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BE : BRE LD (genus) 25 g=n O BFF M R 2
P4 tamaXtam
DEICEDDPHFERODERRNTEZONEESELDL, LV —BHURRT
Th>BEKREZEAATEZLND

E: ¥y = x"tax™'++* +amix+tan
DHEEEERT D, IOKEG. BERER., ERZEER. BEREFES LS
BTALERDHD, ZOHBED Hasse DFRER, 2F 0, REFERXOHKE
BEEXB22IJCRL. HDE2VEEFTORBETCOBESMIZET D sin-TF
BEIZOVWTHRT 3,

E: y' =x"'+ax

I EBS
2 FE M dh R
E: vy =x"™rax™ +amax+an = f(x)
DZ I f(x)iIZ% L. Tschirnhaus Z£#., DX ¥, monic RFHKX & DKFER
(resultaht)
fi(w)=£(x) ® (x+u), fiuy) = f(x) ® (K+uxtv),
fi (wv,w) = £ (x) ® (X +ux’+vx+w), -
EEZXD, TIIL, OREFZKERNOEBRES T
f(x) ® g(x)= resultant (f (x),g (x) ,x)
D(ZZETO)RBFETHD, BEXZ, (CZBTORKTHD2B)HEE
& (elimination product) & & FE 5, | T & D % & 77 (adhesiveness) I M1 3 R BR (+,
x5 ANBREXVBVLDO LT E, ERANMEEOHE LTI
fx)® gx)h(x)= () ® gx)) Fx)® h(x))
F0® (g(xy) @ h(y)= (F0® glxy)) @ h(y)
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f(y)=f(x)® yx
RETHY, AREARPER(ZELTERFICHILRTE T,
fx)®gx)/hx)= (Fx)® g(x))/(f{x)® h{x))
fFO® g =f(x)"® g(x), fO® gl =FR® gx)
REDHER DD, NR. ERBCOLILERAETH D,

Fl, pEREELITHEE, V¥ ¥ FAFEF (Legendre symbol) 5 VM id
I 55 Fl & 5€ 5 (quadratic residue symbol) % (n/p) L 323, #&IZ. p BWHERBH O L
i3

(wp)=#{x:x=n}-1=0""mod p € {-1,0,1}
IR, AAT-OEBREREEATWVELDTH D, p= {0,1,, pl} & &
ZTDF, ©2F Y, Legendre sum %

a, = 1+Yxep (i (x) /p), by = ast2x,yep (R (xy) /p), ¢ = bt 2x,y,zep (£ (x,y,2) /p), "

&L, Z2EK
£ (%) = X4, +hpx™ + - +p b X+t

. ZEN f(x) D K5 E # % H K (resultant transformation polynomial) & 5 VI
& 6l € — # % (congruence zeta kernel) & FE 5,

a = 1+2Xxep (fi(x) /p), by = 1+2Xxep (£ (x) /p) v+ 2ix,yep (B (xy) /p),

¢ = I+2xep (fi (x) /p) s+ 2x,yep (B (xy) /p) i+ x,y,zep (B (xy,2) /p)
7L, ERIE S #R & (manifold at infinity) 2 BEHIZ & % LT 5 (count out) 72
FTTHBHHN,

ERLL TR, ZOFEHIC(FIE)2011.05.02, 1530 CBEL 2, ZORK
ED2ETRRZORTHBLELLEDR, RRIECRL ML TWVDIZ
BVWRWERLLNIMRAKXNThol, RbA, Tz, LATE,
2w ROSERCRETEBBAOHECKBEHARBRIEN P LT
o7,

BEE BHAEOERIT f{WBRBEROVOZEROBAE T, (XFEOEE
. €k,

a,=2xep (fi(x)/p), b= Zx;yep (f:(x,y) /p), e = Zx,y,zep (6 (x,y,2) /p),
Th D,
AR TR
f,(x)=0
DFE(=1R) &, #& (X )R (resultant transformation root) & FE 5,
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BRI TS THESIE NP OBERLK, 2,
pe’ = p (cos (8) + i sin (8) )
PREOERETHD I L BB EROBRTHLA T S, KEROA
EO, ¥ _XTORBILLI2BERH», HABBROHEE T, EXREL
bR WHEIEsin(0) TH D Z &id, 2006 FiZ R Taylor iZ & » TFEEHA & H
TWw3,
B g 2 LTS, f(x) D a7 #2IEA A (not solvable) D & & T
=S8
sin’ (8) +sin’ (26) +--- +sin’ (gd)
BT AHTHAD &S DN, sin’-F 28 (sin>-conjecture for hyper-elliptic curve)
THH, BELE, bo b RVEEBEO fNEHLTHILTIBDOERED
B LTI, BEAOER., 58 - BEROFAEAXNTEXLNLEED
sin-FRICETLIHARREZ 0 THN SO), SUODHEEDHIZ OV TR
T, FEAIT
G. Malle, B.H.Matzat: Inverse Galois Theory, Springer Monographs in Mathematics,
Springer, 1991, p. 415,416 Appendix: Example Ploynomials
degree 9,10 Tss, So;Tes Swo
PHDFHTH D,

y2 = f(x) = x’-x+2x"+x"3x’+x+x-1,

f, (x) = X ax+bx’+ex*+dx* +pex*+pbx’+p’ax-+p’ = 0

gal (f(x))=S(9),p=2~659
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-5 -t0 -5 O 5 10 15
4
BE, RIEOD, EAXAT—FO—H 20T :
[p, a, by, Cs, ds]
[2,-2,-4,-8,-16], [3,1,1,0,2], [5,5,12,21,38], [7,5,23, 73, 204],
[11,3,15,59,211], [13,9, 34, 42, -62], [17, 7, 37, 211,977], [19,-1, 7, 6, -6],
(23, -1, 12, -51, 3101, [29, 2, 19, -140, -841, [31, 4, -14, -105, -6151,
(37, 4, 47, 318, 11401, [41, 4, 47, 52, 9361, [43, 14, 116, 814, 5494],
(47,7, 76, 350, 37921, -
[601, 3, 227, 577, -2465131, [613, -5, 297, -10553, 4314831,
(617, 25, 266, 7489, 3022181, [619, 17, -54, 6194, 4851421,
(631, -3, 659, -13227, 5257201, [641, -16, 988, -3734, 4862761,
[643, -1, 920, -3114, 9558761, [647, 21, 197, 2206, -626681,
(653, 9, 1696, 18873, 13666621, [659, 3, 331, 11022, -297242]
KOFIE, LRIBHAOBEKROKESR T,
E: y' =f(x) =x"+’-x’x'-x"-2x"-x+2x'+2x+1
det (f (x) ) = £(x) ® f (x) = 467-514417
Thd, REROASH ORI
f, (x) = x*+ax+bx*+ex +dx +pex’+p’bx’+p’ax-+p’ = 0

p=2~547
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DES>THY, AFHOYFBEIX
sin’ (x) +sin’ (2x) +sin’ (3x) +sin’ (4x)
CEFTHETHAI ETFRENTWSD, B8, sin’-conjecture TH 5, &K
DX
Mg, siff(nx) D “GLW BEXOMBRDOHN]

why it should be equal weighted sin’-sum?

