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ABsrRacr. We discuss the mathematical theory of deduction of the capillary action by Laplace.
Gauss, Poisson. Thcsc share thc common conccpt of attraction and rcpulsivc force on continuum.
which is realized with two cortstants. The forrner two are deduce the equations of the capillary
surface, and the latter, Poisson confirms the formulae, in another analvtical problerns. We
assert the two constants are used to formulate the equation of the Navier-Stokes equations, due
to Laplace' theory of capillarity.
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1. The ('two-constant" theory in capillarity

Gauss didn't mention the following fact, and Bowditch I also didn't comment on Gauss'work
in Laplace's total works [6] except for only one comment of the name ':Gauss" [6. p.686] . '?

N.Bowditch comments as follows :

This theory of capillary attraction wa^s first publishcd by La Placc in 1806 ; and
in 1807 he gave a supplement. In neither of these \4'orks is the repulsive force of
the heat taken into consideration, because he supposed it to be unnecessary. But
in 18193 hc observcd, that this action c<-ruld be takcn into account, by supposing
the force p(f) to represent the difference between the attractive force of the
particles of the fluid A(/). and the repulsive force of the heat n(/) so that the
combined action would be expressed by, p(/) : A(f) - nU);. . [6, p.085].

In his historical descriptions about thc study of capillary action. we u'orrld Iike to rccognize that
there is no counterattack to Gauss. but the correct valuation. Gauss [2] stated his conclusions
about the papers by Laplace as follows : we can not accept the papers by I\{r. Laplace ; in p.5,
since not only he dcvcloped clearly incorrect argument but also showed cven thc falsc proofs :

we consider that his calculations i,n the pages and the following after p.l/1 are the ua,in effects.a

[2, pp.33-34] (italic and trans. mine.)

2. Laplace papers of the capillary action

2.1. Laplace's conclusions of theory of the capillary action.
Laplace stated his "complete theor!' of attraction which have an effect on the capillary action

Date: 2Ol7 /72/12.
1(.t)) The present work is a reprint, in four volumes, of Nathaniel Bowditch's English translation of volumes I,

II, III and IV of the French-language trcatise Ttaitr. de Mdcan'ique Cilcstc by P.S.Laplace. The translation was
originally published in Boston in 1829, 1832, 1834, and 1839, under the French tttle, "M4.canique C6.Ieste". which
has now been changed to its English-Ianguage forrn. "Celestial Mechanics."

2(.U) Bowditch's commcnt number [91739].:r(.[) Poissorr cornments this fact in [7. p.19].
4111.1 lltr"." are 35 pages of calculation l-retween p.44 and p.78 in his Supplinrent.
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in the introduction [3], * follows : From the translation by Bowditch [6], for brevity, we show
the corresponding part with above as follows :

Flom these results, relative to bodies terminated by sensible segments of a
spherical surface, I have deduced this general theorem. "In all the laws which
render the attract'ion insens'ible at sensible distance, the act'ion of bod,y tenn'inated
by a curue surface, upon an i,nfini.tely narrow 'interior canal, which is perpendi,c-
ular to that surface, at any point whateaer, is equal to the half surn of the actions
upon the sarne atna\ of two spheres which haue the same rad,ii, as the greatest
and the least radii of cur"uature of the surface at that point." [6, p.689]

2.2. Laplace's theory of the capillary action.

Laplace's theories of the capillary action are described in the 14 articles. We cite only the
contents of no I ([4, pp.1G14]) of theory of [ ] pointed out by Gauss:

I no 7 of the theory of capillary action : To have the action of the entire sphere of which the
radius is b, let suppose b - u: z ; this action will be equal to the integral

2^ [ E-'\
J b dz'V (z) 

'

taken from z:0 up to z: b. Let hence K the integral 2r. I dz.V(z) taken in this limits, and
11 the integral 2r. ! zdz.V(z) take in the same limits ; the preceding action will turn into

