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IORMXTHE., BE40BHEMA BB
E: ¥ = f(x) = a’+ax’+asx +asx +ax +asx +ask’ +ax +asx+a

WoWT, F0EBOEEBRERETDH EVWIZEZ2HENET S, BHE
. BVWERKOBHEEOHERIZIOVWTER., BROZHKEOE—HLIrBH
nNTwiawy, HERTIE. XRFIZBELD, KR LCOBBEORR
THwonk, BRA4IOHEHHERRLAB4 O e THEE2 L 2ZEKAEHICE -
T, REEBRLZOVEREEZHRUESOBELREE2RAITVWIEETH 5,
ME POBEEMREFAZRY ETRF L CEMNMECRBO—BHicL LS
ETB3HLDOTH B,
1. FER

%9, Legendre DFEEH. 2%V, FHFRBROEE %,

(ap)=#{xep: X' =amodp}-1=a®""mod p e (-1,0,1} = 3-{1}

LY, (p=2® & FiX(ap)=ae2= {0,1},p= {01, p-1})

£ A X f(x) DKL # % EX (resultant  transformation  polynomial ) f (x) 1 7k @
EI3RCFEIND, FRZEKX f(X)ITx L, Tschimhaus ¥ IT L v ..

fi(u)=f(x)® x+y, i (uv)=f{x) ® +uxtv, fi (uv,w) = f(x) ® +ux*+vx+w,
fi (uv,wit) = £ (x) ® x™ux’+vd+wx+t
RELERT D, T2, O xITH ¥ 2 KX (resultant) T, f(x) & gx)
D % ¥ (variable) x 1Z B 3~ 2 & 4 X
f(x) ® g(x)=resultant (f(x),g (x) ,x)

DEBEETHD, RERXDOES®,Q0, 281, MBREKRH, -, x, VLD
#& & 77 (adhesiveness) MWFHWH D & T 5,

REERFER abpond 2, ROLIWKERT B,

a=Xxep (fi (x) /p), by= Tx,yep (£ (xy) /p), co= Tx,y,zep (£ (x,y,2) /p) ,



ds = Zxy,ztep (£ (x,y,2,t) /p)
BRORBRERLL RN
£ (%) = X +aX +bX e, +dpx +pesx +p°bex + P asx+p’
LEEEINSD, &1L - HEH HEIR (Taniyama-Shimura theory) 12 £ ¥ ., B ER (¥
HHEEK <00OR)IFHEEHRT, R EIZ NP, 2%,
Vp ¢ = p (cos (8) + i sin (0))
DBIIRBINDZZ XL T WS,
— iz, f(X)D T o 7B (non-solvable) 72 &5 . IRA 6 DFEH p 2
DELIFHIE, TOHFEEIE K g=4THY,
sin’ (8) +sin’ (20) +sin’ (30) +sin’ (46)
WCHBITBETHAD EWVD DN, sin®-F 18 (sin-conjecture) ThH 5, FTHE L
Tix, H a7 85 A A (solvable) 72 35 & ° W # (reducible) 257 & b & Lo M H K
WEEE O f(X)IZO2WVWTZORMITHEI bDOERE - TV D,
B 1.
y' = XX+ 25K 3K+ X1
Z DB,
G. Malle, B.H.Matzat, Inverse Galois Theory, Springer Monographs in Mathematics, 1999,
p. 415. Appendix: Example Polynomials, degree 9, Ts = So
E32b0T, D, PaT7HIIENETH D,
. [p, ay, by, c5, d]
[2,-2,-4,-8,-161, [3,1,1,0,21, [5,5,12,21,38], [7,5, 23, 73, 204],
[11,3,15,59,211], [13,9, 34,42, -621, [17,7,37,211,977], [19,-1,7,6, -6],
[23, -1, 12, -51, 310], [29, 2, 19, -140, -84]1, [31, 4, -14, -105, -615],
[37, 4, 47, 318, 1140]., [41, 4, 47, 52,9361, [43, 14, 116, 814, 5494],
(47,7, 76, 350, 37921, [53, 8, -6, -109, 9841, [59, 10, 44, -30, -1878],
[61, 12, 118, 572, 36641, [67, -1, -43, -49, 15251, [71, -12, 177, -1858, 185081,
[73, 4, 37, -508, 1041, [79, 3, 93, 921, 56291, [83, 7, 88, 250, 1994],
[89, 1, 44, 232, 4728], [97, -1, 81, -781, 43371, [101, 19, 249, 2303, 21196],
[103, -5, 44, -1445, 111421, [107, 20, 298, 3164, 343321, [109, -14, 192, -2612, 269001,
[113; 21, 278, 1853, 138141, [127, 10, 190, 1934, 287841, [ 131, -7, 173, -2318, 19364 ],
[137, 13, 135, 200, 8810], [ 139, -3, 83, -844, 142481, [149, 1, 55, -75, 11429],
(151, -8, 127, -2860, 235841, [157,7, 175, 2527, 379041, [163, 30, 563, 8788, 1260721,



[167, 19, 181, 3415, 576531, [173, 3, 144, 2158, 128201, [179, 4, 86, 184, -74481,
[181, -16, 290, -2070, 238361, [191, -9, 275, -1235, 484721, [193, 4, 334, -736, 605001,
[197, -18, 423, -5764, 1111801, [199, 7, 22, 843, 91701, [211, 1, 542, -500, 1489661,
[223, -10, 324, -2406, 895661, [227, -22, 736, -13711, 2358861,

(229, 14, 273, 6764, 913201, [233, 5, 455, 2227, 1568321, [239, 9, 405, 3621, 1504841,
[241, 1, 103, 3317, 182641, [251, -17, 233, -1485, 78511, [257, 17, -4, 2652, 1137401,
[263, 20, 559, 8248, 1890241, [269, 20, 486, 9252, 1214261,

[271, 31, 914, 20375, 3465861, [277, 10, 162, 1918, 218581, [281, -6, 205, -552, 238481,
[283, -5, 362, -1269, 853541, [293, 31, 637, 14017, 2956991, [307, -15, -53, 3793, -27676],
[311, -17, 397, -1437, 511071, [313, 10, 255, -724, -10416]1, [317, -16, 26, 277, 508487,
(331, -29, 687, -16489, 2964071, [337, -11, 168, 312, -849301,

[347, -25, 470, 1716, -52594], [349, 6, 429, 9306, 1165881, [353, 21, 928, 16039, 422054],
[359, 31, 537, 13611, 3559661, [367, -4, 319, 1026, 50561, [373, 7, -21, 4766, 120600] ,
[379, 35, 1098, 29364, 5570621, [383, 6, 412, -2762, 1183761,

(389, -2, -216, -902, 2283301, [397, 24, 968, 11536, 3666541, [401, 35, 465, -597, -818081,
‘ [409, 33, 593, 12981, 3751921, [419, 35, 1425, 38950, 8430881,

[421, -24, 686, -3516, 844027, [431, -7, 549, -11779, 2361121,
[433, -14, 497, 2430, 144161, [439, -12, 704, -17332, 2760221,

[443, -17, 486, 1953, -14054], [449, 3, 187, 3605, 313841, [457, 20, 720, 497, 1113641,
[461, -26, 571, -3438, 314481, [463, -9, 343, 8223, -24657], [467, -17, 415, -3963, -638421],
[479, 23, 537, 4607, -61856], [487, 43, 1746, 45238, 11815261,

[491, 21, 584, 17029, 3030301, [499, 13, -449, -8701, 636711, [503, -3, 703, 21, 375453 ],
1509, 20, -33, -5932, -570481, [‘521, 1, 274, 10200, -103710], [523, 31, 379, -143,,-757171,
[541, 18, 416, 6148, 1033701, [547, 32, 812, 19362, 433074],

[557, 17, 402, -4644, -54232], [563, 35, 1681, 50878, 12590081, [ 569, 8, 236, -724, 176901

RORE., RWELTBRERAAXOBEREROLHTH 5,
y' = £ (x) = Xx*+2x°x* 30 +x +x-1
£(x) = X +aX +hx +eX +dpx +HpeX +p X Hpax+p’ = 0
p=2~569



- T

-15s -10 -5 5 xlb 15

BB OWAIE. p=569 F TD 412=4-103 [ 0 H & © B 5 (& %
103 (sin® ( (x-18) 7/36) ) +sin’ (2 (x-18) mi/36) +sin’ (3 (x-18) n/36) +sin” (4 (x-18) n/36) ) /67
Thd, MBWOLPLKEDD “Wo&” (I, FiiB., Gibbs OBHRRBTH A 5,