EWISRTHHAI L FRD,
E ¥ #5522 T X (normalized resultant transform polynomial) 1, A O #& xf ff 3 |
THD K I, BEAL (normalize) L 72 b D T,
a= (a+1) Np, b= (bitar+1) /p, c = (cotbeta+1)/ (p\p), d = (dotcrtbytas+1) /p’

£ (x) = x*rax+bx"+ox*+dx'+ex’+bx’+ax+1

DFETHD, BROED, TOEBELTBL,

normalized resultant roots: £, (x) =0, p=2, 3, -, 547
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15 2 25

E¥@MEi, BHEI TRVEIFEETLIH, Zhidp=2088Tbh D,
p=3~547{2iF. SO0 EOEBFEET S, UTORIT w36 =10°HRRTD
HEHTH D, .
£,(x)=0, p=3~ 547
100/9 (sin® (x) +sin® (2x) +sin® (3x) +sin’ (4x) )

40 1

: A0
4 U7 WP U

104

D-—-.I--..|-.v|.-..| T T T TN

5 10 15 20 25 30 35

BEDHOOEERKT — T
[p, a, by, c», dp]"
[2,-2,-4,-8,-161, [3,3,5,7, 121, [5,1,3,0, 21, [7, 5,9, -10, -581,
(11,5, 23, 80, 2361, [13,6, 24, 75,2381, [17,-1,9, -3, 5031, [19, 5,33, 121, 7571,

(23, 6, 45,207, 11711, [29, 7, 35, 27, -163], [31, 6, 30, 186, 18187,
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(37, 2, 46, 241, 15601, [41, 2, 16, 258, 1219], [43, 12, 109, 710, 45441,
[47, 12, 158, 1396, 9948], -
(503, -9, 135, 1719, 1735891, [509, -18, 582, -10864, 3816341,
[521, -10, 188, 7384, -70198], [523, 5, 56, 8316, 1745681,
[541, -17, 284, -2758, 1440561, [547, -11, 802, -3648, 480332] ]
THd, ZIXRLET—FDOREZILENDDIDILEEHRXNOKREIZHE-
T, BREOC(BAFDO)HEETIR., REXEEDO 4T (= d-g)IicE LE
EERLEREDTHD, sifesum DFROBEOANT E., FHHEIZ—
BELTWwWaZ ¢z, BRATHAIITNEDL, ELVWRO—D2TH DB,
xT,
£ (x) ® x+ux+p
HEL2EFXTHEINDL, TOFFHIR
£ (x) = £ (x) ® +ux+p
% £ & 2% T X (coefficient polynomial).& M 5, 7/, BH#EL L T,
£, (Vpx)
% 1E %8R 3% % B X (normalized coefficient polynomial) & FE .5, EHLLH L AR
DRIEITART, ZHRAfXIC, FHFRFEZLOREDBEBIRVWFEIL.
R[22l FZHTH 5,
HEEITREFJELTE, f WOoREPEH VWS, HBRX
det (f(x))=f(x) ® f(x)
DEREFENY) TERLABROEBEE LOKRBEXNLBR I 2FEENH D
ZETH B, '
BELL-BRBEERLZEATI
£, (Vpx) ® x+ux+l
PHORBERNBERERS AR TH BN, B, REE MR (cosine
transformation) IZ T E 2\, E(Vpx) FEBRBE THEIPOLRL2FHF TR B D
Th 3B,

2. # B
21 B 20@BHE MR
E: y = x-2xX’+x"-2x°+6x’-4x+1

WHOWTRT, Zoth#Bix.
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Math, J. Okayama Univ. 53 (2011), pp75-82
Torsion of elliptic gurves over quadratic cyclotomic fields
Filip Najman
p.81(13)
ks,
BEOORATHE, f(NOKRELPBEOBESGIT. REEHBROLEE f(x)N
FEOHE L RFIZHEERD,

a, = xxep (fi(x) /p), b = Ix,yep (£ (xy) /p), ¢ = 2x,y,zep (£: (x,y,2) /p)
ELTIE, 2FEL T, DFE Y, Hasse DAZERXNRIALETET., Z0OF
TEHELEKBEBOSHIX, Al X, BEIOBAIHM->THEL

(P, 8, by, Cp]

(2, -2,-4,-71, [3,1,-1,5], [S,-1,-7, 71, [7,-1,7,-71, [11,-1, 11, -111],

[13, 4, 8, -131, [17, -4, -5, -431, [19, 5,25, 831, [23, -7, 19, -151], [29, 2, -23, 107],

[31,-1,-50, 50], [37,-16, 127, -667], [41, 8, 59, 3011, [43, 7, 13, 323],

(47, -1, -82, 821, (53,5, 109, 203], [59, -13, 119, -8151, [61, 0, -61, 1211,

(67, -7, 85, 4811, [71,-7, 89, -5091, [73, -1, -143, 1431, [79, -9, 182, -8061,
[83, -1, 26, -26], [89, 11, 125,9311, [97, -13, 157, -1309], [101, -4, -89, -211],
[103, 19, 286, 1754], [107, 5, -77, 713],--

REDT—Finb
y = xS 2x+H6x 4+ ]

X+ +beX +ep +pbpx’+plax+p’ = 0, p = 2 ~ 587
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FRELERNIHAN L SB)TH D,
x-ax’+ (b-3) x+2a-c = 0
a=a/\p,b=bip,c=cy(p\p)
DED xyz- TR AL

R, BoFm» L

] T
] 3, ~
] P e,
0 Ny
1. R
-1 "'q%:: 4 , J
.""mb %
=27 Y‘.'f ¢ \
2 0 =22 0 -2

DESLEBEKD, TOBERMBZRAFEMHIZIEERTEIN, MrELIK
RIBLENS THRVWERR] Zbor, 2F0, bo b AHEZR- MR
&i%ﬁ%éuﬁw&waﬁotﬁﬁbé:tﬁfm\p=smivbm
HELTRVWOEg=31l>Te T, 2% v, 3 EM (triple sum) 5 &
LTW3DTh D,
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PLFIZ, g=2 T, ¥#&Z # 1% % (resultant transformation coefficient) %
a, = 1+Xxep (fi (x) /p),
b, = 1+2xep (fi (x) /p) +Zx,yep (f:(x,y) /p)
EEBLEBETHD
#& 1% 1B (resultant transform root) D G HIZ 2V TR KD L 5 THh 5,
f(x) = x"+apx’+bx+pax+p’ = 0
p =12~ 286

TOFEBETIE., EEBMOBIOSMHE LRV BURHDIB. FHEL
LTRABATHDOEBRIMI—FRAIMBTHAD L, E08VAENL, B,
RbfA, PO LENDHY £T,
RERERS M
a=a/\Np, b=bip
f(x) = x*+ax’+bx’+ax+1 = 0

KoWTR., KD X > Th B,

' f(x) = x+ax’+bx’+ax+1 = 0

p =2~ 286l
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0.81
0.61

0.41
02!

| 08-06-04-02 | 0.2 0.4 0.6 0.8
~ -0.21

-0.47
-0.61
~-0.81

TORO LI, BHEREROKEMNERIRKIC1I1THAZ LMHES,
OLDE, BEEEAEFTERXNOR (= ERL B . normalized coefficient root)
FRFRLEZLOTH S,

f(x)=xax+b-2 =0
f(x)=£(y)=0,p=2~ 2861

CIRHENDZEMHOFERRIZ
Xixy+y' =3 .
ThbH,
RO
a=aJ/\p, b=bip
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ZOHBREIT
y=x/nt+(n-1),n=1234
x=0

IOMBEND, BRI R EIVELOEKROL D TH B,

“hbo. REEKIT

k =26
TORRZEI>THEEN, BEX
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n | curve, xX'/n+ (n-1) residue class density
0 x=0 1,4,5,7,8,9,10, 11 2/3
1 y =x-1 3,4,9,10 1/3
2 y =x'2 none 0
3 y = x/3+1 2,6,7,11 1/3
4 y = X/4+2 1, 12 1/6

IhiE, B2 TZO5TRh<Cobe ] LERDEEBEBEITH-=, £LT,
IDZER, Mo TVAANRI LK DEPLA>TWVDILEVRZ W EHEE
LIt &ThbH D, 2ED, BAETBPAMOL2No LR TH D,
MoTHmrAMLEIDELEMNDIEL LW
2.2 Cartan matrix for the root system Es
- 20-10000 0 ~
020-1 0000
-102-10000
0-1-12-1000
000-12-100
0000-12-10
00000-12-1
~000000-12 7
ZOFHDOERZERA L galois B
f(x) = x-16x"+105x"364x*+714x"-784x’+440x-96x+1
gal (f) =4[x]2=((1,54,8) (2,6,3,7), (1,6,4,7) (2,5,3,8) )
det (F(x)) = f(x)® f (x)=2"-3"5°
Thy, AIBETHD, > T, REEBRITEXOROA S IT
sin’ (8) +sin’ (28) +sin’ (36)
ERRZDVEHEILD, EAH, BE2OHFITHET D
sin® (8) +sin’ (20)

HhHEANR,
[p, Xxep (fi(x) /p), Xx,yep (f: (xy) /p), ITx,y,zep (£: (x,y,2) /p) ]