We need to observe here that K and H canbe considered as being independent of b; because V(z)
isn't being sensible than of insensible distance, it is indifferent to take the preceding integrals,
from z:0 up to z: b, or from z:O up to z: oo i so that we can suppose that 1{ and }/
respond to these last limits. [4, p.13] (trans. mine.) ({l) This means that

where the limits are from z:0to z: b or from z:0 to z: oo. These two constants are
the original of what we called the two constants, in the 1805's paper [ ] by Laplace, so that we
think, it is noteworthy. (ff)
n no 4 ([a, p.18-23]) of the theory of capillary action : Let O (fiS. e) 5 be the lowest point of
the surface AOB of the water contained in the tube. Let ruame z the vertical coordinate OM, r
and y the two horizontal coordinates of a certain point N of the surface. Let call R the longest
and R' the shortest of contacting radii of the surface at this point. R and R' are the two roots
of the equation 6

R2(rt - s\ - R\rc + pP + q2){(r + q2)r - 2pqs+ (1 + p2)* + (L + p2 + q',)2 : 0,

(2)

where,
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Posed thus,if we represent a certain,inflnitely long canal Arsc),it lnust hold,with the law of

the equilibrium of ttuid colrltained in this canal, b and b′ being the longest and shortest of the

contacting rad五 of the surface at thc point(9 andク bcing the weight.

κ―
:;(島
+1テ)+gZ=κ―:l(:十 }); → (士 +」〉)一号新=:+};  (4)

In e∬ect, the action of the fluid On the canal at the point Ar is,with this one precedes, κ ―

告〃(1+寺 ),and moreover,the height ofthe pOil■ t over the poillt O is z.The preceding eqllation
gives,in substituting its value for 1/R+1/R′ ,itS Value,7

(7 + q2).r - 2pqs + 0 + p2).t
(a)
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fig.l a meniscus in a canal.

3. Gauss' papers of the capillary action

Gauss states common motivations with Laplace about MD equations. For example, in
$10,$11,$12, which we mention below, he states the difficulties of integral Ir2gr.dr, in which
he confesses that he also is included in thc person who fecls difficulties to calculate the M D
integral.

4. Pri.ncipia generulia theori.ae figurae fluidrwm in statu aeguilibrii.
(Genernl pri,nciples of theory on fl,uid, figurc in equilibri,um state)

Gauss introduces his expression of curved surface.

ξ=― (.券, η=― (・券, d(=ξ (2ご生十η(2d生 (5)
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rnalytic method {eometric method

ο =(讐 δπ 一 生
讐
⊆ δν 一 ηδz)X +(二 甕 1lδπ ― 讐

δυ ― ξδZ)y ? : -|e.cos(S,7)

y= (ζ
チー=場事

i)(δπ 十
(等手
―
=場ヂ
i)φυ 十(券 +劣 )ξδ2

y=δθ.cos(4,5)(券 +劣
)

Taet,e 1. Comparison of Q and V in 6U : I QdP + IVdU between analytic
and geometric method

dq : -c# + n'efi + enc#h: -((1 - r\# + €neffidv 
: 

-r':;.r,rt 

,,{n.rre#k

#.# -4#{,. (#)'\ ffix#.#{'* (#)'}1,

where, c3 : l, * f*f " fftfl-t

5. Poisson's paper of capillarity

5.1. Poisson's comments on Gauss [1].
Poisson [7] commented in the preface about Gauss [1]:

o Gauss' success is due to the merit of his < characteristic >
o even Gauss uses the same method as the given physics by Laplace.
o Gauss calculates by the condition only the same density and incompressibility

5.2. Poissonts two constants : K and fI in capillary action.
We cite Poisson's 1{ and ff from 17, 72-141.

K :2np2q [* ,tryrd,'Jo

where,

n=lo l"* * :*1,*nh:I
(r)r o :?no' 

fo* 
,',c, a,

q: usinu, q' : ucosu, ( : Qn' + Q'Ql)2 + Q"nq'

We denote ,\ and X radii of two principle curvatures.

+:#:2Q' +: ffi:2Q"
The average value

tt : -H(Q + Q) : -;t(:* +),
where, we denote fI for convenience sake

H : trp2 lr* Ir* 
,rt4u4"

4

(6)

(7)

)|)



where,

E :'1.1,I, ds : ud,f , 1tr: 山 =為

πακ

ν
′
1+ω 2

The normal action on this point :

(B)p N:K-*"(i.+) (e)

5.3. Coincidence of Poisson's l( and fI with Laplace's K and H.

Poisson proved Laplace's formulae as follows :

K : 2T.!' 
r,rrrh _ r+ 

l,n 
*#0, : r+ 

fun 
,rv, a,.