FHpIZOVWTRBEEP=SOFTTL2HEBELTVWARWVYE, g=4DHAH.
REODHRETIX,

fo(uv,wit) = £ (x) ® x*+ux’+v+twxtt

R, EFDOEFFHKEDPEHBELARTAERL R,

p=1569 TiX. p'=104821185121 TH YV , NV a VI EFHEBEVHEERTH
5, PROLHBERCHFLVERIAORBRNABIH/BEINS,



HOBRVWHEBZBRAERI, BROLTERSEAENREZORALES T
HBEZIABRENWTHHH EEBEZTWD,

KREEBLEERNSL, H(x)= 0% Xtuxtp = ONEBMEPET H&MHL L
T

£(x) ® x+ux+p = p'f (u) 2
RHB4IRZBEABPEE D, ZDEEA % K E ER (coefficient  polynomial) &
LA, ZORG2E8D. BERgiZEUT
u-a, W-au-2ptb, u-au’+ (b-3p) u-c+2pa, u'-au’+ (b-4p) w’+ (3pa-c) u+d-2pb+2p’, -
ThHhd, LR THEHO0RFRIEBLTELELEL, THLHDEERXN =0¢
B HFBADRE (= [REAR, coefficient root) 13T =T EH TH M E X 2p &
NIV,
;, a=a/\p,b=by/p,c=c/(p¥p), d=d/p’
EBVTERELLESER
u-a, w-au-2+b, u’-au’+ (b-3) u-c+2a, u'-au’+ (b-4) u'+ (3a—c) utd-2b+2, -
% 12 ¥ FR $ % T8 X (normalized coefficient polynomial) & \V 5, 5 O HF &
: £, (u) = u'-au’+ (b-4) '+ (3a-c) u+d-2b+2

Th Y . &L EB (normalized coefficient root) I T X THNFE 2 T DO EEK
THbH,

7 74 (difference quotient)

Of (x,y) = (£ (x)-£(y))/(xy)
H3RMB T, EHREERHEHER*ED S, BRIOFE S
Of (x,y) = X+xXy+xy*+y*-a (X+xy+y’) + (b-4) (x+y) +3a-c

Thd, T BEBAOBMREVD, BEREBLZEEL T2 . FE L
DEBIOEERABRBREICHS, 0L > RBBICEL T

BERBBLZEZRE yz) ETHOREECPHRTEL L O 2
[ DO REZBHREOLEEBRERET S

ZEEMBLLISEWVWIDOTHD, FTHRELTER, KD f(DICHL
TROHBEIAEBHIZ 4 RETT, REOSRELZIR2VWTHASS ERSH, &
CEHEPBEETIFEHFORERSLTOEHKEOHEE OB ERICHKE
WHRERBETH D, £,



Of (x,y) = X +x’y+xy'+y’-a (x*+xy+y’) + (b-4) (x+y) +3a-c
2R WT,
s = xty, t =Xx-y
LB, DEY,
x= (stt) 2,y = (st) 2
L 4F LT,
(2s-a) C+4bs+2s’+12a-4¢-3as’16s
BELND,
z= (2s-a)t
PEHELE LT, BHER
7z = (a-2s) (2s>-3as™+4 (b-4) s+4 (3a-c))
2HB5, IOHBAR.AARXsDA4KRARTH D, T BEHELE L HKD Euler
# @ 4& ¥ # (Euler normal form) & B &,
#l 2.
¥ =(x-1) (X+x+1) (x+3x°+1) = X’ +2x°-2x-1 = £(x)
det =-3°-5°
COBAEDODERT—F X
[p, as, by, Co, do]

[2,-1,-1,-3,-61, [3,-2,3,0,01, [5,0,5,0,01, (7,2 4, 10,861, [11, -4, 28, -68, 374],

(13, -2, 4, -62,214], [17,0, 41, 0, 8161, [19, -10, 37, 26, -692]1, [23, 2, 37, 28, 644],

[29, -2, 64, -70, 20301, [31, -10, 97, -702, 40921, [37, -2, 28, 34, 18941,
(41, -2, 76, -70, 28701, [43, 2, 88, 186, 55981, [47, 6, 80, 198, 3102],
(53, -4, 133, -320, 84801, [59,-12, 8, 612, 60181, 61, -2, 61, -890, 10601,
(67, -34, 604, -7442, 694941, [71, 8, 76, 40, 7101, [73, 10, 160, 1430, 160941,
(79, 38, 625, 6130, 512601, [83, -2, 73, 20, -16601, [89, -6, 284, -1170, 347101,
[97, -2, 16, 926, 2861, [101, -6, 260, -954, 321181, [103, -10, 88, 1894, -20338],

(107, 10, 400, 2930, 627021, [109, 34, 637, 8730, 995881, [ 113, 16, 196, 1328, 187581,

(127, -10, -44, 990, 17821, [ 131, -12, 224, -1116, 243661, [137, 8, 289, 1216, 416481,

[139, -4, 124, -2372, -5861, [149, -18, 188, -702, 116221, [151, -4, 268, -596, 450621,

[157, -2, 40, 650, -338261, [ 163, -22, 268, -2150, 187101, [167, -18, 149, 324, -6012],

[173, -12, 509, -4032, 1162561, [179, -4, 76, 412, -36874] ,
[181, -38, 805, -15250, 2386041, [191, 0, 608, 0, 1592941, [193, -14, 76, 1190, 239141,



(197, -12, 437, -2880, 945601, [199, -4, 220, -1364, 349821, [211, -10, 181, -2870, 10892],
(223, -22, 628, -13662, 1872541, [227, 2, 673, 892, 202484],

(229, 22, 757, 13950, 2440201, [233, -24, 212, 504, -97861, [239, -16, 208, 496, -14818],
[241, 34, 457, -506, -74660], [251, -20, 364, -2260, 567261, [257, 0, 713, 0, 234384 ],
(263, -30, 896, -18990, 3329581, [269, 6, 1040, 4626, 4147981, [271, -10, 73, 602, -12788],
(277, 10, -152, -2274, 327661, [281, -18, 224, 1026, -32034],

[283, -22, -152, 5922, -58434 ], [293, 28, 373, 2240, 4688071, [307, 14, 460, 830, 729827,
[311, 24, 584, 6552, 1698061, [313, -14, -176, 4382, -857627, [317, 12, 413, 1152, 60864 ],
[331, 20, 220, 8020, 2849187, [337, -2, 652, 7562, 1797981,

[347, -22, 976, -13838, 4365261, [349, -2, 349, -4886, 97721, [353, 0, 644, 0, 2054461 ,
[359, -8, 1024, -5320, 4774701, [367, 26, 484, 12914, 3053981,

[373, -62, 2632, -73898, 16556141, [379, 50, 1549, 33326, 6431807,

[383, -6, 293, 540, -68940], [389, 30, 1052, 19890, 515814],

[397, -62, 1252, 6462, -563562], [401, 14, 304, 1358, -77794]

ThHbH,
y=f(x)= (x-1) (x*x+1) (x*+3x*+1) = x’+2x"2x’-1
T (x) = X*+a,xX +bpx +ex +dox +pepx +p byx +p arx+p’ = 0

p =2 ~ 401

R 2
®,

COBREODHIAFIZIT. 0=12=90 D KB HFLIEETNL T W5,
BEREBREZEEC LD xyzzZHOREE _2EMPIVRTT S,
y' = f{x) = x+2x°-2x"-1



£ (u) = ut-au’+ (b-4) u'+ (3a-¢) u+d-2b+2 = 0
) =%(y)=5%(z) =0,p=2~401

UTRFREZHERAXOREPMOKREE T,
[p,6(x)]
[2, (x+1) (-9x+6) ], [3, x (x-3) (x+3) (x+2) 1, [5, x*(x-15) 1],
[7, (x+4) (x+2) (x-4)°], [11, x (x-4) (x+4) 7], [13, (x-4) (X+6x*-24x-112) ],
[17, X (x*27) 1, [19, (x+4) (x+6x*-63x-344) 1, [23, x (x-2) (x*-55) 1,
[29, x (x+2) (x*-52) 1, [31, x (x+10x*-27x-228) 1, [37, (x-4) (x-10) (x+8)°],
[41, x (x+2) (x*-88) 1, [43, (x-6) (x-8) (x+6)71, [47, x (x-6) (x*-108) ],
[53, x (x+4) (x*-79) 1, (59, x (x+12) (x*-228) 1, [61, (x-10) (x*+12x°-63x-106) 1,



