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Some unsolved probiems

@ Assume that (M, g) is a complete Riemannian
manifold. Can every k-harmonic function f(x) on
(M, g) be expressed as

F@® = r 2y (x0) + -+ + r(x)?ha(x) + by (x)

in terms of harmonic functions A; (i = 1,--- , k) on
(M,g)? Here, r(x) = d(x,xo) (x € M) is the
distance function from some fixed point xq € M.

e Can one extend the above theorem to k-harmonic
maps ?

@ Namely, can any k-harmonic map be described in
terms of harmonic maps ?

BERBE 2 - BTRORELER
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Robotics and harmonic maps

@ P.C. Park & R.W. Brockett, Kinematic dexterity of
robotic mechanisms, Intern. J. Robotics Res., 13
(1994), 1-15.

Y.J. Dai, M. Shoji & H. Urakawa, Harmonic maps
into Lie groups and homogeneous spaces,
Differ. Geom. Appl. 7 (1997), 143-160.
workspace |  targetspace |
revolute, prismatic joint | Tori, Euclidean space |
kinematic distortion | energy |
@ Which kinematic design results
in minimum kinematic distortion ?
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From the submanifoid theory (1)

@ B.Y. Chen, Some open problems and conjectures
on submanifolds of finite type,
Soochow J. Math., 17 (1991), 169-188.
@ Consider an isometric immersion
£ (M™, g) < (R¥, go) and
J(x) = (i(x)y -+, frx)) (x € M). Then,
® Af = (Afis=- ,Afr) = —mH,
e H:= #Z;l B(el'9ei)1
the mean curvature vector field,
B(X,Y) := D° ) = fo(VxY),

the second fundamental form.

T —
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Fromn the submanifold theory (2)

e Det f:(M™, g) = (R, go)is minimal it H = 0.
@ Chen defined that f is biharmonic if
AH = AAf) = 0.

@ Thm (Chen) If dim M = 2,
any biharmonic submanifold is minimal.
@ B.Y. Chen's Conjecture:

Any biharmonic isometric immersion into (IR¥, gg)
is always minimal.

. weer 2011%108208 _ 17/%0

Definitions

@ Forasmoothmap f : (M, g) = (N, h),
the energy functional is: = %fM"dfllzvg.
@ The first variation formula is:

d
= B =- fM (), Vivg = 0,
© where
T(.f) = Z B(f)(ei9ei)9

i=1
B(f) =¥
] f (M g) - (N, k) is harmonic if v(f) = 0.

| RONRL : URDRSENLER
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The second variation formula

@ The second variation formula for the energy
functional E(f) is E

&

detli=o

B = [ GV,
@ where
J(¥) := AV = R(V),
AV =TI, RO) = 3 RV dfeDdsen.

i=1
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The first variation of poly-harmonic maps

@ The first variation of Ex(f) is given (cf. llU), as

dt|‘ﬂEk(f.)= - fM @), Vv,

where
() 1= JWy) = AW)) = R(Wp),
Wy = A---Ar(f) e T(f'TN).
e f:(M,g)— (N,h)is k-harmonic if r,(f) = 0.

RSB e st
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indices and nuiiitles

@ The index and nullity for a harmonic map are
definnd by

Index(f) := dim(® <o E ), Nullity(f) := dim Ey.
@ The index and nuliity for a biharmonic map are
defined by
Index(f) := dim(®,<E}), Nullity,(f) := dim EZ.

e Here E,, Ei are the eigenspace of J, J» with the
eigenvalue 4, respectively.
@ Thm If fis a harmonic map, it is biharmonic and

Index,(f) = 0, Nullity,(f) = Nullity(f).
b oo e e
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Poly-harmonic maps

@ The k-energy functional due to Eells-Lemaire is
1
Ex(f) = EL"(d + 8 fIfve (k=1,2,-+),

where it turns outthat  Ex(f) = § f, ir(Ni%v,.
@ The first variation formula for E>(f) is given by

d
ZL_*)EZU.)- - fM T Vg,

n(f) 1= J@(f) = Ar(f) = R@()-
e [ :(M,g)— (N,h)isbiharmonic if r2(f) = 0.