[2,-2,-4,-81, [3,3,9,27], [5,5,24,120], [7,7,25 631, [11,-1,9, -41],
[13,1,13,37], [17,9, 65, 2651, [19, -1, 17, -171, [23, 7, 73, 271],
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(29,5, 13,-79], [31,-1, 13, 243], [37,-7, 77, -323], [41, 17, 133, 805],
[43,3, 49, -131, [47, -1, 41, 2951, [53, -11, 121, -8831, [59, -5, 69, -891,
(61, -3, 53, -311, [67, -5, 161, -517], [71, -5, 17, -5811, [73, -3, 13,9771,
[79, 27, 441, 4435], [83, -21, 305, -3077], [89, 17, 309, 26771, [97, 5, 61, -567], -+
£(x)=0,p=2~94]

< s %
°%°%8°?§"¢ $ 4890tse
O&° %%? &) <& °‘:;&%°°° g‘o
%‘:"3"‘38%@ w@“ z‘;;
°oo°:°<\§§;3go 6; oo‘g:o:,"’g
° o,y"o‘ M@&Q Q °°8o° ;%f
M - S22 k%o & o o
<& ogo" ° % ?%f f ° o o
¢ ® *® .' 4 °® ¢
30 -20  -10%EPS,. 100, 20 °
RO 47 1S AP
¢ % § B0 LR
° 00 o o201 9% o 2 i
g 3&&* ! A % o
oooo.Qos;: o 3947 O%&“
S
T et B B Sok WRers”
P eded TNt ot
R TN o VA
° ¢¢3°§ g Foge?
s0* ¢
BEEAEFREIN . ,
£, (x)=£(x) ® Wuxtp = x-ax’+(b-3) x+2a-c
(xy,2), 65(x)=6(y)=£(z)=0,p =3 ~ 941
RELZERXORH .

p = 19,29,59,61,67,107,307,419,499,883, ---
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(x’-a) (x+b)
P= 13,17,37,53,23,179,229,281,409,601,757,821,
(x+a) (x+b) (x+c)
other primes # 2, 3, 5
(x’+ax+b) (x+c)
Z(p) TEMR b DIRBFEELRY,

23 B4 05
B 4 TR MDOKREAPBHOBEIT WREFHEAXNTH D, ZOEHE
(=g
a, = 1+Xxep (fi(x) /p), b, = a;tIx,yep (f (x,y) /p) ,
¢ = betXxy,zep (£ (xy,z) /p), d» = citZxy,ztep (fi (x,y,z,t) /p)
FCHERBAT. . AENECHENMLET, HDIBREOHEROLD K
ERFBREETCOT—FEBICRIEHMEET S,
., BEFEKX
f, (x) = x*ax’+ (b-4) x’+ (3a-¢) x+d-2b+2 = 0
T 5 4EN(Xyz) D3 RTD xyzzZBRI~DHERIRDOXL > TH D,
BROIOFREOVT, RERBERZ2ZZOVWTRLTEL,
E: ¥y =f(x) =x"+’-x"x-x’-2x"x+2x'+2x+1
det (f(x))=f(x) ® f (x) = 467+ 514417
UTOHNNREERERZEECLOREERLELOTH B,
(xy,2); 5 (x)=H(y)=F(z)=0 '
| p=2~547
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LROFE~OHE T, SFTROEEOBVHES L, TRTRHAR
DIEOEEDBEVESVPRNIERNIH2PEBHIIEL 2V, ZERMIC
—BRESHETEH LTI NEL, si-TROSH E . R EAE (coefficient  roots) -
DHFPLEAL DI LT, FOBFITIE. TETWVLARY,

IR, KB, —RMARANLORTRTHE, ZOBAR., HER
BIEEHRE., 2FV ., FOLICEORETHOATH L4, &, #R., #
BHIE., BRI RBEEERV, BE, —ROBAKBFEELRZVOT
m&mmaﬁorwéop=17J1%%K1\%ﬁ§ﬁﬁmzNBF&%
DEHI>ITH B,

3. ERFH
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LLToflix, Rixv.
G. Malle, B.H.Matzat: Inverse Galois Theory,
p-416 Appendix: Example Ploynomials
degree 10, Tus gal = 5’-8
PHDFATHD, MEO BRI
E: ¥y = x"“+60x*-208x*+850x’-8000x-4672
Thd, HHKXIZ
det (f(x)) = f(x) ® £ (x) = -2 5" 89"- 87623" - 7414739°
Tho, Ar, —BHVEIR, FEXTH 2,
HARXOEBTORBROKRFE—ERFLTEL, K. TORFOL
A, DED ., % O (characteristic number) @ ¥ & (prime field) T EH K
FiZigoTWV3B,

factor x"+60x°-208x*+850x’-8000x-4672
2 x"°
5 (xX*+2x+3)°
89 (x+71) 2 (X' +18x+57x +47x+39) (X' +18x’+57x'+47x+22)
87623 (x+35826) (x+6060) (x+27188)*
(x*+37706x+60254) (x’+43857x+73769) (x’+85044x+39760)
7414739 (x+4448861) * (x*+5931756x™+3560004x°+3952493x
+2022082x'+1472x*+7399955x*+2140557x+3676715)

UTIEERTFT—2 28T,
[p, a, by, cs, dp)

[2,-1,-2,0,-81, (3,1, 4, -4,12], [5,-1,0,0,0], [7,1,1,9,81], [11, -5, 18, 30, 681,
[13,-3,4,2,-461, [17, 3, 18, 50, 1861, [19, -5, 16, 40, 1421, [23, -7, 35, -115, 105],
[29,-7, 4,32, 7261, (31, 1,21, 173, 6091, (37, -3, 10, 126, -536],

(41, -3, -30, 6, 16761, [43, -9, 50, 294, 9461, [47, -9, 74, -386, 31701,

" [53, -5, 84, 334, 48761, [59, 3, 20, -66, 16501, [61, -5, 56, 422, 4588],

[67, 7, 66, -828, 75581, [71, 7, 116, 312, 62581, [73, -2, 34, -24, -20291,

[79,9, -11, -75, 2461], [83, -1, 60, -20, 482], (89, -2, 40, -1214, 57821,

[97, -1, 62; 110, 5082], [101, 7, 100, -764, -8281, [103, -5, 20, -100, 37621,
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[107, -7, 192, 1468, 191741, [109, 3, -156, 216, 185521, [113, 1, 90, 282, 16740],
(127, -15, 142, -2094, 400161, [131, 11, 202, -2468, 356961, [137, -3, 74, 186, 1084],
[139, -7, 116, 1790, 358741, [149, -1, 198, -1218, 197161, [151,9, 42, 1106, 13984],

(157, -11, 202, 2236, 550901, [163, -23, 396, 7156, 1012161, [167, 7, 151, 615, -5831],
[173, 21, 186, 1488, -48548]1, [179, 17, 200, -440, -12784], [181, 27, 332, -426, -215461],
[191, -7, 259, -1863, 678291, [193, -5, 416, -3556, 949027, [197, 7, -64, 212, 184081,
(199, -17, 328, -3144, 370701, [211, 19, 334, -3792, 74050], [223, 5, 186, -3762, 1740],
[227, 3, 174, -1454, 997821, [229, -11, 102, 1820, 33172], [233, 13, -177, -1155, 36973],
(239, -18, 294, -4914, 1234091, [241, 25, 354, 3386, 247521, [251, -21, -28, -66, 67210],
[257, 1, 16, -1880, -59401, [263, -21, 84, 2212, -453661, [269, -1, -148, 338, 96316,
[271, -17, 564, -8596, 2271261, [277, -19, 140, 958, 19108],

[281, -3, -180, -1268, 46904 ], [283, -13, 218, 1030, -38804],

[293, -27, 638, 11614, 194882]

KEEHBRLERX (EF Y — ¥ %, resultant transformation polynomial, congruence
zeta keme) IZ DO W TIL, BE KD L ZDOX

a= (a+1) Np, b= (bytat1)/p, c = (citbyta+1)/(pVp), d = (dytcrtbytas+1) /p’

£, (x) = x"+ax+bx*+ex’+dx*+ex’+bx+ax+1
P, BREAFEZEEBELEXNEZHAVE, L2L, 22Tk, £< O, Hasse
DAREXEZWMBLRVWEEXEET S,