[67, (x+14) (xX'+20x*+56x-176) 1, [71, x (x-8) (x*-208) 1,
[73, (x-8) (x’-2x-148x-424) 1, [79, (x-16) (x’-22x’-43x+2188) ],

[83, x (x+2) (x*259) 1, [89, x (x+6) (x-72) 1, [97, (x-16) (x'+18x’-84x-1000) 1,
(101, x (x-12) (x+12) (x+6) ], [103, (x+14) (x’-4x’-268x-1232) ],
[107, x (x-10) (x*-28) 1, [109, (x-6) (x’-28x*+33x+2586) 1, [113, x (x+16) (x-16) *],
[127, (x-6) (X+16x™-456x-7536) 1, [ 131, x (x+12) (x-300) ],
[137, x (x-8) (x*-259) 1, [139, (x-4) (xX’+8x*-400x-896) 1, [149, x (x+18) (x*-408) 1,
[151, (x+8) (x-4) (x*-304) 1, [157, (x+4) (x’-2x-580x+728) ],

[163, (x+2) (x+20x’-424x-7760) 1, [167, x (x+18) (x-519) 1,

[173, x (x+12) (x*-183) ], [179, x (x+4) (x*-640) ],

[181, (x+22) (X+16x*-271x+578) 1, [191, x* (x*-156) 1, [193, (x-2) (x+16) (x-664) ],
[197, x (x+12) (x*-351) 1, [199, (x+8) (x’-4x*-544x+3328) 1],

[211, (x-4) (xX*+14x-607x-5888) 1, [223, (x+6) (x'+16x"-360x+1104) 1,

[227, x (x-2) (x*-235) 1, [229, (x-6) (x’-16x*-255x-366) 1, [233, x (x+24) (x-720) 1,
[239, x (x+16) (x*-748) 1, [241, (x-22) (x-12x’-771x+8126) 1,
[251, x (x+20) (x-640) ], [257, x*(x*-315) ], [263, x (x+30) (x*-156) 1,

[269, x (x+6) (x-6)7], [271, (x+16) (x’-6x’-915%+5908) ],

(277, (x+12) (x’-22x*-996x+22536) 1, [281, x (x+30) (x+18) (x-30) ],

(283, (x-6) (xX’+28x*-1116x-31296) 1, [293, x (x-28) (x*-799) ],

(307, (x-2) (x’-12x-792x+10480) 1, [311, x (x-24) (x*-660) ],

[313, (x-8) (x+22) (x*-1252) ], [317, x (x-12) (x*-855) ], [331, (x-28) (x-32) (x+20)°],
[337, (x+16) (x-14x™-472x-2032) 1, [347, x (x+22) (x*-412) ],

(349, (x+2) (x*-1047x+4886) 1, [353, x"(x*-768) 1, [359, x (x+8) (x*-412] ],
(367, (x+10) (x-36x-624x+21952) 1, [373, (x+20) (x’+42x+300x-1480) ],
(379, (x-20) (xX’-30x™-567x+12184) ], [383, x (x+6) (x-1239) ],

(389, x (x-30) (x’-504) ], [397, (x+36) (x'+26x>-127x-34512)]]

T, BESZERA R LLRELEAEAR, FOoEBLLRROBR D

MIZEFECRVWEREH D2 1HLTH D,
x (x+a) (x+b)*
[3,5,7,11;17,23,29,37,41,43,47,53,59,71,73,83,89,101,107,113,131,137,149,151,167,173,179,
191,193,197,227,233,239,251,257,263,269,281,293,311,313,317,331,347,353,359,383,389 ]

(x+a) (X+bx*+ex™+d)



[2,13,19,31,61,67,73,79,97,103,109,127,139,157,163,181,199,
211,223,229,241,271,277,283,307,337,349,367,373,379,397,401 ]
x (x+a) (x*+b)?
DHBORITEIELEHBOLOL D B,
(3,7,37,43,101,113,269,281,331]
x (x-a)
(5,17,191,257,353 ]
BREEAERE - FEHLORBEREBLEECLDAORBIREKRD X S
Thbd,
Of (x,y) = XXy +xy +y’-a (x’+xy+y’) + (b-4) (x+y) +3a-c =0
p = 3,7,37,43,101,113,269,281,331

p = 2,13,19,31,61,67,73,79,97,103,109,127,139,157,163,181,199,
211,223,229,241,271,277,283,307,337,349,367,373,379,397



p =11, 23, 29, 41, 47, 53, 59, 71, 73, 83, 89, 107, 131, 137, 149, 151, 167, 173, 179,
193, 197, 227, 233, 239, 251, 263, 293, 311, 313, 317, 347, 359, 383, 389

OoHER. REEFERAHN

x* (x*-a)
DEDODL DT, {THd, Fermat D B, S =241, 17 =241, 257 =2+ 1 2 ¥ %2 &
e, 191,353 1250V T b EBEEW,
Euler X DA HBMBIZOWVWTHLRLTEL, 2B LHABAUWIIRERRLT

AL, IRARTH 5,
16y° = (a-2x) (2x3-3axz+4xb-16x+12a-40)
s =Xty,t=x-y, z= (2s-a) t/4






p = 2,13,19,31,61,67,73,79,97,103,109,127,139,157,163,181,199,
211,223,229,241,271,277,283,307,337,349,367,373,379,397

p =11, 23,29, 41, 47, 53, 59, 71, 73, 83, 89, 107, 131, 137, 149, 151, 167, 173, 179,
193, 197, 227, 233, 239, 251, 263, 293, 311, 313, 317, 347, 359, 383, 389



2o

IThoDE L . MEIOHBEEELELLBZIERTEINbAENR Y,
fhicLlTh, ERBELTS, rAETARAVEE DD BAEbh 3,
2. EEAREAEAXO N K

fx)Z2ZHA LT DL E, gxy)dd {283 % EEF (relator) £ 72134 F
(twiner) & i

f(y)® glxy)® f(x)=0
BRITBZETHD, KT,

g (x,y)=y-h(x)
DL EITiX.



f(Y® yhx)® fx)=fh(x))® £(x)=0
BDREITHD0E, fx)= 0OBxBFELTh@OBBFTIXORTHLD Z
LEERTI, h(xER fXo e T7HEOTEEAKL TS, - T, #
FHEAEHEMR T g LOBEFELEELELDLWVWI Z L TE B,
F ., ¥ X (=¥ EH, climination product, eliminator) (Z -3\ T
g(xy)® f(x)=h(y)fly)
Z5FZEAX WY)BRFETH I LE, h(IE fKET S gkxy OEAF (H)
% TH 3\ (compositional eigen function) & W9, Hl 2 ¥, f(x) N2 KU LD ELHEK
DELE, EWE
of (x,y) = (f(x)-f(y))/(x-y)
BRfOCETIERLZEARNEZLD, 28K,
g(xy) ® f(x)=h(y)f(y)
/NN
f(y)® glxy) ® f(x)=£f(y)® h(y) f(y)= (f(y)® h(y)) (f(y)® f(y))=0
THa3»s, BEZEXEZ LT, BEF, 229, BTFTH D,
£(x) D F 0 £tk
Tw(f) = {gxy): f(y)® g(xy)® f(x)=0}
IZ2W T
y-x € Tw(f)
g (x,y) € Tw (f) = g (y,x) € Tw(f)
g (xy) e Tw(f) > h(xy) g (xy) € Tw(f)
g (xy) e Tw(f), h(xy)=g(xy) mod. f(x) > h(xy) e Tw(f)
REBRIELT B,
21 EFFB[22]" KHET S 4 Kl B E OB
BBETHHN, Xy OB 2RMHR
g (x,y) = x™+y*™+a (xXy") +b (x*+y’) +¢ = 0
TEEI2HRPVEFF[22] THEELZEDDI I I RBERERTO —HIIC
DWVWTEET 5,
0g/ox = gx (x,y) = 4x’+2axy’+2bx
ThHhdNE, y=2108#T5%HBL LT,
g (x,2) ® g (x,2) = x+y*+a (x'y’") +b (x’+y") +¢ ® 4x™+2axy’+2bx
= 16 (16+4b+c) (64+16b+4c-16a"-8ab-b’) *
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B3, I b, ZODHEEREBELNS,
¢ = -4b-16, ¢ = -16-4b+4a’+2ab+b’/4
a) c=-4b-16 DHFAH
g (xy) = x+y*+a (X’y’) +b (x’+y*) -4b-16
Thd, L. RLTHBD L, (ab)=(2,-8),(2,00 DK A
(2, -8) : (x+2+y) (x+2-y) (x-2+y) (x-2-y)
(-2,0) : (X*4-y") (xX'+4-y")
DHEE, BHICa=2Lb=83DH X g IIHBHILRINCET,
a=20m L &%
g (x,y) = x"+y+2 (x’y") +b (x’+y*) -4b-16 = (xX’+y’-4) (X' +y*+b+4)
ThHY., EFFI22P KRETIH L. b<4DHEOEENDL OPTH
B, \-b4=2DHBEP b=8DHFAETH 5,
b=8®D ¢ TiXas2D&FLHT
g (x,y) = x+y*ta (xy?) -8 (3P+y") +16 = (x’+y"-4) - (2-a) X%y’
= (xMyHxy\2-a-4) (xX+y’-xy\V2-a-4)
DESRZOOERIIZMRT S,
UToXix, fi2o
v =(x-1) (+x+1) (x*+3x°+1) = f(x)
2T, BEREZRRX L LX) ETH L &,
g (xy) = x+y*+s (X'y") +t (X'+y*) -4t-16
AL L EHK DB EF (relator, #& F, twiner) TH B 7= D F£ 4K
k(s)=£(x)® g(xy)® £(y)
DsICBRTE-KRAFOTSIT7TH D,
v = (x-1) (XP4x+1) (xX*+3x°+1) = f (x)
as+bt+clk (s,t) = £,(x) ® g (xy) ® £(y)
p =2~ 401