TR t- SEORome -8
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Second varlation formuia (due to Jiang)

The second variation formula for E3(f) is given by

2
k?l.f’(f‘) = fM T2V), Vivg,

J2(V) = J(J(V)) = R(V),

Ry (V) = R¥(e(f), Vv ()
+ 20RV @), V.V + 2RV dF (), VIV ()
+ (Vg RYAFC, TV

+ (Vo nRMA (), VIS ).

20119108208 /e

Biharmonic maps into $”

® Thm (Jiang) Let f : (M™, g) = s"'ﬂ(%() be an
—— <
isometric immersion. Assume that the mean
curvature of f is nonzero constant.  Then,
S is biharmonic if and only if [B(NHI? = me.

@ Using this theorem, we give a classification of
biharmonic isoparametric hypersurfaces in $*(1).

20114108208 :«mj

CreETTT e mesen




lsoparametric hypersurfaces in §*

& let f: (M, g) — $"(1) be an isometric immersion,
anddimM = n— 1. '

@ let us recall the shape operator
Ag s ToM = T, M (x € M) whichis

g(A£X9 Y) = (fa(vXY), E)y

where £ is the unit normal vector field along .
® The eigenvalues of A, are called the principal

curvatures. M is called isoparametric if all the

principal curvatures are constant in x € M.

X, Y € (M),

20V IHIOREGE  osies

Classlification of biharmonlc leopara. In S”

@ Thm Let f: (M, g) — S"(1) be a biharmonic
isoparametric hypersurface in the unit sphere.
Then, (M, g) is one of the following three cases:

e M= S""(-;-E-) < §7(1) (a small sphere, Oniciuc),
o M= s"-v(Lz) X SP-I<L2) c $°(1)

(the Clifford torus, Jiang), m—p# p -1,
e f: (M, g) — S*(1)is minimal.

OV OA2E e

Homogeneous resl hypersurfaces in CP”*

@ Let us recall classification of all real homog.
hypersurf. in CP" due to R. Takagi, 1973.

@ Let U/K be a Hermitian symmetric space of rank
two, and ist u = £ @ p, the Cartan decomp.

e M = Ad(K)A C pis a hypersurface in 271 for
some regular element A € p with [JAli = 1. Here,
we putdimcp = n + 1.

e M = a(M) c CP" give all real homogeneous
hypersurfaces in CP®, where

7w C* (0} = p ~ {8} = CP”

is the natural projection.

20VIHI0R298 e

Cartan, Minzner, Ozeki, Takeuchi

e Assume that £ : (M, g) — S"(1)is an
isoparametric hypersurface. Then, there exisis a
homogeneous polynomial F on R™! of degree d
such that 1 is given by

M= f, for some ~l<t<l,

wheref = Fign(l). Say M= M(f)
@ All the principal curvatures are given as
Ei(#) > k3(8) > o« > kgp(8),
with their multiplicities me;(#) (j = 1,--- ,d(?)).
e d = d(¢)is constantin ¢, and d = 1,2,3,4,6.
B hn R T o R Y
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Blharmonic maps inte CP”

e Thm Let (M, g) be areal Zn ~ 1)-dim. compact
Riemannian manifold, f : (M, g) - CP*c), an
isornetric immersion into the projective space with
constant holomerphic sactional curvature c.

@ Assume that f : (3, g) — CP"(¢) has nonzero
constant mean curvature. Then,

e f is biharmonic if and only if {B(NI? = 2Zlc.