H : C6oyn _ C fn ,n{a, : + fn ,ne, d,4'"--'" + lo dr-'- 4 Lo

5.4. Proof by Poisson that the rise in the neighborhood of water surface and wall is
due to the abrupt variation of density.
$ 14. Posed thus, call A the liquid contained in a vertical cylinder which has its base on the
plane Gfl and which the generatrix is the straight D.L tangent to the wall of the tube, and B
the liquid situated around this cylinder and under GH. It goes along one which precedes that
the vertical action of the tube and of B on ,4 will independent of the inferior surface of the tube,
which the vertical section is represented with EC'F, so that we will be capable to replace this
surface with a horizontal plane. If we designate then with ^R the action of B on the part of A
situated on this plane, and R/ the action of the tube on the part of ,4 situated under this same
plane, and if we suppose that the primary force is exercises in the direction of the gravity, and
the second in the contrary direction,

(7)3  2R′ ―R=△ , (10)

for the equilibrium of z4

(2)p H : np2 
fo* 

,n,nra, 
fo*

=:7rρ
2ノ

l°

°
r49r ar (8)

0
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囲
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fig,2 the rise in the neighborhood of water surface and wall,
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flg.3 0utline of prOOf by POissOn on the abrupt variatiOn causing the rise in the neighbOrhood of

water surface and waH.

It will rcst now to fornlllla thc expressions of」 R and R′。 COnsequently,werc ds an clcment
inflnitely slna1l of contOur of α;with the two extrenlities of ds,trace the planes perpendicular
to its direction which is cut along with a vertical passing with the center of the curvature of

this contour ; let separatc the scgmcnt of 24 cOmposed betwecn these two plancs, and flllets

inflnitely thin with the plane vertical paranel to ds;and were a the distance from one of these

f1llets at the plane vertical passing through as.we will be capable to explain its batsis with

(1-た色)αttdS,in supposing this■ llet cOmposed in the sphere Of activity Of B,neglecting the
power of z superior to the prillnar)Ъ  and designating Ч/ithた , a constant coemcient lⅣ hich Ⅵ″ill
depend on the curvature of the cOntour of α,at the point lⅣhich respOnds tO ds′ . Tlle basis of
an exterior■llet,belonging tO B,which responds tO another element as′ 。f the cOntour,will be
at thc same timc(1+た ′包′)as′α包

′
;包
ノ
being the insensiblc distance from this secOnd f1llct to thc

surface of`4, andた ′this one lⅣhidl turnsた at the pOint corresponding to ds′  From here,we
will conclude without difnculty

R=イ////ル→宇は一切け〃め&れ〃就
in putting

r2=χ2+(z+包 ′)2+(z+z′ )2.

§15.(The determination of R ald R′ .)
designating with 9(γ )the same fllnctiOn with preceding(nO.2),with Z the projection of the
arc composed between ds andご s′ on the prolongation of ds and with z and z′ the perpendicular
fallen from a point of.4 and Of a point i3 on the plane 6γ 」り,so that r were the distance of a
point to the other. At the degree of apprOxilnation where we are stayed in all this One、 vhich
proceeds,we will turn to reduce to the unit the fЖ tors l― たしand l+た′z′ . ヽヽb will be capable
next of extending frolln zero to the inflnite,the integrals in respect toし ,z′ ,z,z′ ,and integral
in respect to π froln τ=―oc to"=+αЭ,nanlely only frolrn τ=O to χ=αЭ,in doubling the
result. In putting

2ρ
2/////9(r)宰

Jzα z′ご包d鶴
′
ごπ≡ 9,
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and taking the five integrals from zero to the infinity, we will have then p: ! qds.
This last integral will turn to all the points of the contour of o ; and as q won't turn to extend

from a point to another, it is followcd that if wc call c thc entire lcngth of this contour, wc
will have simply R : ce. If we designate with 9'(r) the mutual attraction of the material of
the tube and of that of liquid, relative to the distance r and related at the unit of the volume,
pt , and p bcing thc densitics of thc two matcrials, and if wc rcprescnt with q/ this one which q
turns, when we put pp'g'(r) instead of p2g(r), we will find similarly Rt : cq' ;by means of this
equation (10) will be turn into