ax+by+c =0
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H&RELTHE., (28,4528, vy = A2FIRCTINEREDER
(envelope) TiE 2 W L DHIRTH 5, RiZ. (04) B FHFOHRL THH I,
RR(20E (432 BE2ETHDH, 2OXD7. ZBE»DLIIX,
. X-48xy-192x-12y-96y-388 = 0
NREHBB-ROLA, PLEKREIDIZN -, EEOXRETEBERTIIRV,
BlZX, Bl208BE.
P=(x)= (x-1) (X+x+1) (X+H3x0+1) = ¥*+2x°-2x%°-1
£ (x) = X +ax +bx*Hex +dox +pesx +p bx Hp ax+p’ = 0
p=2~ 401
DEEF (=#&F)
k(sp)=5£x)® g(xy) ® £(y)
BHERNBRCLS2EER
[3,5,11,17,23,29,31,41,47,53,59,71,83,89,101,107,113,131,137,149,167,173,179,
191,197,227,233,239,251,257,263,269,281,293,311,317,347,353,359,383,389,401 ]
DIS>CERBLTEHENLDS, HESBOB L OIS T
x (x+a) (x+b)*
[3,5,7,11,17,23,29,37,41,43,47,53,59,71,73,83,89,101,107,113,131,137,149,151,167,173,179,
191,193,197,227,233,239,251,257,263,269,281,293,311,313,317,331,347,353,359,383,389 |
(x+a) (X’+bx+cx’+d)
[2,13,19,31,61,67,73,79,97,103,109,127,139,157,163,181,199,
211,223,229,241,271,277,283,307,337,349,367,373,379,397,401 |
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FROES T, HESME D (xta) (X+bx+ex+d) D b D iF 31, 401 TH B, =
OFANBMEBERL TWDENSEEHES W,

g (xy) = x"+y'+sx’y -4 (X+y") ,s =0, - ,10

b) c=-16-4b+4a™+2ab+b'/4 D H &
TOBEEF. EEst 3 LE DB,
g (x,y) = xM+y*+sx’y+t (X+y’) -16-4t-+4s™+2st+t'/4
Thd, TDOHEEL. FHERBLRE
-64-16t+16s+8ts+t" = 0
DA, LAET & Rk 2 R
p = 3,5,11,17,23,29,31,41,47,53,59,71, - -
oW THsNh2d, ZOBRIF., AT, T
, X = 4s+t-8/17, y = s-4t
2 &b,
-18560/289+64y/17+x* = 0
EEFRTEI006,. RURTHD, BIELORFRELT, LEDO x 2RV
TbHbEWA, BEPPLKRKELIR B,
EFIZ, iz, t=0L323L, s=2NBoNn23D0T, (st)= (2,00 %
B 5 AEE r % B K #K (parameter) & L T,
: s =2 (-16+8r+r") / (r+4) %, t = -641/ (1+4) *
T,

(r+4) * (y*+x*) 42 (©*+81-16) y’x* -641 (x*+y?)
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ThHhDd,
LT ORI,
g (xy) = (r+4) *(y*+x') +2 (*+8r-16) y’x* -64r (x*+y*)
’ r=0;~4step1/5

Th D,
[3,5,11,17,23,29,31,41,47,53,59,71,83,89,101,107,113,131,137,149,167,173,179,
~ 191,197,227,233,239,251,257,263,269,281,293,311,3 17,347,353,359,383,389,401 ]
D340l ZRVEREAETLr«0 CEETA2HARER L 2L
r = 14, 12, 8/3, 4/3, 2080/9
BENEN, 36263 EBVEINDETTHD, D/, r=00F AT
g(xy)=16(x-y)*(x+y)*
Thy., Eftxty = 0DELZABAHLTVIDOTINTHEBTIZTH
HBEDRBLbHAI>ERIN . E—2oMIr2HBELTRLTVWERTH S,
— R IOHEORETRLTEL,
g (x,y) = (r+4) * (y"+x*) +2 (r+8r-16) y*x*-64r (x’+y")
r =14, 12, 8/3, 4/3, 2080/9
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° 47 oo °
270 Y ‘\ |
i'v{‘o J’/ :\L . ).\"J
b di -1 t T 1 }
o;}d{ oo%o \ ["’/o o‘aoo}n\o
AN 5
LG E A
\\ooo {\oo :_’, g °°°
( °\ ° °° e :’.5:7-9;( o o/ ¢
\_:\:uo, .0""-’30- “*-9%“ g /z.
4

3,5,11,17,23,29.41,47,53,59,71,83,89,101,107,113,131,137,149,167,173,179,
191,197,227,233,239,251,257,263,269,281,293,311,317,347,353,359,383,389
DHEOKIT

THHHN, Zhid, BERELHNX DAL KA (solution manifold determied by

normalized coefficient equation, coefficient manifold) # K < EBH L TV 3 & I F W&

Vo Xy DEHRAXOBEFEBFIZRNLIWVWEZILOREARTH D,
-

BORIIZHDADERY BAPERERTEEG L I~ bRV, Th

X, ¥ —&F — F (keyboard) D K4 (= X F) DNASI (= B#, permutation) D §& T

b, E-T, EBREBD [BEHE] OXFINRR)TH 5 H
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BERZZOIOBREZ., FEMACHEOY T T,
BERICRAPTWVWTILEDS, BLVAALALIELID A,

RELWSTHD, FZELED LT R2TDNR,

. OEOH, BHEEMRALLEOI L E, ERT, BVHL T

BbHLigxT, BOFORICLE»NZA T, B0oEICE VAL A
HicilWgED, ELWDOA,
RELBFEATHD, bH5FZDA] E TH5F2D0 )] TEARL T,
“¥bh,. AR D X7

EVWISLTHD, RApE, BEALRMICKDLDI - LESBBLDL D,
I, £, ZARZELVENEES,

w DB,

Filip Najman, Torsion of elliptic curves over quadratic cyclotomic fields,
Math, J. Okayama Univ. 53 (2011), 75-82
p.77 ©
] Lemma 8. E(Q (#) ) ws can not be Zis
OHEBAICEKLTIHASATY S
F. P. Rabarison,
Torsion et rang des courves elliptiques definies sur les corps de nombres algebrigues,
Doctorat de Universite de Caen. 2008
p. 37, case 25.5 O
s'=t(t*-1) (£+2t-1) (-2t-1) = £-6t'+6t"-t
PHODOJFRATH D,
Bl 3.
y = x (x-1) (x*42x-1) (x*-2x-1) = X-6x"+6x’-x = f (x)
det (f(x))=f(x)® f (x)=-2"
TOBBOERT —FIEIKROEITH D, b =003 VORHEH,
[p, a, by, c;, d;]

