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T, R [S29]-[S30] DFEHRD Signal Processing FADILAIC DOV T@HETWVS. FA
@ TNETIE, Schur DFEFMONTE (K b/hah) R EMBROH D ROV
THEHRE LTERD, SEIEHEX [Kai] @ abstract ICH2EMICEIMTELEA
D > 1= NEDFRK [529]-[S30] ZIHNTHET 5.

L

$®X [Kai] A theorem of I. Schur and ... D&

ER3Z Schur [S29], [S30] K5 DIEANDEIBEM

(From abstract of |[Kai]) As algorithm of Schur for char-

acterizing power series that are bounded in the unit circle is



shown to have application to a variety of problems in science
and engineering. These include speech analysis and synthesis,
inverse scattering, decoding of error-correcting codes, synthesis
of digital filters, modeling of random signals, Padé approxima-
tion for linear systems, and zero location of polynomials.

We also demonstrate relation between Schur’s algorithm
and the recently introduced concept of displacement structure
which is fundamental eigenanalysis of matrices. It also has
meaningful links with the theory of operators close to Hermi-
tian and close to unitary.

(2 lines omitted)

(From 1. INTRODUCTION) The name Schur is asso-

ciated with many terms and concepts that are now widely

used in many fields of engineering, e.g., Schur convexity, Schur

(Hadamard) matrix products , Schur canonical form for matri-

ces, Schur-Cohn tests for root distribution of polynomials, etc.
(many lines omitted)

Of course, this is just another fascinating
illustration of the mutually further interaction between math-
ematics and applications. What may be unique about Issai
Schur is that similar accounts could be presented for so many
of his papers!

(several lines omitted)
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2 A pararell algorithm for Toeplitz equations

C T, WhHps speach synthesis DEFIZHNTEHATN TN S
M, BEFEDDHELIFD X S 7% ‘Toeplits linear equations’ Zf# < FHERM
RUCE . amX |Kai] OHFESFZHMOEXZDT, WER OGRS
EAHT & &9 5. m-th order autoagressive linear filter & (&, input time
sequence {e;t=0,1,2,...} ZAND L, FREOHAITERL T, F2E1A
®D output sequence {y;;t =0,1,2,...,} ZH1T5HENITHS. output
&, expectation Z F &35 &,

(I.1)
DI ERET B. T D output covariances cg,ci,...,Cn Zalk L7TZU.
co=1EEEHILLTHEL. X 5N/ filter coefficients

((aijl,ai,g,...,aLm);af) (i:0,1,2,...,m), chﬂ‘LT, ﬁ@ﬁ

Eyl = 07 Eylys = Cit—s|5

(a(),m ag,m—1 o Agm 1\ (0 0 -+ - 0 05\
Alm  Alm—1 o QA1m 1 o0 - - 0 O'%
(I1.2) 1|Tn=(00 .- --. 0 o3
A | O B #s= s { =
\am.m Amm—1 " Qm.m 1) \0 o -.. - 0 O'TQn)
( 1 cK6 Cy --- G \
C1 1 ¢ - Cm—1
ZZiS, Ty = (c; RHIED,
\Cm Cm—1 S| 1 /

IZX D, output covariance (cy, cs, ..., cpn) Z2KDB. 175 T), & Toeplitz
matrix EPHINS. T D Toeplits linear equations (1.2) & AKHE c1. ..., ¢
BT ARE— XA THS. BMZIME &R/ iE L WS BEAGTREOEIE
ZRZBE, WHERZLEZVWEXZE O(m?) B, WIEFETREENE
NLOm?) |, 5FL®>TE O(mlogm) [l, HETH5.
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FT1EEH. 72U, Schur [S29] TEAETN/zWDHWS Schur Al-
gorithm! Z 1L, O(m) EID (i) FFREEICKX TSI T EHH
x5.

FT2EES. FHermite 14 T, IFIEEMETH 5.

3 The Schur algorithm

Toeplitz FRIEFTREI (1.2) D T, ZIRD B c1,¢,. .., 00 KR LT, HHR
T 2] > 1 ICBIFBBEHZRDEL I ICHBL !