E: ¥y = x""+60x°-208x’+850x>-8000x-4672

f, (x) = x+ax'+bx™+cx +dx +pex’+p’bx’+p’ax+p’ = 0
p=2~293

2T, mod8 T, s, B3DMHIIH L TRARIBRIBEVEZTIHIDTH 5,
t1 OMITNp O sinsum HHICEI N, B OEORKICH LTI, &R
ROABENETHDTH D,

X, BRRAOREREERTION, b, M, FLVWEE
MRBRRORBRON, BeE (FLOKEXITHH ), BITRL
MONTERARR2O», EEEVBRHNBILETH S,

BERBERIZO VDT, mod8 T{L7} Db DT 2\ T ik

pmod 8 = 1,7, p =2 ~ 293
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[79,167,191,233,503]
[79, x"*+60x“+29x*+60x"+58x+68 ],
[167, x""+60x°+126x’+15x*+16x+4 ],
[191, x"+60x°+174x°+86x’+22x+103 1,
[233, x"“+60x‘+25x°+151x*+155x+2211] ,
[7,23,31]
[7, (x+x+3) (x'+3x+6) ],
[23, (x’+9x+14) (x’+5x+8) ],
[31, (x+21x+29) (x*+8x+11) ],
[73,239]
[73, (X+44x+11) (x+44) x (x+29) (x+53) (x+20) 1,
[239, (x+13x+27) (x+11) (x+213) (x+114) (x+220) (x+159) ],
(103,137,137,241,263,271]
[103, (x+71) (x+48) (x’+14x+12) (X +7x+54) (x*+41x+70) (xX’+25x+74) ],
[137, (x+65) (x+82) (x’+53x+107) (x+115x+124) (x'+2x+72) (x*+94x+4) ],
[241, (x+179) (x+224) (x*+134x+118) (x*+169x+119) (x*+93x+18) (x*+165x+109) 1,
[263, (x+57) (x+28) (x*+140x+216) (x*+95x+155) (x*+21x+86) (x'+185x+67) 1,
[271, (x+112) (x+166) (X+253x+75) (xX*+270x+230) (x+123x+156) (x*+160x+8) ],
IIRETE, ZEXOE S TORRTHOBEEINLEATOREIBROR
BLREBOESEOSAMICTHARLEESIEHTE 2N, TOHER
BEIZOWVWTHE, (FORIZI)IZLEALBLRD , EWVWIDORERTH D,
HuTHIEERELsODFZERX f(X) TREShL2EHAHEBIIHLT
. BRHL2KERNRBEARVESFET A THAS, B OFHRNAL M

I3 TH 5,
UTIIZ, 90 TH3 N, BEKZEAXTREINIBHEAMBRO T o
s BERME)ICONT

THERRTHIZENLKERD Hasse FE X (=5 1L

Y. Rik .
G. Malle, B.H.Matzat: Inverse Galois Theory,

p. 416 Appendix: Example Ploynomials degree 10
DEHIZHLT, BEADOEEORELBALEZBEORAFZFR(—HIOR
ThHd, EHEARICOPVTp=3~151ETTHRHELDT-LDODTHBHMN, KTV

FHETHIKXOPVBIZR 2 TWVA3HLDIZOPWVWTIEHEBBFLZL TRV,
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[293, (x*+156x+290) (x*+137x™+20x°+221x’+218x*+142x’+184x’+143x+190) ]
Bl --EHBRFREZTZ-SRVDH DI
[5, 13, 37, 59, 83, 101, 149, 179, 197, 251, 269, 277, 283]
[5, (x*+2x+3)°],
[13, (x+4x+9) (x*+9x+7x*+8x™+4x +3x’+4x™+9x+11) ]
(37, (x*+x+10) (x*+36x"+28x*+19x*+20x*+26x’+33x*+3x+36) 1,
(59, (X*+4x+13) (X*+55x +3x+40x’+38x*+5x*+17x’+44x+40) ],
(83, (X+37x+35) (X+46X"+6x"+TTX +T2x"+TTX+26x™+78x+42) ],

[101, (x*+9x+55) (x*+92x'+26x*+59x*+18x'+21x’+33x’+63x+84) ],

(149, (xX+127x+16) (x*+22x™+21x*+110x’+58x*+53x’+89x*+67x+6) ],
(179, (x+98x+133) (x+81X™+163x+103x’+149x*+131x*+102x*+147x+86) ],
(197, (x+91) (x*+106x°+67x+186x’+10x™+16x+137) 1,

[251, (x*+74x+58) (x*+177x+147x+191x’+241x*+247x’+123x*+166x+6) ],
[269, (x*+261x+250) (x+8x™+83x*+9x*+95x*+185x*+57x'+205x+76) 1,

[277, (xX*+201x+110) (x*+76x™+126x°+108x’+225x"+26x°+217x*+59x+23) ],
[283, (x*+76x+36) (x'+207x"+80x*+52x*+20x'+79x’+68x’+195x+279) 1,
Thd, BEOEBICRVTREMNITIRZVWE D TH D,
UTDOHEDIZ, pmod8=17DHEAEDOERTH 5,
[41,47,71,89,97,113,127,151,193,199,223,257,281]
(41, (x+19) (x+12) (x+22x°+33x’+29x+15) (x*+29x*+21x*+35x+17) ],
(47, (x+12) (x+32) (xX+15x*+37x*+38x+1) (x*+35x*+3x™+11x+27) 1,
(71, (x+45) (x+64) (X+Tx+49x+59x+6) (x*+26x’+37x+39x+61) ],
(89, (x+71) % (x+18x'+57x+47x+39) (x+18xX’+5Tx'+47x+22) 1,

[97, (x+43) (x+92) (x*+5x’+25x*+28x+46) (x*+54x’+6x™+33x+93) 1,
[113, (x+104) (x+23) (x+90x’+77x*+37x+112) (x+9x’+81x’+51x+8) ],
[127, (x+101) (x+72) (x*+26x+41x*+50x+107) (x+55x’+104x’+5x+4) 1,
[151, (x+119) (x+114) (x*+37x’+10x™+68x+51) (x+32x*+118x"+x+141) 1,
(193, (x+2) (x+185) (x+191xX°+4x*+185x+113) (x*+8x™+64x’+126x+6) 1,

[199, (x+179) (x+183) (x“+20x+2x+40x+133) (x“+16x+57x"+116x+195) 1,
(223, (x+185) (x+76) (x‘+38x’+106x2+14x+19ll) (X+147X+201x*+111x+216) 1,
[257, (x+199) (x+218) (x*+58x*+23x*+49x+88) (x*+39x’+236x+209x+171) 1,
[281, (x+188) (x+241) (x™+93x’+219x’+135x+123) (x*+40x’+195x’+213x+218) ],
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=15 ~'1; <5 0] 05 &+ 15
4
\ - eos] 2o/
s ® ] ¢
o o o
% %0 0¢0 °°
<& L] °°¢°°
°o ° <
-5 o

pmod8=35DHEEDOPEBEHMIZoVT, AL - EHEREZAREZTHO
(3,11,19,29,43,53,61,67,89,107,109,131,139,157,163,173,181,211,227,229,293 ]
[3, (x2x*+x+2x°+2x+x+2) (xX’+1).1, [11, (x*+6x+8x*+x*+4x’+6x+5) (x’+5) ],
[19, (xX*+14x+9) (x™+5x™+16x*+16x™+15x"+8x™+4x+15) ],
[29, (X*+4x+2) (x*+25x+14x+10x*+2 1x*+7x’+17x*+5x+13) 1,
(43, (xX’+x+34) (x+42x+10x"+24x*+40x*+1 1x’+5x*+8x+27) ],
[53, (x+27x+5) (x™+26x+35x"+38x’+25x +40x’+14x™+5x+9) ],
(61, (x+48x+35) (x*+13x'+12x*+6x’+23x +3x*+27x’+2x+53) ],
[67, (xX*+10x+65) (X +57x"+35x+32x"+11x'+14x*+16x+2x+58) ],
(89, (X'+18x*+57x+47x+39) (x+71) * (x"+18x’+57x'+47x+22) ],

(107, (x*+68x+68) (x+39x™+62x"+87x*+93x*+71x’+83x*+14x+32) ],
(109, (x+32x+46) (x*+77x+106x°+42x’+53x"+88x’+87x'+35x+88) 1,
[131, (x*+35x+20) (x*+96x'+26x*+52x*+78x'+83x’+120x*+35x+107) ],

[139, (x+4x+83) (xX*+135X+72x+44x’+24x'+75x*+71x'+24x+4) 1,
[157, (x*+99x+51) (x*+58x"+16x°+11x™+39x'+80x’+139x*+57x+50) ],