(8)3  △ =(29′ -9)c (11)

$ 16. The quirrtuplicate integral which g represents is reduced easily to a siruple irrtegral.
In putting at first ltr, z'r. LLr, LL'r, rdz, rdzt, instead of z, zt, u and u/. and of their primary
differcntials, the limits zero and the infinity won't changes ; it will resrrlt q : 2X p2 [f, rag(r)dr,
in putting, to abridge

χ≡////
(z * z')dzdz'dudu'

[r+1" +u')2+(z+"),)

An」蹴WC get x=兌 and 9=ギ Fr4α→れ
§ 17.(The necessity to regard to the variation of the density of the liquid near the、 va1l of the
tube.)

(9)3  の+0′ +P=0,             (12)
where,の =△ ,fOr the equilibrium of this part Of the liquid.
The forceの ′WOn't be difFer sensibly from the fOrce R Of the(nO.14);because it would be

between them in the ratio ofthe contour c ofthe btte a to that Ofthe base b,、 vhich we can take

tlle 011e for tlle otller.Tllerefore,we will hⅣe O′ =R=C9.
On the force P, its expression、 vill di6er fronl that of」 R in quintuplicate integral,、 vith the

sign of z′ and with the lilnits relative to tt and z′ ,namel)。 that、Ⅳc will havc

P=η %.///./.ル →
宰
ル痴 認 め ,′ =′ 抑 の

2Hz十
豹 ≒

thc integrals rclativc to χ,z,z′ ,bcing al、 vayS ZerO and inanity;howcvcr,thosc lⅣhich rcsponds

to tt and包
′
isn't extending only fronl zero to l,in designating with ι the length of ЙfL.

P=η
づ ///ル →

皇生
号ギ
⊇些ι犯眈山″ ,の 2=′ 十′ ¨ げ

Let again χ=ν cosン, Z=ν  Sin ν.If恥℃ substitute these variables ν and ν tO χ and z, it will
need to take α

"dz=ν
dνごν i the limits which respond to(χ =O and z=0)and(χ =∞ and

Z=∞ )Will be(ν =O andン =0),(ν =∞ and ν=ウπ);in ettCtuating the integration relati℃
to ν,it、Ⅳill result then

P=イC/∞ガガα→椰 νのあ砿 の2=〆¨げ
Consequently,this triple intcgral is the samc with that which exists in thc cxpression of y of

the(nO・ 8);in the analysis Of the(no.9),We will COnclude then

P=_:πρ2cプ
|∞
γ4ψ (r′ )dr=_2c9,

in neglecting always the term which lⅣould have the factor i,and regarding to the vallle of 9 of

the(nO.16)These Values of o,0′ ,P,reduce the equation(12)to△ =C9
Consequently,for that this value of A is accord with that which is given、 vith the equation

(11),it might need that it has been g′ =9;thiS WOuld cause that thc material ofthc tubc would

has been the same with that of the liquid.    QED.
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5.5. Pressure of liquids, modified with the capillary action.
S 80. We will have

KMN: K,M,N, :u, KMH: K,M,H:'i;
c.., being the angle relative to the ur.aterial of liquid and with the surface of corps, given with the
experience, and obtuse ot acute, according as the liquid is elevated or is fallen ; and i designing
the same angle with in the prccedcnt number.

I will call f the liquid layer adjacent to the surface of corps, and which the section is termi-
nated, otherwise, at the curve MGMI, at the normals MN and AItNt, and at the portions of
curves .4.1/ and A' N' . I will namc -L the rest of liquid, and I go to calculate the vertical action
of ,L on the layer l, at which I have given the form necessary for that this force can explain by
means of quantity which will be given in each case.

ffg.4 Pressure of liquids, modifled with the capillary action on a spheroid.