(1.7) Clz) :=1+2) cz +0(z""")
=1
T35, LOB2EERNRDK S BREAHEHETHEDENS -

179 T,, WIEEHE <

BB 1. C(2) & |z| > 1 THEATHY,

1z > 1 T R{C(2)} > 0.
CDERFETHEETL 2D, Schur [S29, Satz X1, §8, p.229| (f&ih) T
HoT, TNH [S29] NODHE2 DEMTH B. HE Tl LD EEH
w%:%i%@5¥¥@mw>o%$mmﬁmq<1mgﬁ.%zf,
C(z) -1
C(z) +1
Lk, LOREFTFERME, RICERENS .

S(2) & |z| > 1 THEHTHY,
2| >1 T |S(2)] < 1.

S(z) =

DHE+IEH 2. {

DA ABNTIERR f(2) T, M(f) = sup |f(z)| =1 £7%2 & D@ BIICIERT 5 step TD
|z|<1
HHROHENARE 2 x 2 MOFHEROLNKICE LD,
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(network theory T, BI%ZL S(z) %Z scattering functions & K 5.) Schur
IC X BBRFTRIET

Si(z) — Si(o0)
2_1(1 — S,(OO)S,(Z))

E3< L, Schur D Satz XI ZIGFH LT, B TDEM22EXET L,

So(z) == 5(2), Sin(z) =

DE+REHES. T, EEM <= |Si(co)| <1 (i=0,1,...,m).

51T, Si(oo) DERFTHERITIERIETZD, Thz 2 x 2 ORI EH
RCEXERZOTHEENNL, EROXSICSHETER XS,

I1. [S29], [S30] J. Schur, Uber Potenzreihen, die im
Innern des Einheitskreises beschriankt sind. I, II

[S29]-[S30] D Contents:

[S29] J. Schur (= I. Schur), Uber Potenzreihen, die im Innern des Ein-
heitskreises beschrénkt sind. I.

Introduction of continued fraction type algorithm
Functions ¢ and ¥
Criterion for the coeffcients of a bounded power series

Ll R

Calculation of the expression P,

Hermitian form belonging to the quotient of two power series
Deformation of the criterion in §3

Bounded power series and bounded bilinear forms

o N m

Caratheodory-Toeplitz’s Theorem
[S30] J. Schur, —. II.

9. An application of Satz [V

10. Consequences of Satz X and Satz XI

11. On partial sums of bounded power series

12. On a special class of bounded power series

13. On polynomials, which take zeros only inside of unit disk

14. The rational function [z;70,71, - - V)

15. Some properties of the parameter expression of a bounded power series



1. Introduction of continued fraction type algorithm
w = f(z) analyticon D := {z € C; |z| < 1},
M(f) := sup | f(z)].
lz|<1
(I1.1) ¢:={f; M(f) <1}.
Schwarz Lemma (—#B). (Hermann A. Schwarz) M(f) = M(zf).

w—«

a€C, |al <1, XL, w’:zl_aw, lw|=1«< |v|=1 &,
M Cl(D) LOZEWT, a—0, 0 — —a.

fECIIMNLT, g:= lf__ao} €eC. M(f)y=1< M(g) =1.

(I1.2) flx)=co+cix+cz®’+--- €€ (v€ D),
ol =1 = f(z) = co (EE.

BEEXMEE. Foranyv >0, |c| < M(f). O

leo] < 1 DIFA, Yo = Co EEWVT,

f'—l f—’Yo_ c1 + cox +cgz2 + - - -
. z1—"0f (1_%'70)—%011}—%023;2_...
M(fi)=1 < M(f)=1.
C1
= 0 ot , < 1’
o If Iml=1= fi=m,
1 fi—m

® If l’yl|<1 - f2 ::El—ﬁfl./ Yo = f2(0)

€ €,

(Schur algorithm) Finite or infinite series of

(I1.3) fo=1f fi far f3, -,

1 fI/ — T xsz—l + M
1.4 WO ks S N . Skt .2
(IL.4) fui d 1 +Yzfon

v — 1/0-
e Y = f,(0)
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M(fy) =1 < M(f) =1,

Wl <1 898, |fi(a)l <l <= |fin(o)l <l (2] <1).
o If f,=v = f(z):=[z;7%,7,7%, ---,7/] a rational function,
e Otherwise, {f,},>0 adjoint functions of f,

{7 },>0 parameter belonging to f.