(163, (x*+5x+28) (x'8+158x'+160x*+155x+21x*+74x™+20x’+110x+66) ],
(173, (X¥+143x+35) (X 430x+161x°+46x+35x+132x’+140x+84) 1,
[181, (x'+152x+53) (xX+29x™+64x"+138x+127x'+143x°+131x"+21x+127) ],
(211, (+15x+68) (X+196x'+157x"+142x°+125x*+77X+51x’+118x+43) 1,
(227, (x+66x+36) (x*+161x'+7x*+98x’+150x"+211x*+196x’+125x+72) ],
[229, (X +145x+44) (x*+84x'+142x+217x’+132x +187x’+53x*+117x+102) ],
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NEITHD, EORT, BERBEROKEAMEN 1 TR2VHDIE, p = 89
DHET, ThiF FOHUAROHKL REHET. (WREFERFEE
A, Fh. Bk LEHBETHD,

ATOHBAIT, 82ELLTHB=35SOFKDHEA T, Hasse DFREX,
HB VI, A EROBEBER, 2F 0., KFB (resultant transformation roots)
DWHEFEN p TRVWTEMDHIBEASTH 5,

HEIZZp=3~230FHD> b

3,11,19,29,43,53,61,67,89,107,109,131,139,157,163,173,181,211,227,229,293
DEE, \Np TRHVKEMEOCKEREZ LD, md 8D B3 DEMT, Z DF
KBEALRWLD, 2FY, Bl - EMBEREZHEZTHOIT,
5, 13, 37, 59, 83, 101, 149, 179, 197, 251, 269, 277, 283
ThHhd, ZZFETTOEEOLIT21/13 = 1.615384615 TH B, MRBROLMN E S
REMITIKRMTH 5,
pmod 8=3,5,p=2~293
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gal y =f(x) det #\p
T, 10 xR R ] 11° 11
T Ds X2+ 7x+41x+103x*+47 2.5 11°- 4347 | 47
Ts Dio x2x°H2x 32X+ 2x - x 3 x A+ 1 3%+ 1147 3
T.| 5-4 x*+22x*-4 2. 5% 5
Ts| 2x5-4 x-2x*x*+5x"-5x+3 2°.3%17° 3
Ts 512 X’ +3x-3x 4+’ +5x 2% +3x+1 711537 7,11,53
T As x"-x*-4x7-5x"-8x’-3x +4x’+4x’+4 2%17 -
Te| 25 X425 +5x 21 211t -
To| 52 X-X’-5x 1 1 x+H4x- 10X +25x*+5%-5 | -3°+ 5% 7°+297:43% | 3,7,29
Te| 54 x"+36x’-176 2%.5%. 11 5,11
T Asx2 x+x'-4x+4 2% 17 17
Ta|  SyAs X232 X 320+ ] 2713 -
Ts Ss/De x -3k 2x 30X -x +1 -1609° ?
Tu| 215 x"°-xX’-0x +2x°4+29x°-27x - 4x’+1x*-4x+1 | 11*-89°- 131+ 241% | 89,131
Ts| 2'-5-2 xx2x"2x"-1 2"-47 -
Ts - x+7x +17x%-31x"-40x*+127 2".3%.5% 127" | 3,127
Ty - x"+2x°-7 2%.5%.7 -
Ts| 58 x'+60x°-208x’+850x’-8000x-4672 2%.5"-89% 89,7
876237 7414739 | +3(8)
T| 5Ds | x"-10x™+35x°-2x°-50x"+10x’+25x’-10x+2 2".5" -
To| 5:Qi X +20x*+70x°+42x-425x*+420x’ 2.3 5. 7 5
+275x*-630x+436 479°- 141461’ ?
Tu| Ds12 x"Hx5-2x°-x 3% -2x+1 2'.3%.29%. 761° ?
Ta|  Ssx2 XX H2x"-x+2x°-2x - 2+ + 3*- 1609 3,?
Ts|21 (5:2) ] x“2x*-x™+3x42x’-2x"-2x’+2x™+3x+1 47"+ 191 ?
Ta| 2'45:2 x'-2x*-4x°+8x’-4 2% 13 -
Ts| - X2 2% +H4X H2x H10X 2%+ 8x+2 -2 137+ 389’ -
Ts| -L2(9) x-4x’+12x7-12x"+12x"-48x’+64x+32 2%.3 67
Tz - X +3x°-2x +x +2x+1 2°-3%.5%. 349 5
Ts - x"’-10x+10x*+36x+50x"-10x- 1 210 3¢ 5. 5?
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29%+ 26693

To|20 (5-4) |  x"x’-x-2x"-x*-x+3x"+2x’+x"-3x+1 2%.3%. 7837 3

Tw| PGL2(9) X-2x°+9x -7 +14x-7 227" 19° -

Tu| Mo x“-2x°+9x*+2916x’-5832x+2916 2°.3%.5° -
Tx Ss X022 +x5-9x +2x- 1 22713 -

Ts| (5:4) 12| x"-2x"+6x"8x+12x°+24x" +68x"-24x+40 | 2%-3%-5°-73%-433*| 73,7
Ts| 2 As x+2x%-4x"-3x"-4 2%17 3,17,131
Ts| PI'L2(9) x"-2°+9x*+2916x’-5832x+2916 2%.3%.5 -
Tis| 210 As X3 2x+ T 2x X2 H3x+ ] 2"%.7-29 -
Tsr| 2°+Ss x"-4x+3x"+2x- 1 -2'°-35983° -
Tss - x - 2x 3 3 2 -1 -2°-3%.53° 5,53
Tl 208s xR+ 7-53-139° 7,53
To| As12 XX X 2x 423+ +] -5 177+ 14597 5,17,2
Ta - X xt2x 3 23X+ ] 2%-3. 737 3

Te - x"+10x°-8x’-25x*+40x-16 2.5 -
To| Ss12 XX+ 2x 22 x +1 3.5 1177369 | 3,5,11,2
Tu A x"-2x" - H -+ -x+1 237467 641 -

Tas Ss XXX 2x -+ 2x 2%+ 1 467514417 -

TORDRT EZAF,

A
A\

(FHEIZRYB2TET)

y = x"+60x"-208x’+850x’-8000x-4672

gal=58 p=+3mod 8 ®— ¥
ZBRW T, Hasse DAREX, 2%V, EEREROEXNEIXT 1 THhoT,

IR ERDIRPREE,
PBRVT—IDPLERORELBRTZILIRELV P B BT,
nETOp =13 mod 8OREDD LT, WEMKBRTI TRV LOBEE

TEHLREDOEHAEEZp =

COEBEREOCEERZ LN, HDEIWVIE. 2V ELHRME .

23FE COMBETTS 7IC8ET, brob T

DRELBVWEBEZI THS, EHRERXBEATCTENLEDZETLE I,
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g% 7Y (=% 8, cockroach) ., (ZB T3 TixARaVAn, 1 WX, 30T
W3] (IAMBELTRIE, RNRFI IS ZIOBRTHEEZINRDI L, &
MNELRd 0N, TXT)VTHYVYRITIERDPIBEORNTRLE,
foT, ELKRELSALA-), LROL> %2, HLORINREH
ETH2b0EEY, £/, HAWKXEEWIIRERLRER T, EERKEROEX
EN 1 TRVWHESVHRAINS, ZTOL)IRBEHNOFEOHEL KUAL D
DEEZD, FLOURAOTBE~OAY DOAMERD H D,

3. MAMBOKREERLEANL SKEENE
FRFEE
Fp=GF(p)=p= {0,1,- p-1}

EoBAEROK, Hl 21X, Weierstrass family, Euler family, Hessian family,
Legendre family 72 K IZIS L T, AR D j-FE K (j-invariant) # B & L &
ZHN. 2L,

an (x) = x ®"Prae (x)

= x®P4F (1/12,5/12,1,1-x) p=1mod 4
x“””-F(7n2J1n2J,Lx) p=-1mod4

as (x) = F (1/6,5/6,1,x)

2 (x) = F (1143/4,1 %)

as (x) = F (1/3,2/3,1,x)

a(x)=F (1/2,1/2,1,x)
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HDWIE, Fni, FFHRAKRES (= Legendre symbol) x*” #F L= b DM
HONTWD, a(x) 2T 2K D popular 2 & BijiZ & 5 2 WL 3

y' = x+ax’+b
CRHETE2LDOTHD,

INLRRERTHEN, VAXYRINTRENAAL TR EBHICEAT DI
BEBRWEZIS®2, bR IchEhnbelnb, th%(=
3 % = Who could knew) {Z[H A T, {KIZ Whock-family & THHEA TR 22y

—f&IZ. p 2 17 T, Hasse D REX M 6. #3HE & /> Rl & (least absolute
value residue, lavr) & L T— B EE S, D%, p<17TIZRAVWTH, E»D
ZHREEZRVTRETEIRENLERKEZ LTV D,

. p=31a0(x) ;

BIZE>T, FIONGHET D L,

7/12 =29 =-2mod 31, 11/12 =19 mod 31
ThHhdNbL,
F(7/12, 11/12,1,1-x) = 1+ (-2) 19/1 - x+ (-2) (-1) 19+ 20/4 - x’= 1+24x+4x’

T B, p=3l=-lmodd T BN b, |

(31+1) /4 = 8
RL/EN

an (x) = x* (1424 (1-x) +4 (1-x) *) = x* (-2-x+4x")
Thd, £7-. p=31 D% E O RER (primitive root) 1T
[3, 11, 12, 13, 17, 21, 22, 24]

Thd, SOBEEIIIEZEZXDLITT D,

%% 35 % # % 8/ 3 (coefficient transformation polynomial) (X, an(x) IZ A5 D <
EREARALELO, BT, Z0%E ¥ E2RALES. OB ER /D
& .