To abridge, I will indicate each party of .L or of f . consequently. generally each part of liquid with
tlre part of the figure to which it responds. Being thus. the action of DOGO|Dt on KMGM|KI
isn't other thing with the force N of (no. 76), decomposed vertically and applied to all the
elcments of the part of surface of f which rcsponds to the ctrvc MGM' ; I will represent
with P, in supposing oriented in direction contrary of the gravity. I will designate, following
this direction, with Q the action of same liquid on the part of f which responds to FIIIK or
F'M'K', on its part FMGM'F'. It is evident that to have erction of -L on this last part of f,
it will need to abolish -Fd from P + Q. The action of I on the surplus of l. namely, on the part
correspondingto N M FA or N'M'F',4', will be composed from the action of EIItGAIt -Bl, which
we will represent with,9, and the action of the superficial layer or correspondingto DNME or
Dt Nt Mt Et , which I will designate with T ; the both of one and other oriented in contrary sense

of the gravity. The total action of ,L on f will then will be

P+Q-R+S+T;
which it needs to calculate essentially the five parts which it is composed.

(1の

$ 81. (Calculation of pressure)
If we call t the distance of a point arbitrary of the atrve MGM' to the axis GC, the horizontal

projection of a zone infinitely small of the surface generated with this curve. will be 2ntdt, and
the component vertical of the force normal N, applied to all this zone will have for value 2rNtdt
; in consequence, we will have

p :2tr [' turar,
Jo

in taking r for the value of H M, this one which we can make without sensible crror. The part of
P which responds to second term of M is the integral I Zas. which the value will be 2nrqcosi,

8
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owing to the(no.79).In putting for the primary term p of Ⅳ,its ttlue c― ρθZ,We will have
then

P=π cr2_2πクρ
ノFZι
αι+2πγ9 coSt・

I will callレ
r the part of■701u1lle of corps which is situated dowIIward Of plane Of the π and ν,

and which responds,consequentlyЪ to the ぶヾues negative of z;Iv′ 11l designate、vith υ the part
ofits vollllne composed bctween this planc of thc section horizontal of corps,at、 ″hich the liquid

is blocked and which、 ve can、 、vithout sensible errOr,Inakes ptts through the points几 イand Af′
,

instead ofン 4 and■′. Let be alsoた the distance of this section at the plane of the"and ν;in
rcgttdingた and υ as thc quantities positive or ncgativc, according as the pointノ4 andス′、vill
be upward or dc3wnward of this plane,we will have

2π

ズ

rz`α

ι=πたr2__tl_レ 1

1f the liquid is extended ininitely around of corps,its surface will be sensibly plane to a certain

distance;in taking this plane for this ofthe χ and ν,y will bc the volumc of the cOrps situatcd
below level natural of liquid,and y+t/1 the volume of this corps in contact with the liquid. In

this same case will have c二 =Π ;hOwever,for mOre generality,I will put

c=Π tt gρ b;

b beillg a constant wllich will be llull in the case of a liquid indeflnite,and wllich the value will

depend on the volume ofliquid,when it urill have a measure given Fronl this manner,we v/ill

have

P=π r2Π tt πクρ(b― た)r2+θρ(υ tt y)+2π γ9 coSt・

If we dccompose into clcments ininitcly small,thc part of「 which responds to ArAィ FИ,thc
action of the layer superflcial」 DF 「ヽAイ亜

'on an element、
vhich the thickness is ε.v√ill be the force

びε ofthe(no 41),perpendicular tO′ ИⅣ and traced from outward into inward of the element;

we will have then the part of T whid■ responds to this element,in multiplyingし rε with the sine

of the angle which makes the straight 」ヽfzR‐ 1″ith the、 ertical traced fI・ om bottonl to height the

pdl■tν ,of wllldl the angleお equal to〃 ν Ⅳ ,less tharl tlle rtllt andei or tOづ 十ω一吉π;alld
田 we have found y=_92,this part of T will be 92cos(づ +ω );COnsequently this force being the
same for all the clements,we Ⅵバll concllldc fronl this,the total■7alllc of T,in replacing ε with

the circumference 2πγ;this lⅣ hich puts

T=27rr92 Cos(を +ω )・

Each ofthe forcesの ,RS,is deduced similarly from the force Zε  ofthe(no.42),in determining

suitably the angles a, b, α
′
, b′ , and replacing ε with 27γ . Let be,for this,(fig. 18), IЛごI′ a

vertical, IIAr a horizontal, Aど f(andル角V of the straights which make the angles t andづ 十ω
withルf」げ,θЛノC and FルイE,the straights perpendicular to■ fκ and ν Ar.lVe will take the

straight r几ィf′ fOr the axis Dθ θ ofthe(ng.12),from WhiCh the angles α,b,α
′
,b7,are regarded

i and the force Zε  will be traced along with fИ I.To deduceの ,it Will need to malc coincide
the lines θ■,θB,θ■

′
,θ B′ ,of the(■ g.12),with thC Straights ν G,νO,νκ ,MF,of thc

(ng.18);being thus,we will have

c=47r9r sin 2 cos ω.