Case 1. {f,}.,>0 WEFRIH. CZDL&E, W, |y|< 1.
RIS, fui=vy DEE, filx)=m=0 (VA >v).
Case 2. Jn such that |,|<1(0<v<n), |l =1

CDEE, f(x)=[r;7, M, .-, £EBL.

Case 2 occurs if and only if f(x) is a rational function of the form

n
+w
f@)=e[[ s, 0<|wl<l, lel=1,

il N Lo SN Iy " P(z™1)

G G ey el P(z)

where P(z) is of degree at most n and becomes zero outside of Cl(D)
(or =1).

2. Functions ® and V¥V

f(x) =co+cz 4+,

f@)=coterz+tasr+---, (cn=cn),

¢, 1s a rational function of ¢y, Ty, c1,C1, .- Cu1,Co1,CusCuily s Cuine
(Schur parameters)

Yo = o := (e, 1. ..,0) =1 D,

a rational function of c¢y,Cy,¢1,C1. ... Cb_1,Cr_1.Cy.

¢ =Y(0,7,-- W) = ¥

a pOlynomia’l function of 70, %) 7, ﬁ? ces Yo=1Yv—1, Vv
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To=1, T1=ml-7%), %2=701-%%%)1-7mn)— T (1 — 7).
From f(1+4+730zf1) = + xfi, and so on, we get

\11(707 Y15 .- 7’71/) - (1 - _%’70)\11(’71 Y25 - :’711)_

v—1
% Z \Ij(707’717 <5 77/\)\11(71:727 288 771/—/\)'
A=0

EKREKD, ROBIGTHEAZES
v—1

(A) \D(’Y()v’)/l:"'v’)/l/) =Y H(l _’y_/\f)//\) . \Illa
A=0
where ¥’ depends only on vy, 30, 71,71, - - - Yv—1s Vo—1-
In general, o¢,(z) := [z;7,7,...,7] can be given for any value of

~vx and has the recursion formula

Yo+ [Z;71, Y25 - -+ 5 W]
IL.5 L5900 Vs - -+ Vo] = — ;
(IL.3) =70, / 1 + Yoz [;7,72 W
_ o mtzEe,s )
[xa’)/h"':’)/l/]

= , ey ] =
1+ 31z (292,73, - -+ s W] 5% =%

3. Criterion for the coefficients of a bounded power series

Satz I. Let v,71,72,... be || <1 (Vv >0). Then the series

o0

f(l') = Z\P(707717--'a7V)xV = ZCVI'V = [.’Z‘;’}’O,’Y],’}/Q,...]

v=0 v=0

converges for |x| < 1, and M(f) < 1. Moreover for |x| < 1
(3750, 71,72, -] = T [2590, 71572,

and the convergence is compact uniform.

(Added) les] <1 (Vv >0).



Bl (8§15 &£1).

l4+x [ 1 2 2 2 ] 1
=T 5, 5y =50 - | = |T;
2 2°3 5 7 2—x

N1 =
L=
il
o=

Satz II. (WME1775%&M) The power series
fx)=cy+cz+cpz® + -

is convergent and M(f) <1 if and only if, for v, = ®(cp,c1,...,c,),
Case (1) |v| <1 (Vv >0), or
Case (2) dn such that

|f)/0[ 2 17 ’71' < ]-7 S ‘771—1' < 1, |’Yn| = 1.

In this case, fn(x) = cpo+ cn1x + ChoZ? + - -+ is reduced to the constant
Cno = Yn-

In Case (1), (f HERFE)

f(:r) — [37;’)’0,’71:'72= .. ] = Z\I’(VO:W’I: e 7’)/1/) 'TV '
=0

Case (2) occurs if and only if f(x) is a rational function of the form
(11.5), and

flz) = [JU;’YO:%,W, . 7%] (75555%)-
Satz III. (Schur problem) Let ¢y, cy,...,c,, given. Then a series
f(@) = (co+cr1m+ - +cmd™) + (Cm1™ ™ + cmpx™ 2 +---)

converging for |z| < 1, with M(f) <1, is given if and only if, for



Case (b) 3n < m such that

I’YOI < l7 |7]| < 17 RIS h/n—ll < 17 If)/n' = 17
and c,, p=n+1,...,m coincide with coefficients in [x;70,71,--.,7n]-
In Case (a), f is given by f(z) = [z;7.7,-- - Ym:) Ym+1,- - -], With

Yoy |7l €1 (Y >m+1). In Case (b), f(z) = [2;70, 71, -,V is the

unique solution.