2061 i%I0Rz08E /30

All hemogenecus res! hypersurfeces in CP°

@ All hornogeneous real hypersurfaces in CP” are
classified into the following five types
(R. Takagi, 1973):
- SU(s+)xSU(E+D)
@ (Atype) U/K = st amy:
o (B type) U/K = SO(m + 2)/(SO(m) x SO(2)),
e (Ctype) U/K = SU(m + 2)/S(U(m) % U(2)),
e (Dtype) UIK = O(19)/U(5),
e (E type) U/K = Eg/(Spin(10) x U(1)).

20119108298 w/e




All biharm. homeg. real hypersuf, in CPY4)

e Thm .
“LetMbea homog. real hypersurface in CP*(4),
so that M is one of the types A ~ E.

@ (}) For all the types, there exists a unique orbit #
which is a minimal hypersurtace in CP"(4).

@ (il) There exists a unique orbit M ¢ CP*(&) which
is biharmonic but not harmonic in each the types
A, Dand E.

There are no such orbits in the types B, C.

I
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Classification of ail biharmonic
homogeneous hypersurf. in EP*(4)

® Thm

@ () (J. Berndt) All the homogeneous real
hypersurfacecs in HLP*(4) are classified into three
types.

@ (i) In each types, there exist minimal
homogeneous real hypersurfaces in HIP"(4).

e (Ii) In each types, there exist biharmonic
nonminimal homogeneous real hypersurfaces in
HP*4),

201 1RT0K8208 /w0

Qur answer to the conjecture

Thm Assume that (¥, g) and (N, h) satisfies
IRiem*| < C, and Riem" < 0. Let f : (M, g) = (N, h)
be a biharmonic map whose tension field r(f) satisfies

e (Ol € LAM) and ([Wr(ll € L*(M).
Then, f : (M, g) — (N, h) is harmonic,

2011FI0R20R S8/

Biharmonic hypersurfeces In HP%(c)

e Thm Lete : (M, g) = HP(c) be an isometric
immersion with nonzero constant mean curvaiure,
dim M = 4r — 1. Then,
¢: biharmonic &= {IB@IP = (n + 2)c.

@ For the cases of non-compact duals (¢ < 0), it
holds that

n+1

IB@I? = me, ¢, of (n + 2)c (resp.).

l.e., any biharmonic hypersurfaces in (R7, go), of
one of the classical rank one symmetric spaces of
non-compact type with constant mean curvature is
minimal.
R e
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Chaen, Caddeo, Montaido, Plu and Onicluc’s

conjecture

@ (B.Y. Chen’s conjecture)

Any biharmonic submanifold of the Euclidean
space is harmonic.

@ (Caddeo, Montaldo, Piu and Oniciuc’s conjecture)
Any biharmonic immersion into a complete
Riemannian manifold with nonpositive curvature is
harmonic.

@ Solved negatively by Y. Ou=L. Tang, at 2010.6.9:
3 proper biharmonic hypersurfaces into the 5-dim.
conformally flat space with strictly negative
sectional curvature (arXiv:1006.1838).

R 20T IFI0R28H  s4/e0

All the above results are due to the joint work with
T. tchiyama and J. Inoguchi:

T. Ichiyama. J. Inoguchi and H. Urakawa,

(1) Biharmonic maps and bi-Yang-Mills fields,
Note di Matematica, 28 (2009), 233-275.

(2) Classification and isolation phenomena of
biharmonic maps and bi-Yang-Mills fields,
Note di Matematica, 2009.

ArXiv: 0912.4806.
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Conformal change and biharmonic maps

@ letus recall:
P. Baird & D. Kamissoko, On constructing
biharmonic maps and metrics, Ann. Global Anal.
Geom., 23 (2003), 65-75.

@ Qur setting is a little bit different from them:
Consider a C= mapping ¢ : (M, g) = (N, h)

with g = f2/=-Dg f e C>(M), f > 0.
(m:=dimM > 2)

20115100298 #/e
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[ s
The identity map of the Euclidean space

e Let (M, g) = (R™, g¢), (m 2 3), the standard
Euclidean space, and f € C*(R™) is given by
xm) = f(x1) = f(x).