路 leat市ely to the force R,we will make coincide the lines θス,θB,θス
′
,θ B′ ,of the(ag.12),

with tlle lines yⅣ ,MO,MC,MF,of tlle(■ g。 18)i and it Will result

R=幼 ″
卜
h仇 anttπ 一

:→
d呻 +の は 一 協 n:引 .
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Finally, to regard of the force ^9, we will make coincide the lines CA, C B,C At , C B' , of the (fig.
12), with the lines MG, ME, MF, AIN, of the (fig. t8) ; this one which will require that we
takes and from hcre wc will conclude

s:2trorlsinitan(1r-l t I I. L \4 t, ) - sin i c<;t 
5.,,, - sin(i + ,)l

By means of thcsc valucs of Q, R. S, we will havc

Q-R*S:znqrlzsinicosr 
1 1'r

, L ,,' - sin(z * c,.r) tan 
7u.' - sin i cot ,u).

equation which we can put also :

Q - R+,S + 2trqr cosi : 2rqrcos(z + r,,').

Hence, owing to the values of P and 7, the total pressure exercised on the floating corps, in
sense contrary of the gravity, will have for expression

nr2n + irgpbr2 + gpv - wlnkr2 - r' - nro2cos(i +..,,)].

in making, as in the precedent chapter.g

9■ 92=:″ ,    ″ =θρα
2,

We recall that a.r at the same signification with in this chapter. and that i * cu is the angle
composed between the radius of corps which the length is r, and the normal exterior of liquid,
traccd with the cxtrcmity of this radius, of which responds to thc section of corps where the
liquid is blocked.

$ 84. (To solve one of question the most interesting of the theory of the capillary action.)
To determine the effect of the capillarity on the horizontal pressures, I will suppose that

the floating corps were composed between two planes vertical and parallel. of one very large. so
that cau neglect without sensible error, the part of the pressure which hold near their extremity,
relatively to the total pressure, and consider the around of the liquid and the pressure as con-
stants in all thc length of each planc. The corps will bc terminatcd. in height and in base. with
the certain surface ; will will suppose the inferior surface entirely immersed.. and the surface
superior entirely outward of the liquid, The (fig. 19) represents a section of this corps verticai
and pcrpcndicular to these two latcral faces. The figures AD and A'D' wera the scctions of
the surface of liquid, of part and another corps) which cuts their two faces at the point ,4 and
,4/. These curves are different, and,4 and A' are not belonged with a sane horizontal straight.
According as each of these points is upward or downward of the level of liquid. the curve corre-
sponds will turn its concavity with in height or with in low. The straight LLt is the intersection
of the plarre of the figure arrd of a horizontal. which I will take for that of the r arrd g, and that
I will suppose to a distance h under the level of liquid. It cuts the two faces of liquid at the
point C and Ct, situated upward of the part curve of corps and downward of A and ,4/. I will
put

AC:lt.*k, A'C':hlkr;
k and k, being the quantity positive or negative, according as A and At are upward or downward
of the level of liquid.

Posed thus, the horizontal pressures are canceled out on the part ofcorps situated under plane
of the r and gr ; those which provides frour the atnrospheric plessure is canceled equally on the
entire corps. Upward of the points C and C',the radii of couvature ) and,\/ being infinite. the
normal prcssurc N will rcduced to its part p, which we will be capable to reprcsent thc value
with

p=gρ
(ん ― Z),

911; ftu supposition of F: bII and H : gpa2 are defined in (no. 75)

l0
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without consideration of fI. The horizontal pressures which provide this force p, and which hold
on the part of corps corresponded to CA and CAt. will be hence

in designating with / the measure of corps, and supposing the same for the two surfaces. In
consequoncc, if we cffcctuate thc integrations and if wc call d thc cxcess of thc pressurc of the
force p, which would push the corps in everywhere. we will have

δ=:夕は2_め .