[2,0,-1,-2,-4], [3,0,0,0,-181, [5,0,0,0,-501, [7,0,-4,0,-26], [11, 0,0, 0, -242],

[13,0,0,0,-338], [17, -8, 28, -184, 11581, [19,0, 0, 0, -7221, [23, 0, -68, 0, 20861,

[29,0,0,0,-1682], [31, 0, 124, 0, 57661, [37,0, 0, 0, -27381, [41, 0, -164, 0, 100861,

[43,0,0,0,-3698]1, [47, 0, 188, 0, 13254], [53,0, 0, 0, -5618], [59, 0, 0, 0, -69621,

[61,0,0,0,-7442], [67,0,0, 0, -89781, [71,0, 124, 0, 76541, [73, 0, -292, 0, 319741,
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[79, 0, 316, 0, 374461, [83,0,0,0, -13778], [89, 0, -356, 0, 475261,
[97, 56, 1500, 25480, 2990781, [ 101, 0, 0, 0, -204021, [103, 0, -4, 0, 14950],
(107, 0,0, 0, 228981, [109, 0, 0, 0, -23762], [113, -8, 220, -1720, 395581,
[127, 0, 508, 0, 967741, [131,0, 0, 0, -34322], [137, 0, -548, 0, 112614],

[139, 0,0, 0, -386421, [149, 0, 0, 0, -44402], [151, 0, 188, 0, 481661,

[157,0, 0,0, -492981, [163, 0, 0, 0, -53138], [167, 0, 124, 0, 533501,

[173,0, 0,0, -598581, [179, 0, 0, 0, -64082], [181, 0, 0, 0, -65522],

(191, 0, 764, 0, 2188861, [193, 56, 1884, 41608, 6796221, [197, 0, 0, 0, -776181,
[199, 0, 508, 0, 1333501, [211,0, 0, 0, -890421, [223, 0, 892, 0, 298374 ],
[227,0,0,0,-103058], [229,0, 0, 0, -104882], [233,0, -932, 0, 3257341,

[239, 0, 956, 0, 342726]
¥ =x (x-1) (*+2x-1) (¥*-2x-1) = xX’-6x"+6x’-x = f (x)
£ (x) = X +aX +bx +ex +dX +peox’+p bk +p ax+p’ = 0
p=2~239

16
°® 14 °
° 12 °
¢°° i3 10

-1§ -18 -§ e o5 10 15

IOBADOHTAICE, 0=12=90CDFAOADAVZTENLTVE, BV D
HADARHIRXLEDOL S ITRAZONRARYB YN,
EEREBRZEEC LD xyzZHOoMTE 2 —2E»YVRRT 5,
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BELZARXOEETBRIZODVWTREROLI THD, p = 220 TIEH
KRHOLE®RD B,
[2, x-9x+2x+8], [3, ¥ (x~12) 1, [5, x*(x20) 1, [7, x*-32x*+128]1, [11, x*(x*-44) ],
[13, X (x-52) 1, [17, (xX*+4x-28) 7], [19, X' (x-76) ], [23, x-160x*+6272],
[29, x* (x*-116) 1, [31,x'], [37,x (x*-148) 1, [41, (x-164)7°], [43,x" (x-172) ],
(47, x'], [53, ¥ (x-212) ], [59, xX*(x*-236) 1, [61, % (x-244) 1, [67, x* (x’-268) 1,
[71, x*160x*+1281, [73, (x-292)°1, [79, x'], [83, x*(x-332) ], [89, (x*-356)°],
[97, (x™-28x+164) 7], [101, x’(x*-404) ], [103, x*-416x*+36992], [107, x* (x’-428) ],
[109, x* (x-436) 1, [113, (xX+4x-124)7], [127, x'], [131, X’ (x*-524) ], [137, (x-548)°],
[139, ¥ (x*-556) 1, [149, x¥* (x*-596) 1, [151, x*-416x*+36992], [157, X" (x*-628) ],
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[163, x* (x*-652) 1, [167, x'-544x’+67712], [173, x* (x-692) ], [179, x* (x*-716) ],
(181, x*(x*-724) 1, (191, x'], [193, (x*-28x+164)°], [197, x*(x’-788) 1,
[199, x*-288x+103681, [211, x’(x’-844) 1, [223, x‘1, [227, x*(x*-908) 1,
(229, X (x*-916) 1, [233, (x-932)°1, [239, x']1]
TOBELERIIOBL TRBL,
x (x™-a)
[3,5,11,13,19,29,37,43,53,59,61,67,83,101,107,109,
131,139,149,157,163,173,179,181,197,211,227,229]

4
X

(31,47,79,127,191,223]
(x*-a)?
(41,73,89,137,233]
(x’+ax+b)*
(17,97,113,1931]
x'+tax*+b
[7,23,103,151,167,199] *
BEMRbooduT7HIXICUA)=4TH 5,
of (x,y) = x’+x2y+xy2+y’-é (X4+xy+y’) + (b-4) (x+y)+3ac=0

X

=X
NONS

RO, EEAMOERE, BN, 20, ALERIIOBLEVD X,
BERREESp=20LETH B,
T, BEREHAIESETIN, ERXxy=0TRHZ2VWEEIX
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(x'+ax+b) *
[17,97,113,193]

DHEETH 5,
Euer DEEFIZOVTIR, 26813, KORD LI TH 5,
16y* = (a-2x) (2x’-3ax’+4xb-16x+12a-4c)
s=xty,t=x-y,z= (2s-a) t/4
p=2~239

p = 3,5,11,13,19,29,37,43,53,59,61,67,83,101,107,109,
131,139,149,157,163,173,179,181,197,211,227,229
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DI >, BODTHERETH D,
tEoRKIT 8 2HEELT, &N B3SI0b 0T, TEEHROREN
COBIZET,
p = 31,47,79,127,191,223
DHFEIF. MEHLBERICEBLLLTLE I,
p = 41,73,89,137,233

r'// \
i

!

p=17,97,113,193
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TOBE. AAOEMBMBORBLEIIHI2P 0% xROECLOABERENT
W3,
p = 7,23,103,151,167,199

Y =x(x1) (x*+4)
det (f(x))=f(x)® P (x)=-2"-5"
[2,0,-1,-2,-41, [3,0,0,0,-181, [5,0,-2,0,1]1, [7,0, 12,0, 1021, [11,0, 0, 0, 461,
[13,0,712,0,3741, [17,0, -36,0, 9021, [19, 0,0, 0, -6901, [23,0, 76, 0, 24701,
[29, 0, 76, 0, 31261, [31, 0, 124, 0, 57661, [37, 0, 76, 0, 41821, [41, -8, 124, -760, 75901,
[43,0,0,0,-16501, [47, 0, 108, 0, 73021, [53,0, -20, 0, 57181, [59, 0,0, 0, -1554],
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(61,0, -20, 0, 75421, (67, 0, 0, 0, -8466]1, (71, 0, 156, 0, 141181, [73, 0, -260, 0, 275581,
(79,0, 4, 0, 11974], (83,0, 0,0, -91701, [89, 0, -164, 0, 143741, [97, 0, -356, 0, 505021,
[101, 0, -84, 0, 221661, [103, 0, 12, 0, 120061, [107, 0, 0, 0, -182901,

(109, 0, 44, 0, 242461, (113, -8, 476, -2744, 820541, [127, 0, 428, 0, 764861,
[131,0, 0,0, -32754], [137, -40, 892, -15320, 2076541, [139, 0, 0, 0, -186421,
(149, 0, -372, 0, 789981, [151, 0, 284, 0, 652541, [157, 0, 364, 0, 824221,

(163, 0, 0,0, -53138], [167, 0, 396, 0, 780541, [173, 0, -468, 0, 114614],

[179, 0,0, 0, -568821, [181, 0, -404, 0, 1063261, [191, 0, 700, 0, 1949501,

(193, 0,-228, 0, 137661, [197, 0, -84, 0, 793821, [199, 0, 732, 0, 2126461,

[211, 0, 0, 0, -242421, (223, 0, 684, 0, 2071741, [227, 0, 0, 0, -615861,

(229, 0, 44, 0, 1053661, [233, 0, -388, 0, 724861, [239, 0, 636, 0, 190278],

[241, 0, -580, 0, 1674941, [251, 0, 0, 0, -1259701, [257, -8, 796, -5176, 2924221 ,
[263,0, 12, 0, -613381, [269, 0, 428, 0, 1905181, [271, 0, 572, 0, 1959101,