[a(3") :n=0,1, -, p2]=
[(1,0,-9,8,4,2,-6,6,5,4,-4,8,-1,-5,7,3,-4,-1,-8, 5,0, -2, -2, -10, 3, -2, 4, 7, 10, 8]
EXOREELEZERK

an(x)=
BX+10X™H7x+4x"-2x 43" 10x”-2x - 2% +5x - 8x *-x "-4x*+3x "
H7x - 5x X 8K A A SXHOX-6X 2K +4X 8K -9X

THd, LREBANXNTx, X ORPKFIT TWVD DT an(3)=au(3")=0 & B
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LTWa, . Zh b OfEEIT Hasse DA ER
Jaiz(x) | < 2Vp
SF D, SDOHEIE 2V = 1113552873 T, 11 IR WS 10X HE AL TWAS,
BREEBRZEARNIT. RERBROBEVFHICL - TREARD I LICREESLET
»H D,
F 4 17 5 (residue mawix) & 1
Ai =g (x) X" mod f(x) D X" D4
ERETHAIOE T,
g (x) [x1f(x)
LY, FRINELTIR, ARRAEROERSTEX
X'-X
DB ERDZEERRNEEZD, filzid. p=31DF A THIIE,
X-x=
x (x-1) (x+1) (xx+1) (1-x+x") (M’ +x+x+1) (Lox+x’-x"+x")
(Taxh’xx+x") (14x-x’-x' 3 x+x) |
DESIEMBEFIT 1248 KOOV K x4 2 @I3>FET D, Nk, x &
FRWT. BT, H 2% E R (cyclotomic polynomial) T 5,
FEAH#RBROK., Hl 2T, Weierstrass family (2 13

(ptl)/dP (pl6] (x)

RHBELTEY, TORKEREER, 29, b 2FHEBE LT X 0K
¥E )L Lk p2 KOS HER

£(x)= Toa £(b) X"
FINOFREERSERL LT, BENASEER g(x) & DR KT

(residue matrix)

an (x)=x

A=an(x) [x]g(x)
¥R, |
~ 1ApAL 1A
DT A E, XA (nvolution) , 2 EH | BRMVEMITSH ., B = EL AR 3B,
BT _REEEN IN 12725 DIk, Gauss DB H %\ I3 Eisenstein D B ¥
DBEIRD, DEY . R
X1 = (x1) (1) (x+1) (KFex+1) (3+1) (x*x+1)

DR
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X+1, Xx+1, x’x+1
REWCRS, BEIX
l/p-A
MRETR-> TS, ZThh»b, BoEMASMIZ K 56 5 (involution
resolution) 23 T& %,
LLFIZ. p=3l,an(x) DFH. 2% V. Weierstrass involution resolution, -2 ¥
D, an(X) LD EERERT,
Cx(x-1) (x+1) (P+x+1) (1-x+x)) (X’ nd+x+1) (1-x+x’-x*+xh)
(L-xx 2 +x') (Txx’-x'x*+x"+x")
BEMESDETH D,
f(x)=an(x)
EBEREITNE., Cxrl it IS T AR A
BT £(x) [x]x+x+l = 131+ 6 1
(5 )
T# Y. /. Eisenstein lattice IS L TWd, ST, R LTRT
f(x) [x]x*x+1= ¢, 0,-31
-
ZOBFEIE Ip = 131 B EEE (LK F (normalizer) Th 5,
f(x) [x]x*’+x’+x+1
0, 0, 31, 0
0, 31, 0, O
31, 0, 0, O
=31, -31, -31, -31
f(x) [x]x"“x+x’-x+1
12, 26, -9, 6
38, -21, 18, -12
17, -20, 26, -38
-3,9, -21, -17
f(x) [x] x"-x’+x5-x“+§3-x+1
5,2,-22,30,6, 1, 20, -8
7,-22, 25, 11, -4, 20, -3, -5
-15, 25, 4, 3, 13, -3, 2, -7
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10, 4, 18, -2, 12, 2, -22, 15
14, 18, -12, 22, -8, -22, 25, -10
32, -12, 8, 6, -36, 25, 4, -14
20, 8, -26, -4, -7, 4, 18, -32
~ 28, -26, -24, 13, -16, 18, -12, -20 ~

f(x) [x]xMx’ K x'-x’+x+1
~ -31,0,0,0,0, 31,00
31, 0, -31, -31, 0, 0, 31, 31
-31, -31, 0, 31, 31, 31, 0, -31
0,0,0,0,0,0,0,31
0,0,0,0,0,0,31,0
0,0,0,0,0,31,0,0
0,0,0,0,31,0,0,0
. 0,0,0,31,0,0,0,0 ~
IOBEDOL I, M¥EHIT. BAZ (uivaD FERX 2> TWD, B, —
KORFIZOVWTHRELTEL,
f(x) [x]x= (1), f(x) [xIx-1= (31), f(x) [x]x+1 = (-31)

TH 5,

TITO, AER, ToXo, BREFTEARS T, 5, KE1TH
KR25A7R8F. 2R, X1l OXIRBET, TOBREMEFORGIIE
. 2% 9. normalizer X 1, 1Np & BB R WVWEED
| ai (x), (up) ai (x) = x % (x)

2 ETRE S5 K E X E (cycile involution) ’C&) %,
f(x) [x]x-1= [‘31,0]
0, 31
IOHBERIR/ETHIN, MoK tplWnWHIBEKT, BATH S,

EROGZBERX I BEBLEEF THon b, X-1= (x1) (X+xt+1) 2> b &
dER/ELNRY,

f(x) [x]x'+1
0, 0, -31
0,-31,0
-31,0,0
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HEXNETHINEDFICpEELr, AT, TH2ROELT S,
f(x) [x]x*-1

[[o,0,0,31,0], [0,0,31,0,0], [0,31,0,0,0], [31,0,0,0,0], [0,0,0,0,31]]

f(x) [x]x’+1
- -12,24,14,3,-6 ~
24, 14, 3, -6, 12
14, 3, -6, 12, -24
3, -6, 12, -24, -14

~ 6,12, 24, -14, 3 ~
ORI, EABBRALBEAISNSIEILFELEDL>TWS, - T,
i, KEITH (cyclic matrix) T/, LAL, RKEBFETCHIH,
THRA, HBHVIE, ML & ThH DA, Legendre symbol # #iF T, 0 F
0, FHOGHRY a KHLT, (D" G)RYETEENEELN
X v, 5V iE, aw(x)iZ Legendre symbol, S RIKE B & #H T 7=
(x/p) an(x)= (-x) *"” an(x) ‘

DHBEBRLZERZEZNLITL VW, REEHSIERXICEFTREKZHTZD
DTERVWICILEETDS, £hid. KETHTHD, UTFTEE*2 T
JTRT,

f* (x) [x]x*-1
rJZ%J&&ﬁW
-24, 14, -3, -6, -12
14, -3, -6, -12, -24
-3, -6, -12, -24, 14

N -6, -12, -24, 14,3 7
TOLDICLTHFRY OKEREEHRD,
ST, ZITOXEIE. SKOKERETH S, S KOKEHRKE R
BOEBBRIEOERLONPDLEED TWVWELEORENLED L I,
UTFTDOnote 3xDEEXEDOKRETH S