:ι
(2 cot 
ω― cos::ω ― cOt::ω

)´禦
;

0′―n′十S′
T′

quantity which we can reduce to ll

-(q + q,)lsinu.'.
10(↓

)

(4)3Z=91dnわ
′
{tan:(α
十ら′)一 tan:(b十わ′)}―・nα

′
{tan:(α

+α
′
)一 tan:(α
′
+の
}]

(5)3Z=9[dnb{tan:(α
′十b)一 tan:(b tt b′ )}― dnα {tan:(α +α

′
)一 tan:(α tt b′ )}]

11(↓
)USing,

I - cosa

グズ
科ん。→″ ノ

.1丼

れ
。一aと

(15)

But, the quantity p isn't the pressure of the liquid in all its height ; it ceases to exist at a distance
from the surface less than the radius of the molecular activity ; and although this holds only in
an inscnsiblc thickncss, the pressure excrciscd with thc supcrficial layer of thc liquid isn't less a
sensible quantity, which it isn't permitted to neglect.
$ 85. Let then M a point of liquid situated at right of the figure, at the distances of ,4C and
,4D, less than the radius activity of the tube and of liquid. With this point, trace a vertical
OMG which cuts AD at the point O. a perpendicular to this curve ,4D which meets at the point
Iy', a horizontal M H which meets AC at the point K, and a curve F A,I E parallel to ,4ND. We
will have to determine the components horizontal of the same fores which we have previously
considered (no. 80) the vertical components Q, R, S, ?. I u'ill designate with e/. R,, St. T, ;

the value of each of these quantities will have I for factor ; and. without cousideratiol of t6is
factor, T will be the component along with IIIK of the force U of the (no. 41), which operates
along with MF, and which the valuc ir -g, ;from hcrc. wc conclrrdc

T: _qJsini.., 
;

r,,, being always the angle given lK M|l. on the values of e' . R' ,,9', they are obtained, as those
of Q, R, ,s, owing to .the formulac (16) or (17) of the (no. 44) ;"' where, instcad of rcgarding
the angles a, b, at, b/. from the vertical IMI' (fig. 18). it will need to give them foi origin
the horizontal Il[H or its prolongation trIH'. and make coincide the straights MK and MH.
consequently suppose z : 0.
we will deduce

s' : qllt"" (i" - I") - cos@ - ""t j,].
It results from here that the horizontal pressure exercised on the face of corps which responds
to AC, to bc accuratc, on the liquid layer adjaccnt to this face, will turn to bc augmentcd. from
a force Q' - R'+,9' + 7/, which the value will be

(16)

(17)
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The force which it will turn to augment the pressure relative to the face corresponding to A'C,
will be similarly

-(q + Q)lsinu'
cu, designating this one which the angle r,.r turns in respect to this second face of corps, which
may not be the same nature with the former. These two forces activate in contrary sense with
each other ; and if wc call e the complctc value of thc excess of thc horizontal pressure which
pushes the corps in everywhere, we will have

e : 6 + @ + O,)t1sinc..r, - sinu.',.).

consequently, this onc which is thc samc thing,

(9)5 (18)

in regarding to the value of the part δ, 12 and observing that 9-■ 92=:θ  ρ α
2. 13

This result di∬ers frOnl that of the ttcα ηづ9包 c cιιcsι c, in this One、 ″hich the author doesn't

regard tlle particular pressure wllich llolds llear the surface Of the liquid, and which does11't

disappear fron■ the exact、 ralue of ε which in the particular carse where the two angles ω and ω2
are cqual or lnakcs supplementary anglc in cach othcr. 14

6 ConclusiOns

The fOrmulae deduccd by Laplacc and Gauss arc idcntical,PoissOn usesぉ a commonly knOwn
fOrmula. PoissOn emphasizes the variation of density in the neighbor of wall and surface, by

which the fall or elevation occurred Today's conlnlon knov″ ledge teaches it to us by lneans ofthe

surface tension,of which POisson doesn't tell at all,however,the difference between capillarity

and surface tension is vague. For exall■ ple, capillary wave means the wave of surface tension.

ヽヽ石e can replace a part of action wllich POisson uses、 vith surface tension. 13y the way,the Ward

uゝrface tension'お used already by a Prandtl's textbook in 1933ド
].
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