(277, 0, -628, 0, 2520541, [281, 0, -740, 0, 2620541, [283, 0, 0, 0, -864501,

[293, 0, -436, 0, 2192221, [307,.0, 0, 0, -1838901, [311, 0, 1180, 0, 5410301,
(313, -40, 1596, -36440, 8039421, [317, 0, 204, 0, 2113821, [331, 0, 0, 0, -115154],
[337, -8, 1116, -7096, 5404221, [347, 0, 0, 0, -236210], [349, 0, 1100, 0, 546102]

e REAR O 4y # 1X :
y = £(x) = x(x-1) (x+1) (x*+1) (x*+4) = x’+3x’-4x
£ (x) = X +ax +bx e +dX*+peex +p bex +pax+p’ = 0, p = 2 ~ 349

CTOBHFIZONTH FRTE 2,
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y' = f(x) = x+3x’-4x
£, (u) = u*-au’+ (b-4) u’+ (3a-c) u+d-2b+2 = 0
LE(x)=%(y)=5(z) =0,p=2~349

KREZBEROPBOBETHEHROLITH D,
[2, x9x*+2x+8], [3, x*(x*-12) 1, [5, x*-22x™+717, [7, x*-16x*+32],

[11, (x-6) (x+6) (x*-8) 1, [13, (x-20)°], [17, (x*-52)7°], [19, x'+32-76x],
[23, x™-16x'+321, [29, (x-20)°], [31,x'], [37, (x-6)*(x+6)°], [41, (x*+4x-28)°],
(43, x=172x*+2048], [47, x*-80x*+1568], [53, (x*-116)°], [59, x*-236x’+5408],
[61, (x*-132)°%], [67, x-268x+5121, [71, x*-128x*+2048], [73, (x’-276)°],
[79, x'-320x™+25088 1, [83, x*-332x™+4608], [89, x'-520x*+594081, [97, (x*-372)°],
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(101, (x’-244)71, [103, x400x+307521, [107, x'-428x*+46081, [109, (x-14)*(x+14)°],
(113, (x+2)°], [127, x™-80x*+321, [131, x*-524x*+1568], [137, (x*+20x-28)°],
[139, x*-556x+200001, [149, (x-22)7(x+22)*1, [151, x*-320x*+250881,

[157, (x*-132)7%], [163, x* (x™-652) 1, [167, x*-272x*+15681, [173, (x-580)°],
[179, x*-716x’+72001, [181, (x’-564)*1, [191, x"-64x*+512], [193, x*-1000x*+1762721,
(197, (x*-436) 1, [199, x*-64x*+512], [211, x*-844x’+648001, [223, x*-208x*+15681,
(227, x'-908x’+41472], [229, (x*-436)°], [233, x'-1320x™+361872], [239, x'-320x+512],
[241, x*-1544x+5632161, [251, x-1004x’+32], [257, (x’+4x-124)°],

[263, x*-1040x+706881, [269, (x-18)*(x+18)*], [271, x*-512x+32768],

[277, (x’-868) 71, [281, x'-1864x’+835856], [283, x'-1132x*+73728], [293, (x’-804)°],
(307, x*-1228x*+4608], [311, x"-64x*+512], [313, (x*+20x-28)°], [317, (x’-532)°],
331, x*-1324x*+1039681, [337, (x™+4x-124)], [347, x*-1388x*+46081, [349, (x-148)°]
T, B2 b0, TOFaTHICLI - THET 5,

(x-a) (x+a) (x*+b)
[11]
(x*+ax+b)?
[137,257,313,337]

(x*+a)?, (x-a)*(x+a)’
[13,17,29,53,61,73,97,101,113,157,173,181,197,229,277,293,317,3491, [37,109,149,269]
S(4)=4
(2]

D (4)=2x4
(5, 19, 43, 59, 67, 83, 89, 107, 131, 139, 179, 193,

211, 227, 233, 241, 251, 281, 283, 307, 331, 347]

C(4)=4
(7,23,47, 71,79, 103, 127, 151, 167, 191, 199, 223, 239, 263, 271, 311]

x (x*+a)

[3,163]

p=2~347TO®ATIIX. Bl XX, mod48 Tl
A mod 48 = {1,5,11,35, 41,43}, B mod 48 = {7,23,31,47}
Thorh-RbA. RNETET,
RERBNBROF S
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Of (x,y) = X+x’y+xy*+y’-a (X +xy+y’) + (b-4) (x+y) +3ac =0
(x*+a)’, (x-a)*(x+a)’

p = 13,17,29,37,53,61,73,97,101,109,113,149,157,173,181,197,229,269, 277,293,317,349

TOHFEp=113, xR)'OHEOH xty LR DIEAFE D O,
D (4)=2x4
[5, 19, 43, 59, 67, 83, 89, 107, 131, 139, 179, 193,
211, 227, 233, 241, 251, 281, 283, 307, 331, 347]

i W
D i B
’,z/}: N
i N
14 b N
4 %
1éle/ 1] \o
g 4 ’." { \ X
l \
1l 1!
k H _' 0 T H ?
181\ ! Dx if ]
IR\ 4
\‘Q\ -1 l//‘ 'flj.’f.ﬁ
\ 1 Ve
2
SO o
NS

IOHE, TT, xtyDEFELL, AOLFRAMN

xz+yz =4
LRARDDIE. p=589,193233241281 DB E TH 5,
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C(4)=4
[7, 23, 47, 71, 79, 103, 127, 151, 167, 191, 199, 223, 239, 263, 271, 311]

TOHEAEL, TRT,. xty PDEFEZLDIEIKEDY I R2VWHE, §EIX.
A BMAPDERLZSH LTS, Zhbit,
¢ =2/7, 34/31, 2, 158/47, 34/7, 46/7, 14
X'texy-y' = 0
T.2EREZRLTWVS,
(x™+ax+b) ?, [137,257,313,337]

Buler MOMMBBROF Thb., KRKIT—HTHhBER. BT,
y = f(x)=x"+3x"4x
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16y° = (a-2x) (2x’-3ax’+4xb-16x+12a-4¢c)
s =x+y, t=x-y, 2= (2s-a) V4
p = 13,17,29,37,53,61,73,97,101,109,113,149,157,173,181,197,229,269, 277,293,317,349

D (4) = 2x4
[5, 19, 43, 59, 67, 83, 89, 107, 131, 139, 179, 193,
211, 227, 233, 241, 251, 281, 283, 307, 331, 347]

N, VA=A — bR =40
4y*+x'-8x" = 0
THD,
C(4)=4
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(7,23, 47,71, 79, 103, 127, 151, 167, 191, 199, 223, 239, 263, 271, 311]

