, Zs[V2] = S;
and Der,Zs[v2] = (0) P THEET.FEB, AxX = 2A=> 1 =1,2+2v2,2-2V2 TT.

Concluding Remark (% &M E 1T (ERABOESE (AR, $RE) ))

2 IRARE, FTERAER, AR D IESE 2R FHRIZ DWW TIE, T8y (F) (1988 ) | FHH
IV VIND R -y —ete. (AR ;

259 E Cayley B X 72 13X A AT FRIVEL,

910 2 AR Hurwitz O @, X2 M VRS,

Bl AR e bR Y —

P, T OFHE (2 AREL, S RAREBUZ DWW T OFHM, FHIBOILEE U TOFE) oRk% &

O, HBIARSNTWETOTHRLZEI V. TNUADOZEEIZE L T, IROBER L
DPFHELET.

MR (1973) > b—v (F&RE - SZEED
BB AR EL (1996) Yy a7y v,
(G EAEL D B CRIBIEE (1958) Yy a7 >~ . % L T composition algebra 2B L T,

Fay =l =y ll, =&/ rs ()

% i 72 3 ARBCR D JEE S 72 780 12 Hurwitz(1898) 12 & B IRD & 5 7kl
n>1Z2BRE 21, 20 ZEEB 2, 0, BEFy, -,y DENTLIREAT,

At a =@t )i+ )

DD —>n—=1,2,4,8 Th ]
72 #FZ %9, That is, ||zy|| = ||z||||y||(composition algebra’ origin) DJFEH T .
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Kl v = (21,22),y = (Y1,92) DEE, (2192 +291) + (2191 — T2y2)* = (27 +23) (y7 +43)
TT. Zhid|z||=/<oz> &FEAD L, <zy,ay >=<z,0 ><y,y > %5 EHHAEK
DS % 8 7t (Cayley algebra) % & IR GRIT LU Al OFERZEEZ £, L
LINGIFEIARTHEMTE D DORERDEETT. Hx (FH e RARK) XTI s 2R L
7z symmetric composition algebra & FEX#V 5, < z,y > is nondegenerate and symmetric

bilinear form (W) 2% 5
(W) (zy)z = 2(yx) =< z,x >y (that is, <z, >< y,y >=<z,2 ><y,y > DE)

Zl729 (3 LD BALILE R 72 7220) REBCGR T triality relation( =X FEE) 2 & 2 TWE
3. ZOMREE Meson and Baryon QRS IH BN S Gell-Mann (/ —NVEZE) O
8RR E 2 & A LT ([K-0]). ZDREUE, EEPEBDGEIFIRVBE O LB £,
Any real symmetric composition algebra is a division algebra( Z#V S5 IXHAIL1 2 H 72
WA R DI T). That is, a(<af’a> a) = b implies a solution of az = b.
Z @ symmetric composition algebra satisfying (#) & 8 ¥XJt pseudo octonion  algebra

& para Hurwitz algebra(the conjugation algebra of Hurwitz algebras) % & LB AT
T2 I WIEREGHIRER T Y.
Remark HAczH 208 E, A[RABDOXITIZ1,248 THBZENPHONTWVWET
Remark Z,[\/q,/r] 1% (#) Ziii7z U I 95— < 2,y > A nondegenerate & 1L
DEXFA. (BHETLZHEHDO—DTY).

PAED® &3 &E 13 20 AL DIERE S, aTBRAEL, 2 IRIELD ESL A DEEE DHHKET D 21
AL % 4 Z 5,2 DEUFH (a history of nonassociative algebras) & 2 5 —#H& L TD
DM Iz EE 2, AT 556 TT 2 new concept and idea ZHE®H Z ZIZFEEIET
WelzE £ L.

NS DM (history and new results) % £ & & % & BEREF: & EIR & BRI DI
AT WB ERWET.

Background information; alternative algebra (Cayley number), Jordan algebra,
composition algebra, Zorn’s vector matrix algebra (metasymplectic geometry with dim 58
due to H. Freudenthal), quadratic algebra, triple system (ternary algebra).

Purpose; Lie algebra’s construction (without root systems), geometry (symmetric or
homogeneous spaces), Yang-Baxter equation, triality relations, mathematical algebra.

Current address;

Noriaki Kamiya

CHIGASAKI CITY, CHIGASAKI 1-2-47-201 JAPAN, 235-0041

e-mail; shigekamiya@outlook.jp
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