Satz IV.
€= {f(x) =270, 7,72 -1 = 3 U0, 70 W) 25 Il 1 (Va2 U)}.
v=0

In case |y,| <1 (Vpu > 0), the parameter is unique. But in case of

(I1.5), V1, Yn+2; - - -, are arbitrary.

4. Calculation of the expression @,

g9()

f(x)zmzco+cl;r+02x2+---,
g(x)=a0+a1x+a2x2+---, gy(m):a,,+a,,+1:1:+a,,+2:172+--- (1/20)
h(I):b0+b1$+b2$2+"'y hrl/(l'):bv+bu+lw+bu+2~r2+"' (UZO)’
1 fl/_’YV fo*1+7V
v+l — T T — v = p— ) v = ful(0).
f+l xl—’)’ufu f l+’YVZCf,/+1 L f()

10



Satz V. f,(x) and 7, = f,(0) are expressed as follows:

0 0 -+ 0 a a - a1 gz
bb O -+ 0 0 a - a2 g 1(7)
b_l EE == ) 0 0 --- a3 gu—Q(x)
Dy(x) _ bl/—2 bl/—3 bO 0 0 ap g1 (ZIZ') (,/[+V)
0 0 0 b b byt ho(z) | DT
agy 0 0 0 b - by_o h,_q (SC)
a_l a_O 0 0 0 : bl/—3 h’l/—Q(x)
ay—2 Qy-3 ap 0 0 bO hl (JI)
% 0 ap a ay—1 gll—l(x)
b 0 0 ao ay-2 Gu—2(T)
by 1 0 0 0 ay-3 gu—3()
by—1 by_s =» BE D O «- 0 go(z)
Ale) = (v+v)x (v+v)
ag 0 e 0 bO bl U bu—? hu—l(x)
aj ) 0 bO bll*3 h,/,Q(LE)
65 af_l 0 0 ' bz/—4 hu—3(1)
Ay_1 Ay -+ @ 0 0o --- 0 ho(ﬂ?)

) _ l fu—l — V-1 . DV(SE) . dz/—l

fV(:E B z ]‘_ﬁfll—l B Al/(l')7

RHERF1TINCEIT 5 Jacobi’'s Theorem ZHWB &, XMW 5 .
(116) dVA,/(.’E) - 5,,DV($) — —(5,,_1.’17 DZ,_H(.Z‘),

11



(117) (5VAV(I) - d_,/D,/(.L') = (Sy_lAl,_H(.’E),

IL7) R, z2=0ICBVTROHEEXKXZEZ 5 !

61/—161/—4—1 1
(IIS) 1-— "YV|2 = (50 = 1, 6,1 = —].
7 | )

5. Hermitian form belonging to the quotient of two power

series

179K 6, DEFHEZLRTRZKRDS.

apg a; as - ag 0
0 a a --- — a a O

= , A= __ — , 00 X 00
0O 0 ag --- as a; ag

Cut off of A and A"

ap ap ag --- a_o 0
0 ay a --- —_ @ TG 0 <

Ay = , A,=1|_ " . (v+1) x (v+1),
0 0 ag --- as a_O

Hermite {75 A A. Z® cutoff Z,ZA,,,

v
Hermite =, A, := Az, 21, ...,2,) = Z |a0x)\ +a1Trp1 + -+ AQuorTy
A=0

AB «— g(x)h(x) = (apxo + a1z + - -+ ) (bozo + by + - - -)

~

Theorem. 0,,, = 1s equal to ’F;By — Z;A,,], which corre-

|

sponds to



v

=" (Jboxa + biwass + -+ byoazy | — Jaozs + arzass + o+ aaa ).
A=0

f= g(x) ~ 9, (rv=20,1,2,...) (Hermitian forms).
h(z)

Satz VI. Let 6, #0,00,#0, ..., 0, # 0. Then,
Nn=0WVA>n) < folx)=e(le|]=1).

Satz VII. Hermitian form $ is non-negative if and only if

Case (1) 6, >0 (Vv > 1),
or

Case (2) 6, >0(1>mn), 0pen =0 (A >1). In this case, n = rank .