(x*+ax+b)’
[137,257,313,337]
4

B 5.
y' =x+1 = (x+1) (x-x+1) (x*x*+1) = f(x)
IO, BERMBEROERT - X3RO ELITH B,
[p, a, by, c5, dp] _
(2,-1,-1,-3,-61, [3,0,0,0,0], [5,0,5,0,01, [7, 4, 7,-28, 1121, [11,0, 11,0, 0],
[13,-2,13,-26,521, (17,0, 68,0, 17341, [19, 8, 28, 8, -1701, [23, 0,23, 0, 01,
[29,0,29,0,0], [31,-4,31,-124,496], [37, -8, 28, -152, 6941, [41,0,41,0,01],
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(43, 8, 43, 344, 27521, [47,0,47,0,01, [53,0,212,0, 168541, [59,0, 59, 0, 0],
61, -14, 61, -854, 119561, [67, -16, 67, -1072, 171521, [71, 0, 284, 0, 302461,
[73, -8, -116, 136, 140861, [79, -4, 79, -316, 12641, [83, 0, 83, 0,01,
(89, 0, 356, 0, 475261, (97, -14, 97, -1358, 190121, [101,0, 101, 0,01,
(103, 20, 103, 2060, 412001, [107, 0, 428, 0, 686941, [109, -8, 28, 808, -22826],
(113, 0, 113,0,0], [127, 8, -116, -1240, 6118], [131, 0, 131,0, 0], [137,0, 137, 0, 01,
(139, -16, 139, -2224, 355841, [149, 0, 149, 0,01, (151, -4, 151, -604, 24161,
(157, -14, 157, -2198, 307721, [163, 8, 316, 2312, 585821, [167, 0, 167, 0, 0],
[173,0,173,0, 0], [179, 0, 716, 0, 1922461, [181, -8, -260, -152, 80182],
(191, 0, 191,0, 01, (193, -2, 193, -386, 772], [197, 0, 788, 0, 232854 ],
(199, -64, 2044, -43840, 703846], [211, -16, 211, -3376, 540161,
(223, -28, 223, -6244, 174832], (227, 0, 227, 0, 0], [229, 22, 229, 5038, 1108361,
(233, 0,932, 0,325734], [239,0,239,0,0], [241, -14, 241, -3374, 472361,
‘ [251, 0, 1004, 0, 3780061, [257, 0,257,0,01, [263, 0, 263, 0,01,
[269, 0, 1076, 0, 4341661, [271, 8, -404, 296, 1842941, [277, -26, 277, -7202, 1872521,
(281, 0, 281, 0, 01, (283, 32, 283, 9056, 2897921, [293, 0, 293, 0, 0],
[307, 8, -260, -376, 583901, [311, 0, 311, 0, 0], [313, 22, 313, 6886, 151492],
[317, 0,317, 0,0], [331, 32, 331, 10592, 3389441, [337, 34, 337, 11458, 389572],
(347, 0,347, 0,01, (349, -14, 349, -4886, 684041, [353, 0, 353, 0,01,
[359, 0, 1436, 0, 7732861, [367, -4, 367, -1468, 58721, [373, -38, 373, -14174, 538612],
(379, -64, 2476, -69184, 15198941, [383, 0, 383, 0, 0], [389, 0, 389, 0,01,
(397, -8, 316, -2648, -10730], [401, 0, 401, 0, 0] ]
HHBODAHIX
y =¥+ = (x+1) (xx+1) (x*x+1) = f(x)
£ (x) = X+ +bx e +dxX +peCHpiox Hplagx +pt = 0
p=2~401
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ThHY, AE n2, SMEOIADHE, BRYOEREHMOMTHD, Th
BD—HROAENLE I DI TR,

YR B4y A7 (normal coefficient distribution) IZ 2W T H, 2 FE 6 OH K
WOWTET, 3RITZEMTIX, LW “ER&” (crown shaped) D% L T

B D . Tchebychev D BB N EHIZ S £ 11 5 (explicitly included) & 9 B TH M|
BWHEETH D,

y' =x+1 = (x+1) (x’-x+1) (x*x'+1) = f(x)
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KEZHEIXOPBOBEFIREKOLI TH B,
[[2, (x+1) (xX-9x+6) ], [3, x'+18-12x°], [5, X’ (x*-15) ], [7, (x+4) (x’-21x+28) ],
[11, ¥ (x-33) 1, [13, (x+2) (X-39x+26) 1, [17, x'], [19, (x-8) (x™-48x+64) ],
123, (x69) 1, [29, ¥ (x-87) 1, [31, (x+4) (X-93x+124) ],
[37, (x-10) (x’+18x™+60x-136) 1, [41, x’(x-123) ], [43, (x-8) (x’-129x-344) ],

[47, ¥ (x-141) ], [53,x'], [59, X (x-177) ], [61, (x+14) (xX-183x+854) ],

[67, (x+16) (¥-201x+1072) 1, [ 71, x*], [73, (x-10) (xX’+18x"-228x-4168) ],

[79, (x+4) (xX-237x+316) ], [83, x'(x-249) 1, [89, x'1, [97, (x+14) (x’-291x+1358) ],
[101, x* (x*-303) 1, [103, (x-20) (x’-309x-2060) ], [107, x*],
[109, (x+2) (xX'+6x’-420x-2584) 1, [113, x*(x*-339) ],

[127, (x-20) (¥'+12x’-384x-3392) 1, [131, ¥ (x*-393) ], [137, x*(x-411) ],
[139, (x+16) (X-417x+2224) 1, [149, X’ (x*-447) 1, [ 151, (x+4) (x’-453x+604) 1,
[157, (x+14) (xX-471x+2198) ], [163, (x-8) (x’-336x-1088) 1, [167, x* (x*-501) ],

[173, ¥ (x*-519) 1, [179, x'], [181, (x+26) (x-18x*-516x+9224) 1, [191, x" (x*-573) 1,
[193, (x+2) (x*-579x+386) 1, [197, x'1, [199, (x+28) (x'+36x’+240x-1088) 1,
[211, (x+16) (x*-633x+3376) 1, [223, (x+28) (xX’-669x+6244) 1, [227, x*(x*-681) ],
[229, (x-22) (x’-687x-5038) ], [233,x'], [239, x*(x-717) ],

[241, (x+14) (x-723x+3374) 1, [251, %'}, [257, X' (x-771) ], [263, " (x-789) ],
269, x'1, (271, (x+28) (x¥-36x’-480x+19648) 1, [277, (x+26) (x’-831x+7202) ],
[281, x*(x’-843) 1, [283, (x-32) (x’-849x-9056) 1, [293, X’ (x-879) 1,

(307, (x+16) (x’-24x’-1104x+25408) 1, [311, x*(x*-933) 1, [313, (x-22) (x’-939x-6886) ],
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(317, ¥ (x951) ], [331, (x-32) (x-993x-10592) 1, [337, (x-34) (x’-1011x-11458) ],
(347, X (x-1041) 1, [349, (x+14) (xX’-1047x+4886) 1, [353, X’ (x’-1059) 1, [359, x'],
[367, (x+4) (x’-1101x+1468) 1, [373, (x+38) (xX-1119x+14174) ],
[379, (x-8) (xX’+72x*+1536x+8704) ], [383, x*(x*-1149) ], [389, x* (x*-1167) ],
[397, (x-34) (x*+42x’+156x-1576) ], [401, x* (x-1203) 1]
INLEESBOBMIZLE>THELTHL,
(x+a) (xX+bx*+cx+d)
[37,73,109,127,181,199,271,307,379,397 ]

(x+a) (xX*+bx+c)
[2,7,13,19,31,43,61,67,79,97,103,139,151,157,163,
193,211,223,241,277,283,313,331,337,349,367,373 ]

% (x+a)
[5,11,23,29,41,47,59,83,101,113,131,137,149,167,173,191,
227,239,257,263,281,293,311,317,347,353,383,389,401 ]

o
[17,53,71,89,107,179,197,233,251,269,359 ]

C(4)=4
(3]
BHEFEMOBROBE
Of (x,y) = X+xX’y+xy’+y’-a (X+xy+y’) + (b-4) (x+y) +3a-c =0
(x+a) (X+bx*+cx+d)

[37,73,109,127,181,199,271,307,379,397 ]
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(x+a) (x*+bx+c)
[2,7,13,19,31,43,61,67,79,97,103,139,151,157,163,
193,211,223,241,277,283,313,331,337,349,367,373 ]

\ \ //}3‘}?‘*’ \\
\\\ \ j - N
N

N TR
N

IhbOBRITT T
(N2, W2), (2, 2), ((N5-1) 12, (~¥5-1) 2), ((5-1) 12, (V5-1) 12)
nERED,
X (x’+a)
[5,11,23,29,41,47,59,83,101,113,131,137,149,167,173,191,
227,239,257,263,281,293,311,317,347,353,383,389,401 ]
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TOBAIR, MRT, xty=0, X =30 LIZHAMLTVSB,
»
(17,53,71,89,107,179,197,233,251,269,359 ]
OB, RE#E» 2V, TXRTHERAIKELLTWVS,
C4)=4

[3]

s 3

BL2OREBEOBERI b LBRR2KREAVAETHAI>Z LERLTWV S,
Tchebychev O B iZ . FEM X F2FBIZIERX LTV B MN)

X =t+tl/t, y = t'+14"
PHtEHELELDOTHE, BBAO 0@EERLL TEL &
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X, X>-2, X’-3x, x-4x’+2, X’-5x'+5x%, x°-6x'+9x7-2, X' -7’ +14x’-7x,
x-8x°+20x-16x°+2, X*-9x'+27x’-30x’+9x, x'*-10x"+35x*-50x'+25%*-2
ThHbH, 7=, VY — 2 ® iR (Lissajous curve) IZ
X =t+1A", y = C+1A
NHtEHELELOTHD, UTFTiEom<s6D V3 —TVa20EBROKTH
%,