6-6-6-2-3 8-42-16
-6-6-2-36 42-168
-6-2-36-6 2-168-4
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L-236-66 J L468-42J
-3 6 :6,-6 -2 68-42-1
W EZRLEZLI AR, SROERBELEEERTIICOWTTH S,
A=r-a b c d e

bcde a
cdeab
d e abc
~ e abocd
DERITITHDODEHER
‘AA = aE

DREOMABFTINCRDZLTHINR, ZOFTHORFIT. BARZ LD
M. HRTHLN), ROIANDLRD,
a’+b*+c*+d’+e’, ac+bd+cet+da+eb, ab+bct+cd+detea
b, ARSI TAE
actbd+cet+dateb = 0, abtbctcd+detea = 0
THEMTLOND, -T, FlziE. a b cxE5ExNIE, d e FRELT
LE D,
it B B
UTFToboid, K = d+b+c+d+e L RI2BNALERTIH O “HR” OX
Thbd, BRAMBRHERR., 2FEV, 22007, KEDDOKIZHLT
W, ZTORBEOBIZEEFE->TWD,
(s, [[2,2,2,2,-3]11],
(11, [[4,-2,1, -6,-81, [6,-3,-2,-6,-6111,
(31, [[12, 6,3, -14,24], [18,-9,-6,22,6]]11,

[41, [[12, -9, 4, -36, -12], [22,-14, -6, -26, -17] 1],

[5-11, [[8,-7,8,-12,-52], [18,-12, 8, -42, -27] 11,

[61, [[18,-6,2,-21,-54], [24,-16, 3, -48, -24]]],

(71, [[16, -11, 12, -26,-62], [26, 18,6, -33, 54111,

(101, [[36, 36, 12, -52, 691, [43, -24, 4, -68, -56]11,

(11, [[26,-21, 14, -112, -28], [36,12,4,-352108], (57, -32, 24, -24, 961,
(60, -40, -10, -85, -46111,
(131, [[54, -18, -6, -59, -102], [64, -26, -14, -68, -87111,

— 167 —



(151, [[54, -34,18, -111, -78], [69, -48, -6, -114, -52111,
[(5-31, [[47, 32, 2,58, 132], [48, -32, 28, -107,-92111,
(181, [[48, -36, 27, -156, -64], [84, -28, -21, -84, -132]111,
(191, [[48, -38, 46, -116, -131], [78, 74, 66, -114, 87111,
[5-41, [[48,-12, 3, -52, -192], [98, -37, -22, -102, -142] 11,

RETHD, BESEIMELT, FEHARLLOTHELEDO L DX p=1mod 10
DHLDIZBHIL, TEhblE, FERBEFLV-, MHERBETBYH X
201, EO9b, B, 2BELIFELRVOTHRANLEOHSZ %
H ot

p=11
r6-66-2-3 ~ ~8-42-16 ~
6-6-2-36 -42-168
-6-2-36-6 2-168-4
-2-36-6-6 -168-42

S 36662 7 “68-42-1 7
D, FO2O00EMOHFTHE, EOLDIT 1 2EFRVWTIDHEK. £
LD 1 22KBRWTEETH S,

p =3l
~ 22,18, -6, 6, -9 ~ 24,12, 6,3, -14 W
18, -6, 6, -9, 22 T 12, 6, 3, -14, 24
-6, 6, -9, 22, 18 6,3, -14, 24, 12
6, -9, 22, 18, -6 3,-14,24,12,6
N -9,22,18,-6,6 - N -14,24,12,6,3 ~
p=41
( 26, 14, 17, 6, -22~ ~36,12,-12,9, -4 ~
14,17, 6, -22, 26 12,-12, 9, -4, 36
17, 6, -22, 26, 14 -12, 9, -4, 36, 12
6, -22, 26, 14, 17 9, -4, 36, 12, -12
- -22,26, 14,17, 67 ~ -4: 36, 12,-12,9 ~
n=55=11-5
( 52,12,-8,7, -8 W (42, 27,-18, 12, -8 W
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12, -8, 7, -8, 52 27, -18, 12, -8, 42

-8,7,-8, 52,12 -18, 12, -8, 42, 27
7, -8, 52, 12, -8 12, -8, 42, 27, -18
-8, 52,12, -8, 7 -8, 42,27, -18, 12
COBAE =5 RRETEHEAVYS, ZHOBRHNLRBREET S,
p =6l
- 48,24, -24, 16, -3 ~ - 54,21,-2,6,-18 ~
24, -24, 16, -3, 48 21, -2, 6, -18, 54
-24, 16, -3, 48, 24 -2, 6,-18, 54, 21
16, -3, 48, 24, -24 6, -18, 54, 21, -2
4 N .3, 48, 24, -24, 16 7 ~ -18,54,21,-2,6
TOBELHMT, FEBIZE, ZT0200HNDbHo T3,
p=71
~ 54,26, 18, 6,-33 ~ - 62,26,-12, 11, -16 ~
26, 18, 6, -33, 54 26, -12, 11, -16, 62
18, 6, -33, 54, 26 -12, 11, -16, 62, 26
6, -33, 54, 26, 18 11, -16, 62, 26, -12
L--33,54,26,18,6 7 N .16, 62, 26, -12, 11 7

Db, TZETEH. p=1n+1 HORKIZTOVWT, TE2M. Lab,
ERETORBEEL TV S, |
UTORIZ, BERNMREROEMNEOXTH D, #l 1T,
(s, [[3,-2,-2,-2,-2111]
e LTk, (5, [[2,3]] A LTEL,
(11, (L6, -6, -6, -2, -31, [6, -6, -3, -6, 21, [6, -6, 2, 6, 31, [6, -6, 3, 2, 61,

(6, -3, -2, -6, -61, [6, -2, -6, -3, -61, [6,2,-6,6,3], [6,2,3,-6,6],
[6,3,6,-6,2], [6,3,6,2,-6], [6,6,-6,3,2], [6,6,2,3,-6],
[8,-4,2,-1,6], [8,-1,-4,6,2], [8,2,6,-4,-1], [8,6,-1,2,-4]1]]