®—BEANTEEDH @

1—|yn|?= S (50 =1,0_1= —1—)

Schur’s algorithm:
f(z)=co+crz+cyz’+... € €,
fo(z) = f(z),
1 fy(I) ez
i7 = e ————— v — Ju O N
f+1($) xl—%fl,(x) 7 f( ),
1+’7u xfu—l—l(x)
Schur parameters:
Py 1= Gy 1= Dy, €1y » - v568) =20 ,
a rational function of ¢y, ¢y, c1.C1, ... Cu—1.Co_1. Cp.

& =970 =¥

13



a pOlynomia’l function of 70, Y0, 715,715 - -+ Yo—1, Yo—1) Vo
Schur’s matrix product:

A= (aK,\), B = (b,ﬂ), Ax B := (aHAbn/\).

6. Deformation of the criterion in §3

T d,
f(x):%% = %2—5—1/:
(IL9) ol < 1, Il < 1oy Pactl < 1, 7l < 1.
iff, from(3),
09, >0,0,>0, ..., 0,>0, 0,090 >0.

If §,,.1 =0, then |y,| =1 and

fn(x):_g%:'ynzcn0+cnlz+"'a

and 0, =0 (YA >n) by Satz VL.

Satz VIII (Satz I1 DFIEH). f(x) - % DEIRIRIIC BT,

Zhh, |z <1 TPCRL, M(f) <1 Y753 12D DRE M,

by a B A,
=" 0 b= Y w2,
agp bo AV B,,
(1) 6,>0 (Vv >0),
or
(2) 61>07-'-a5n>075n+1:5n+2:"':0-
In this case,
= T+ w
(11.10) f(z) :EHHm’ lwo| < 1, |e| = 1.

14



Satz VIII* (from Satz III). f(z) = Q—Ex—; DEKBUBEBICHBNT, #

h(x

nn x| <1 TPERL, M(f) <1 &2 HOPRETDEMS,
Hermite 6\ 9 = B'B—A'A WIEAFERXTHBC L.

f(z) WEIREE n THAHLDORETTFRMEZ, Hermite X § W
Bk n THBT L. TOLE, f(2) &, (IL10) DFETHS.

Satz IX (Extension of Satz III).

Glz)= ) ka*, H@)=)Y ha%, b#0,
=0 =0
glz) = Z ggx®, hiz)= Zbusv”, by # 0,
v=0 v=0
(II.11) form >0 given, a; =k, bi=0L(0<i<m), f(z)= @,

f(z) OBEMEBIERD |2| <1 THERL, M(f) <1, £%&5EHD 5
x5 2 %0IC,

G(:
F@%:Hg§:6b+ax+6@?+~_
BES. f(z) CHEB 6),0,,.... LIFKRIC,
bo ao
=L n2, 13, -..
a bn

265, %M, 2D0B/ICTMI NG !

or
2) m>1, ..., n,>1, and
(1112) M+l = Th42 = = 41 = 0.

Here if n < m — 1, then we have in addition,

(1113) NMm+2 = Mm+3 = """ = M2m—n = 0.

15



In both cases, b,,11,b,y,19,... can be arbitrary.
In Case (1), solutions f(x) are infinitely many.
In Case (2), solution f(x) is unique and given by (11.10). Gyi1, Qo - - -

are unique for a fized series of by, 1,by40,. . ..

7. Bounded power series and bounded bilinear forms
From Satz VIII and Satz VIII*,

Satz X. The power series g(z) = ag+ a1x + asx® + - - - converges on
|z| < 1 and bounded if and only if

/ao ay a2 as \
0 ay a; ay ---
A(z,y) = ZGA—KI;{%, A=10 0 ay a
KA 0 0 0 ag ---
\ : : ;

is bounded, and M(g) = ||A|| == sup ‘A(xy)‘

e llyll <1

Satz X*. Put H := A*A. Then m > M(g) is characterized by
H:=m>—A"A>0. (here Gy = (m2 — A*A), = m2E,., — AV*AV)

This is the case if and only if, for the sectional determinants 0,,0,, ...
of 9

(1) 6, >0 (VA>1),
or

(2) 01 >0,09>0, ..., 6, >0, 6,01 =0. In this case, n = rank §,

and

- T+ Wy
g@)=c[[To—= lwl <1 ld=1

v=1

16



8. Carathéodory-Toeplit?’s Theorem

/ 1_w N2 R / 1_wl
w=——: F¥FHRw) >0 — HAMAE W <1, w=
14w 14w

1 —p(x)
14 p(z)’