@ Then, id : (R®, f2/™Pgg) - (R™, go) is
biharmonic

f(xhxla"' ’

29

f’3 =0.

PRy flfm - 2)2
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Our theorems (JoInt work with H. Nalto)

e Thm Assume thatm > 3. Then,

® m 2 5) There exists no positive global C*
solution f on R of the ODE.
@ (ii) (m = 4) f(x)) = m is a global positive
C* solution of the ODE for everya >0, bandc.

® (iii) (m = 3) There exist a positive C* solution f,
and a positive periodic solution f on R of the ODE.

e Thm Letm = 4. Then, the identity map

id : (IR4y ElTshT(bel—-l-c-) go) = (m47 o),

is a proper biharmonic map. Here, (x3,:-
the standard coordinate of R*.

° ,X4) is

20V 1R10M298 /e

T
Theorems
e Thm Lletyp:

(M2, g) = (N, k) be any
harmonic map (r 2 2).
For a positive periodic solution f of

P -8 111 +91%=0,

let f(x, ) := f(¥), (x,t) € M x S!, and
P: MxS 3,0 (px),f) € Nx S Then,
® P:(MxS, f2(g+dt?)) =» (N xS, h+di®
is a proper biharmonic map.
@ Inthecasem =4,fora >0, b,c € R,

f oo o e e
e Thm Letg : (M2, g)be any Riemannian

surface. For a positive periodic solution of

fful sfffll+9f13__0

let f(x,8) := f(#), (x, ) € M x S'. Then,

(1) the identity- map

id: (M xS, f(g+di) » (M xS, g+d?

is a proper biharmonic map.

(2) Letm = 4. Fora > 0, b, ¢ € R, the identity map
id : (Mxm,m(g-a-drz)) - (M xR, g+dt?)
is a proper biharmonic map.

_w'

20) 19105208  at/e

?:(MxR, M+c)(g+dtz))—»(Nx1R h+dt?)
is a proper blharmomc map.
EERh o - BTN il 201 1HI10A208 /00
R

Biharmonlc maps Into compact Lie groups

e Let us recall the theories of harmonic maps into
Lie groups:

(1) K. Uhienbeck, Harmonic maps into Lie groups
(classical solutions of the chiral model),

J. Diff. Geom., 3¢ (1989), 1-50.

(2) J. C. Wood, Harmonic maps into symmetric
spaces and integrable systems,

in: Harmonic Maps and Integrable Systems

eds. by A. P. Fordy and J. C. Wood, Vieweg, 1993,
29-55.

We want to extend them to biharmonic maps into

compact Lie groups
mw

BB 201 1816R208  atle




Biharmonic map equations (1)

@ Let G be a compact Lie group, and A a bi-invariant
Riemannian metric on G corresponding to
Ad(G)-invariant inner product {, ) on g.

& Let 8 be the Maurer-Cartan form on G which is
definedby 8,(Z,) = Z(Z € g, y € G).

e ForaC*mapy: M — G, leta :=¢°0.

@ Then, the tension field () € T(¥~1TG) is given by

(6, 7())) = 8 ° T(¢¥) = ~be,
6., Oy (T@)(X)) = —(6e); (x € G).

ey 20119100288 4ie

Biharmaonlc maps Into Lis groups and
Integrable systems
@ In the following, we consider a C* map
¢ R D0Q = G, h),

where g := u* g, with g > 0, 2 £ function on &,
G, a compact linsar Lie group, and &, 2 bi-invariant

Riemarnnian metric corresp. 1o the Ad(G)-invarian?
inner product {, Yon a.
@ Then, we have

= yidy,

AR
Biharmonic map equations (2)

@ Calculate the bitension field :

(2 (¥)) = 8(J o (T())).
e Thm ForaC~ map ¢ : (M, g) = (G, h),

0y (r(@)) = ~6, d (6e) - Trace,([a, d 5e]).