Lissajous curve, nm < 6

UTORIE. nm<4D U ¥ — 2 2 iR
XY,y = X2,y = X-3x, y' = x’-3x+2 = (x+2) (x-1)?
X+xy+y’ = 3,y = x4x*+2, xy-4x’+3y+2 = 0
DFEMNBL,
{y =x, y =x-3x, X = y-3y, X'+xy+y’ = 3}
bW bOTHD, M. BHITy=xX3xDEMH
0 (x-3x) = ((X-3x) - (¥’-3y) ) / (x-y) = X' +xy+y’-3 ‘
Thy, Zhb TEERESHRXDOK T B (twinergroup) Z R L TW 5,
(x+a) (X+bx+c)
[2,7,13,19,31,43,61,67,79,97,103,139,151,157,163,
193,211,223,241,277,283,313,331,337,349,367,373 ]
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COMBEOLIRZVWRIE p = 20KBBETHD. ThbiFH— bR (heart
form) # & L TW 5,
37,73,109,127,181,199,271,307,379,397
DHBA|FTV I — VR ETZBRRIEITH D,
Euer BER DB A,
vy =x+1 = (x+1) (X*x+1) (x*x*+1) = f(x)
16y = (a-2x) (2x’-3ax’+4xb-16x+12a-4c)
s =x+y,t=x-y, z= (2s-a) /4
(x+a) (xX’+bx*+cx+d)
(37,73,109,127,181,199,271,307,379,397 ]

— 127 —



(x+a) (x'+bx+c)
2,7,13,19,31,43,61,67,79,97,103,139,151,157,163,
193,211,223,241,277,283,313,331,337,349,367,373

FIT, BAXR, FI)HBREROEN, bLIIRE-TEERESLZEHEARD
AEIMBIZOWTERET D, RN
(7X°21x+4V7) (Tx+4V7) |, (13x-39x+2V13) (13x+2V13),
(31x-93x+4V31) (31x+4V31), (43x-129x-8V43) (43x-8V43),
(61x-183x+14V61) (61x+14V61) , (67x’-201x+16V67) (67x+16V67),
(79%-237x+479) (79x+4v79), (97x*-291x+14V97) (97x+1497),
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(103x>-309x-20¥103) (103x-20V103) , (139x™-417x+16v139) (139x+16V139) ,
(151x™-453%+4V151) (151x+4V151), (157x-471x+14v157) (157x+143157) ,
(193x-579x+2V193) (193x+2V193), (211x-633x+16V211) (211x+163211),
(223x-669x+28V223) (223x+28v223), (241x-723x+14V241) (241x+14\241) ,
(277%'-831x+26\277) (277x+26\277) , (283x’-849x-32v283) (283x-32V283) ,
(313x-939x-22\313) (313x-22V313), (331x-993x-32V331) (331x-32v331),
(337x-1011x-34V337) (337x-34\337), (349x’-1047x+14V349) (349x+14V349) ,
(367x-1101x+4V367) (367x+4¥367), (373x’-1119x+38V373) (373x+38V373) ]
ThHY., HFOEKEDODRERD p=19,163(F2K&E. ZOWa)0EK 1)
(361x’-912x+64V19) (19x-8v19), (26569x’-54768x-1088v163) (163x-8V163),
. EA (xta) (C+bx+extd) ORI T, BRIZb=0KR>»EHE LR D&
NbEmblw, MhAklLTh, EEHESZEIXO—RFEIZ
(px*-3px+kvVp) (px+kvp) = p (¥p (x™-3x) +k) (Vpx+k)
= p* (x"+kp » x’-3x-2k/\p - x+kp)
PHTHD, z=kp LB L, — BT
‘ f(x) = x"-z’-3x°R2zx+7 = (x-z) (x’-3x-z)
Thd, REBHIZIZ
f(x)® y-(x-3x) ® f(y)=0
BERMTAHENR, FLLIX
f(x)® y- (¥-3x) = (z-y)’(Z-3z-y)
ThdhIhb,
f(x)® y- (-3x) @ f(y)= (zy)’ (£-3zy) ® f(y)
= (zy @ f(y))’(23zy ® f(y))
b/ /AN
zy @ f(y)=1f(z)=0
o, TEOEXNEATE L, 2F D,
f(x)=0-f(x-3x)=0
ThHDHZ &, DF Y, Tchebychev ® 3 XK Th(x)= X-3x B, TDOHEIEL. F
BRBMEERXNONTN e 7THOA KT (generator) THH Z L2 EHKL TW 5B,
%KX
u-aw'+ (b-4) u'+ (3a-c) utd-2b+2 = x*-zx’-3x’+2zx+7°
DREEHLBLT, a=2Th B0,
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b-4 = -3, 3a-c = 2a, d-2b+2 = &

ThHd, TNEBEI L, c=ab=1,d=aBEbLN 5B,

FRBOBEELORSAICENIE, o=pa,b=pd=pa THENDL., ZET
— 7 X

[p, a, by, , d1= Lp, 2, p, pas, pas’]
DEEEZDTHD, BEFRKZEAN
f, (x) = x*-ax’-3x’+2ax+a’

LRBH D,

7,13,31,43,61,67,79,97,103,139,151,157,193,211,223,241,277,283,313,331,337,349,367,373
. DHTHE2D, 01 EFTOPOBEOERHD D B

(2,3,17,19,37,53,71,73,89,107,109,127,163,179,
181,197,199,233,251,269,271,307,359,379, 397

DBEERLLTANATORETHD, 7925 =R THd3nb, 283BEDOH
Ak, B 4% $xt (normal coefficient pair) i3

f {y =x,y = x-3%, x = y'-3y, X+xy+y’ = 3}
FreamLTwad, Zan, (BEL)EE 23 O£FH % KK (coefficient
manifold) T 5, \

AT, AFKOHEWOHMBEZRDTHARLELOBRKOK TS 5,

64y*+ (128-48x") y'+ (12x"-96x™+64) y-x" (x*-1) (x-16) = 0
16y°+3x* (x*4) (x*-1)*=0

-4

T THB, IRNLOHBROBRILAOWT, AMIZHEET S,
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64y’+ (128-48x%) y*+ (12x"-96x*+64) y-x* (x-1) (x*-16) =0
22w Tt
f(x) = x"-ax’-3x’+2ax+a’ = (a-x) (a-x'+3x) =0
DRELT, ,ax3x=0L R D x2 Lo FHETHD, ZOHAEIE
s=atx,t=ax,z= (2s-a)t4, a-x+3x =0
Ph, atxZHETNRIET LIV, RPOKX LIV, a=xs THINHLRAL T,
s+2x-x'= 0, 4z- (s+x) (s-2x)=0
EELINL, xBEHETL L
sH2x-xX" ® 4z- (s+x) (5-2x) = 642°+ (128-485") 2'+ (125'-965+64) z-s’ (s'-1) (5’-16)
Li2d, BERLEETRRERDIN, ThPRDILDTH D,
64y’- (128-48x") y+ (12x*-96x°+64) y+x* (x*-1) (x*-16) =0

16y*+3x* (x*-4) (x*-1)* =0
ZOoWTiIE, ERPHD20, BEHBKETERVT -
s=xty,t=x-y,z= (2s-a) 4, a-x'+3x =0, a-y'+3y = 0
Mh atxy ZHELZBDOTH D, BEMICE, £F. t 3BHEITHEET
IR AN

s =xty,z= (2s-a) (x-y)/4, a-x+3x = 0, a-y'+3y = 0
L, a=y3dy,x=sy ZRATHIZ.
. y-6y- (s-y) *+3s = 0, 4z- (2s+3y-y’) (s-2y) =0
THD, HEHGEy BT OIKRENE2 LD L,
y-6y- (sy) +3s @ 4z- (2s+3y-y’) (s-2y) = z (162’435’ (s’-4) (5-1)7)
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BELNDE, RORBPLEEOHBRLBERTERLE, (138, £32) XA,
16y*+3x* (x*-4) (x-1)*=0

(4y/ (x (x*-1) ) ) #3x’= 12
hiz, LOREAETHY, BLLEBLEBBEZELVWRETH 5,
BAOH O sin-FABIT, AR (scenery) I o2 T, ofliz, 2T F
Lk, MRONE (pebbl) IZHOPWTOHETHD, B 4CR-o-TH b o
EEBREBREVUN)OKENEETICEVRVWERD,
sif-FHROFTitp = ICREORKEITCoORTHN T — B ohn il
EHBLTVS, 4= 2EHAXOKKI=F T LHbIZEFETH S,
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