’

Fle) = ¢(z) analytic on |z| < 1 and Rep(z) > 0

< f(z) analyticon |z| <1 & |f(z)| < 1.

p(z) = g(z)/h(= =) az h(x):Zbyx“, LB,
L h@)—g@) _
= 5@ 7 oy
Hermitian form: $ = (B+ A)"(B+A)—(B—-A)*(B—A)=2(B*x A+ A*B).
Put h(z) =1, g(z) = ¢p(z),

(2a6 a ay as .. \
_— /
2a0 a a

: * a2 N
553:A+A =@ @ 2¢ a ... :('uj_k)j.k:O’

corresponding matrices B — A&B + A,

as @ a; 2a; ...

\ i)

ap + g = 2ag, ag = Rao, po = ao +a, ;= aj, p; =1 (J > 1),

Satz XI (from Satzes VIII, VIII*). Power series p(x) = ag +
1T + asx? + -+ is

convergent for |x| < 1 and Rp(z) > 0

<
N 2a,
for sectional determinants 0, = 2ap, 0y = % % oy Oy =
a1 2ag
det($,), ...,
(1) 0, >0 (Vv >1),

or

17



(2) 0, >0 (Vv <n), 6, =0 (Vv >n). In this case,

_l—f(a:) B 2 T, ’ B
W19 olo) =15y @ =ellTTes (el <1l =1
By Carathéodory
e e
. J — b’. - v s
(I1.15) () i UZ:; r pampat

(be R, 1, >0, ¢, all different, |¢,| = 1).

o (IL.14) => (IL.15) OFEHA.

Satz XII. The n roots of
(I1.16) P(z) + Q(x) =0,

are all different each other and on the unit circle. Partial fractional

eTpansion is given as

P—-Q . T+ &,
(IL.17) P+Q—c—;m =,
(c€iR, r, >0, ¢, all different, |e,| = 1).
e Satz XI = Satz VIII, VIII*, #Z, Satz XI <= Satz VIII, VIII*
(B [S29] &)

18



[S30] J. Schur, Uber Potenzreihen, die im Innern
des Einheitskreises beschriankt sind. II

9. An application of Satz IV

Landau [Land1913] OEFD—fEAL.

Satz XIII. Let S(xg,xi,...,x,) be a given polynomial # constant,
and
G:=sup|S(co,c1s--- ca), f@)=co+az+er®+- .
fee

Then 3f € € such that |S(co,ci,...,c,)| = G and any such [ is of the

form

T it
6H1+wf (ol < 1. Jel = 1),

where r < n is possible.

10. A consequence of Satz X and Satz XI

Theorem Schur 1 [Sch1911, p.11]. Let

A:E Qi ey B = E Uk B T,

K. A=1 FoA==]

be non-negative definite Hermitian form. Then

(Schur product) = Z aabir Zx T,

K.A=1

is also non-negative definite.

Theorem Schur 2 [Sch1911, p.14|. Let

00 00
A= E Q) Ty T, B = E b.’{.\ Ty Ty,
K,A=1

K.A=1
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be resp. bounded, and a non-negative definite Hermitian form. If b :=

sup;sq bi; < 00, then
o0
C= § Aprbir Ty Ly,
K,A=1

is bounded and ||C|| < b| Al.

Satx XIV. Let
o0 o0
)= Fast, o) =3 0

v=0 v=0

which converge on |z| < 1, and R(g(x)) >0, and put
h(z) == 2aoby + Y _a,b,x”, by := Rby,
v=0

converging in |z| < 1. It has R(h(z)) > 0 (resp. bounded) when f(x)
has the same property. In the second case,

(I1.18) M(h) < 2b), M(f).

Proof. By Theorems Schur 1 and 2, and Satz X and Satz XI. 0O
(§10 &7, UTHER)

11. On partial sums of bounded power series

12. On a special class of bounded power series

13. On polynomials, which take zeros only inside of unit disk
14. The rational function [z;vy,71, ..., 7]

15. Some properties of the parameter expression of for a
bounded power series

TN
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