e Cor (1) ¢ : (M, g) = (G, k) is harmonic
&= Sa=8
(2) & : (M, g) — (G, k) is biharmonic
&= 6y d o + Trace,(la, déa]) = 8

201 IRMIOHREE e

Harmonic map souations

o if we put 4 1= ¢ “&" LAy = .ﬁ‘lm’l’ we have
= g2 ﬁ'gw
o = —u? {2 A. J.,»@yfaygg
FNrT . & & 8 -
@ Then,  is harmonic if and only if 224, + £4, = 0.

e A, and 4, are g-valusd I-forms on Q, and satisty
fhe integrability condition:

L+ iAL A= 0

Conversely, § A, and 4, >a%'=§y the above, then
thete exists & harman.c map i : £ ~ (G, k) with
v = A and g E = A,

2OVISIOBEUE - sroe
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Biharmonic map equations Compiexifications
e Thm (1) ¢ is biharmonicis and only if @ Take the complex coordinate z = x +iy (i = V-l).
JUR o Then, dz = dx + idy,dz = dx ~ idy,
8 . 1{8 _ - 8 . .
(3—2 + a—;)(«s )= —[4s,00] = 2[4y, 6] = 0 #=4E-8).£=1(&+if)
x y e Extend « to a gC-valued 1-form on § as
@ If - - _
(2) If we define the g-valued 1-form 8 by @ = Agdx+ Ay dy = A, dz + Az d7.
B :=[A;,6aldx +[Ay, 6a) dy, Then
then, 88 = 2 (LA, 6e] + £IA,, 6e)). 3 d 3 ]
x y 9 Y SR X Shudll —_— Yl il e A
@ (3) Thus, ¢ is biharmonic if and only if ba =y (axA’ + ayA’) =2 (('EAZ *+ 3ZA‘) ’
6(déa - f) = 0. the integrability : iA; L A =0
az 3z
TR 8 2011&100208 i | B TRESL - NETRORDEER 2011RI1CA208 /e




Harmonic and biharmonic conditions

@ Lety : (R%, g) D © = (G, h) with g = y’g,.
@  is harmonic if and only if -:—;A, +24;=0.,

@ i is biharmonic if and only if ‘%B, +£B;=0.
@ Here, B = B, dz + B; dz is a ¢®-valued 1-form on

€ defined by

Bz = 1(6‘1) - [Az"salv
az

9 (6a) - 1A, 6a),
az

where o = =2u~2 (-‘%Az + '%A;).
SRR e wseem

B-

z°

20V 1910288 &iw

Solving biharmonlc map equation (1)
e Step 1: Solve the harmonic map equaticn:

d a d a
1) =B, +— —B;——B,+[B,B;] =&
97 az az 9z

e Step 2: For such B, solve A of the P.D.E's (2):

B;=0,

2 (6a) = 14,801 = B, Z(60) - 14;,60] = By,
adz Jz

L

]
—A, +[A,,A-]=0,
P P 1+ A, A7

e -2 2 3
where a = —2u~? (0—2‘4’ + a_zAZ)-
TSR vn:. e

2011%108298 ®/&

e T
Solving biharmonic map equation (2)

@ Step 3: Forsuch A = A.dz + Axz,
solve a C~ mapping ¥ : £2 = G satisfying that

W(Io,yo) =a€ G’

L9 L0y
o = A ‘3—2 = Az

@ Then, we have:

Thm This map ¢ : (£, g) = (G, k) is biharmonic.
Every biharmonic map can be obtained in this way.
(g := u2gy and g is a positive C* function on £).

s e PR
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B
Biharmonic map: ¥ : (5% go) = (G, h)

@ Thm (Sacks & Uhlenbeck) Every harmonic map
¥ : (R%, g) = (G, h) with finite energy can be
uniquely extended to a harmonic map
¥ : (5% g0) = (G, h).

Conversely, every harmonic map
¥ : (5% go) = (G, k) can be obtained in this way.