R LT, 220883 H Y. (11, [[1,84,6,2], (62,3111 B L%,
(s, [[2,3111, Do, (12,3110, [11, [[1, 8, 4,621, [6,2,311], [15, [[3, 2111,
[20, [[3,2113, [22, [[6,2,3], [8,6,4,2,111], [25, [[3,2111, [30, [[3,2]]1],
(31, [[24,14,12,6,3], [22,18,9,6111, [33, [[6,3,2], [8,6,4,2, 1111,
[35, [[3,2]11,140, [[3,2]111, [41, [[26, 22,17, 14, 61, [36, 12,9, 4111,
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[44, [[8,6,4,2,1], [6,3,2]111,[45, [[3,2111, [50, [[2,3]11],
(55, [[8,4,2,1,6], [12,8,7,52], [27, 18, 12, 8, 42], [3,2], [3,2,6]]11,
(60, [[3,21]11, [61, [[24, 16,3, 48], [54, 21, 18, 6,2]111,
(62, [[14, 12, 6,3,24], [18,9,6,22111, [65, [[3,2]11],
[66, [[6,3,2], [6,4,2,1,8111,070, [[2,31]],
[71, [[62, 26, 16, 11, 121, [54, 33,26, 18,6111, [75, [[2,3]1],
(77, [[8,4,2,1,6], [3,2,6111, [80, [[2,3]1],
(82, [[36,12,9,4]1, [17, 14,6, 26,22]11,
(85, [[2,3111, [88, [[8,4,2,1,6], [3,2,6]111, [90, [[3,2]111,
(93, [[24,12,6,3,14], [18,22,9,61]11]
TORPLH SS=11'STEHFLVWENBERFELTNVWD I LERED,
Bl p=331 DHE
(331, [[144, -52, -18, -159, -2461, [ 146, -66, -3, -186, -222]11]
DEIS2BVORBDD, ZOHRBITIELT
f(x) = 144x"-52x-18x'-159x-246 = 144 (x+8) (x+181) (x+330) (x+207) mod 331
g (x) = 146x*-66x-3x’-186x-222 =146 (x+116) (x+267) (x+330) (x+207) mod 331
THD, Ih»PoBBRENDZ LT, 3B0FpTHITHEZ L, —KEK
WKWERICABLTNWDZ L, iz, ,
x-1 = (x+8) (x+267) (x+181) (x+330) (x+207)
ThHo, f(x), gx)ODREIX, FWRZ LIZ x+116 EBRW T, Z DR 5
LEAINTWD, (x+330) x207 XX BER¥KTH D, - T
(x+8) (x+181) (x+330) (x+207) ® x*-1 =
2°+3%-7-11+13% 71281+ 331"+ 3224731 - 5520271 - 592621
(x+116) (x+267) (x+330) (x+207) ® x*-1 =
2°43% 11137+ 31+67- 71+ 101 +281-331%+ 5520271 - 151451 + 526441 - 592621
THH., ZTHbHLDHFIE, ¥RLRH, BLOXF I I THd, HED 116
BREDEIIRLTRELELDTH A I b
Bl ZIX, p=31DHEE
[[22,-9, 6,-6, 181, [22, -6, -9, 18, 6], [22, 6,18,-9,-61, [22, 18, -6, 6, 9],
(24, -14,3, 6, 12], [24, 3, 12, -14, 6], [24, 6,1-14, 12,31, [24, 12,6, 3, -14] ]
D2EE. RBROREEZEORKREL LT, r8lAFET D, Zhbd
o, Bl A2,
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22x-9x+6x-6x+18 = 22 (x+29) (x+30) (x+27) (x+8)
DEICmd3l THMT DL, BREX-KROFRFIEFHEIND,
p=100+1 DO RKIZOWTIX
an(x), m =23,4,6,12
DERBEEHBEERD -1 TORSK
an (b") X" mod x*-1
Ph, BHURBABLONLITHAS L FREIATWVWENL, Zh b, S
DRI ZMHMIZHBOTLIbDOELEZONEN, BEIZREITHA I b,
p=31 '
ac(x) = F (1/6, 5/6,1,x) = 1+x+24x'+29x’+10x'+27x’
DEFE
[a(3):n=0~p-2]=
[-1,4,7,4,0,4,0,8,-3,4,2,0,-1,1,-5,9, 4,5, -4, 3, -4, -8, -6, 10, -9, -4, 6, -7, -2, -10]
T, TORBALZEANX, 220, KFEEHLERN D
as(x)=
S10X7- 22X -7 +H6X 74X -9x 1 0x7-6x7- 8x7'-4x 7 +3x P-4 *+5x
H4x"49x 5% Hx-x 242X 4% 3x 8 X +HAX HX + T +H4x - 1
Thd,
Bs = as(x) [x]x™+1 =
[[12, 14,6, -24, 3]
[14, 6, -24, 3, -12]
(6, -24, 3, -12, -14]
[-24, 3, -12, -14, -6]
[3, -12,-14,-6,24]]
BEEME TIRERWE, -oT, (D9 ZHiFT T, 2F v, checker bord &
mEyse
o = as* (x) [x]x*-1
[12, -14, 6, -24, 3]
[-14, 6, -24, 3, 12]
(6, -24, 3, 12, -14:1].
[-24,3, 12, -14, 6]
[3, 12, -14, 6, -24]
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DEIRKENEEHBD, Zhix, a0 HBELNE [12,6, 3, -14, 24] &
[@ £ (conjugate) D & D TAEBHITH LWL D TR W,
p =31
a(x) = F (1/4,3/4,1,x) = 1+6x+12x™+16x’+18x"+15x™+15x"+9x’
DFE,
[a«(3"):n=0~p-2] =
(-1, 10, -4, -4, 8,2, 0, -2, 8,-10, 0, -8, -4, 4, 4, 0, 8, -4, -8, -8, 4, 2, -8, -6, 0, -2, 8, 4, 0, 6]
THO, o> T,
au(x)=
6X7+AX7+8X - 2% -6x7-8x +2xP +4x - 8x *-8x *-4x +8x
+H4x" H4xP-4x"2-8x - 10X +8x" - 2x+2x +8x - 4x’-4x7+10x-1

Thd, RRITH I

=a(x) [x]x'+1 =

[[-3, 12, 14, 6, -24]

[12, 14, 6, -24, 3]

[14, 6, -24, 3, -12]

(6, -24, 3, -12, -14]

[-24, 3, -12, -14, -6]
T& B, checker bord B TXKEBI XN AR/ OND, ZTOBELEBELL IS
(2012,6,3,-14,24] L AT, HFLVWER TRV, |
p =31

as (x) = F(1/3,2/3,1,x) = 1+14x+25x+28x*+30x"+16x +23x*+ 13x +2 1*+20x’+27x "
DB E,
[a:(3"):n=0~p-2] =
[1,-4,5,-4,8,8, -4,-4,-1,-4,2,8,5,5,-7, 5,
-4,-7,-4,-1,-4,-4,-10,2,5, 8, -10, 5, 2, 2]

THY,
a(x) =
22X H2X 5K 10X +8X 5K +2x -1 0x-4x -4x'-x P-4x - Tx - 4x ¢
ST S X B H2xA xA AXHBBAXHS
Thd,

B: = a (x) [x]x'+1 =
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[[22,-18, -6, -6, -9]

(-18, -6, -6, -9, -22]

(-6, -6, -9, -22, 18]

[-6, -9, -22, 18, 6]

[-9,-22,18,6,6]]
B id. checkerboad B TH L WK EIX & O R

[18, -9, -6, 22, 6]
E/BIENTE B,
p =31
a(x) =F(1/2,1/,1x) =
1+8x+20X°+ T X +16x°+10x+14x "+ 14x*+ 1 0x°+16x *+x '+ 7x *+20x " +8x “+x"*
DEE
[a2(3):n=0~p-2] =
[-1,4,-8,-8,0,4,0,-4,0,-4,8,0,8,-8,-8,0,-8,8,8,0,8,4,0,4,0,-4,0,8, -8 -4]
TH b,
a(x)=

4X7+8X-8X T H4X"-4xP-4x 7' -8X -8 - 8x T+ 8x "+ 8x "+ 8x *-8x T-8X +4X +4X -4 +8x +8x - 4x+1
TH b,

B:=a(x) [x]x-1=

[-15,0, -12, 12, 16]

[0, -12, 12, 16, -15]

[-12, 12, 16, -15, 0]

[12, 16, -15, 0, -12]

[16,-15,0, -12, 12]

B’ = a: (x) [x] C+1

[15, 16, -12, -12, 0]

(16, -12, -12, 0, -15]

[-12, -12, 0, -15, -16]

(-12,0, -15, -16, _112]

[0, -15, -16, 12, 1211
IE3E12, checkerboad B# % L TH., KEXMEZER LRV,

HROWVWELOEZERARANIE, AN RV ELDREIZDVWTHRRT,
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[12,6,3,-14,24] 1% an(x),as(x), aa(X)ICFEELEBR LEL DO ERTE,
[18,-9,6,22,6] X e () ICHZTERLIEbDONLERTE 5,
Fr, ax)nbid, ELHOLERTER,

FZT, BEMORMBETH 508,

f B8 (well-known?)
p=1mod 10 DREITH L TiX
FBEHLRLEXEOEEIX
a* (x) [x]1x-1, ar* (x) [x]x-1 |

D 2ODH M

Niw. EBLRIRAIL.
Euler family a* (x) = (x/p) a: (x) = x*"*-F (1/4,3/4,1,x)
Hessian family a:* (x) = (x/p) as(x)=x"""?-F (1/3,2/3,1,x)
DRKERSER L x-1 ORI KIS |
a* (x) [x]x-1, a* (x) [x]x-1
TEAE® IRCEND] 252 & THD,

Mk, Z0XH7%, MEERZL2EZNMCTOVWTTHDIHB, K, 5 %
B L T2ERAMFHEN, L¥E, EBYFE. DEFE, EDFREOFHFT
BEIC LY, . ERML, B, BF. ERETL, B, E0ONARE
Do, REEKSZF 7V TETSICEALTVD,

5 = 4437 = 34242742742
EHLELT,.p=10ntl OFH LT, Ex 4BOREE»ORD 24,
— F X 1B ¥ (Euler, Gauss B, feminine?). #175 iX 3 @ {% #X (Hesse, Eisenstein 9,
manly?) # EF L LT3,

BADEREIX I50EFE] (quintics) bAWVWTWA DO TIXRWVH»
EWVWH ‘B ThDH, BoOHRICIE, FRELOBHAMBO LRI TR
Y| DERBPHDENVI ZLERBREN272DTH D,
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