@ “Thm"

Every biharmonic map ¢ : (R?, g) = (G, k) with
finite bienergy can be uniquely extended to a
biharmonic map § : (52, go) = (G, h).

Conversely, every biharmonic map
¥ 2 (8%, go) = (G, h) can be obtained in this way.

TR  woes WseEre®
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Bubbling of biharmonic maps
{with N. Nakauchl)

@ Thm Let (M, g), (N, h) be compact Riem. mids.
For any C > 0, let
F = {@ : (M™, g) = (N", B) biharmonic |
Jlde"vg <C & [, r@Iv, < C).

@ Then, V{p;) e F,38 = {x1,--+ ,x¢} C M, and
3 abiharmonic map ¢ : (M\S, g) = (N, k) s.th.
(1) ¢;; = ¢ in the C*-topology on M\S (j = o0),
(2) Radon meas. ldg;, 1" vy converges to a meas.

1
l[dpol™ vy + Z a;6;, (= o).

i=1
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Blharmonic maps into symmeiric spaces

@ Now let us recall the famous work of Dorfmeister,
Pedit and Wu:
Weierstrass type representation of harmonic maps
into symmetric spaces, Commun. Anal. Geom.,
Vol. 6, No. 4 (1998), 633-668

@ which gave a systematic scheme for constructing
all harmonic maps from a Riemann surface X into
G/K.

® We want to extend it to biharmonic maps.

ESEeEET wes: 20115100208 _sioo




Framework of bk fe W
symmetric spaces (1)

o Let (M, g) be a compact Riemannian manifold,
(N, h) = (G/K, k), a Riemannian symmetric space
with G-invariant Riemannian metric k on G/K, and
7 : G — G/K, the natural projection.

@ Lety: M — G/K, a C* map with a local lift
Yg: MG ile,p=mo

@ Let @ be the Maurer-Cartan form on G, i.e.,
8(Z)=2,Z€g,yed.

L SUTOke- BETOSEELER 20119108288 &%

Framework of biharmonic maps into
symmetric spaces (3)

@ Thm The bi-tension field r,(p) of
¢ : (M, g) = (G/K, k) is given by

i=1

* Z H—ﬁ(am) - Z[a:(e.-), an(edl, am(e;)} ) am(es)] .

s=1 i=1

2p) = A, {—6«:".) + ) larles, am(ei)l]

o o R LER 20114108208 w7i%

The above are based on our recent works:

& H. Naito and H. Urakawa, Conformal geometry and
biharmonic maps, in preparation, 2009.

@ H. Urakawa, Biharmonic maps into compact Lie
groups and the integrable systems, 2009,
arXiv: 0910.0692,

e N. Nakauchi and H. Urakawa,
Removabile singularities and bubling of harmonic maps
and biharmonic maps, preprint, arXiv: 0912.4086.

e H. Urakawa, Biharmonic maps into symmetric
spaces and the integrable systems, a preprint, 2011.
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Framowork of blharmenie meps into

symmaetric space (2)

@ Let us consider a g-valued I-form « on # given by
& 1= §°8, and, corresponding to the Cartan -
decomposition g = t & m, decompose it as

o = & + Upy.

@ Then, the tension field T(p) is given by

m
by 1.T(@) = —6(am) + Z[ac(e.-), A CHIN
i=1
where {e;}:': . is a local orthonormal frame field of
(M, g) (dim M = m), and 6 is the co-differentiation.
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Framework of biharmenic maps into
symmetric spaces (4)

@ Cor Let (G/K, k) be a Rismannian symmetric
space, ¢ : (M, g) = (G/K, k), a C* map. Then,
@ (1) ¢ is harmonic iff
—6(aw) + L7 [ax(e), amlen] = 0.
@ (2) ¢ is biharmonic iff the following equation holds

®: A - 8w + I, lar(e, an(en])

+ i H—«S(am)+§m][ae(e.~), an@)], am(e,)], am(e,)]
=1 V

=1
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Thank you very much
for your attention!
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