EXPLICIT CONSTRUCTIONS OF CASIMIR OPERATORS

OF sl(n;C) AND so(n;R)

Makoto Ishibashi

1. Historical introduction

In 1931, Hendrik Brugt Gerhard Casimir (1909-2000) found out the
foremost important quadratic sum ( i.e. second-order Casimir operator ) of
elements in a Lie algebra. Then he and van der Waerden used it for a proof
of completely reducibility of the representations of a semisimple Lie algebra.

This Casimir operator was also used for a proof of Levi decomposition
theorem on a finite-dimensional Lie algebra over a field with characteristic
zero. An algebraic proof, which means to use neither Lie group nor ana-
lytic method, of the Weyl character formula on the irreducible representation
with highest weight of a semisimple Lie algebra has been accomplished by
H.Freudenthal via Casimir operator chasing.

Although Harish-Chandra enunciated the center of the universal envelop-
ing algebra of a Lie algebra via Cartan-Weyl theory, explicit construction of
the generators of its center has been carried out by G.Racah around 1951,
by introducing the higher-order generalized Casimir operators.

Then cohomological theory of Lie algebras has showed up through ge-
ometric treatments. So-called exponents of simple Lie algebras are related

to the degrees of the generators of the center of their universal enveloping
algebras.
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2. Casimir operator

Let g be a r-dimensional semisimple Lie algebra over C , and

let{ ul sy vee 5, U } be a basis of g . For a n-dimensional faithful
r
representation p : g wPp glin;C) = Mat (n;C) , we write by Ui =
(u. ) for brevity. Since =B =
pluy y gij P ( ui y uj ) Tr{ Ui Uj ) becomes

a non-degenerate symmetric bilinear form, there exists the inverse matrix

(g . . J ij
g ) of (gij ) . By introducing U = g = U; , we have the

following equations ;
ij ; s .
J i J
E g U, u, =Z U = E _Z J .
i Y; U j o gijU U = UjU (; say C ).
. . 1 2 r
Then we obtain the dual basis u , u , ..., Uu of ul yeee, Ut
with respect to trace-form Bp such that B (u"  y ) = 8 and
P .

i i
p(u’) =U ¢ 14ir ). The above matrix C is called the Casimir operator

of (g;p)
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Let Ulg) be the universal enveloping algebra of g , and let
Z(U(g)) be the center of U(g) . The element c = E ud uy is called
the Casimir element of ( g ; p ) . It is known that C ={r/n) In

=(dimg/dimp)1n and ¢ =ZuJ ujeZ(U(g)) .

Proposition 1. The Casimir operator does not depend on the choice of basis.

Proof. Suppose that { v,} is another basis of g . Write by V. =Zaij ugo
i i

-1 ij
then there exists the inverse matrix A = ( a ) of A=1(a )
1]
We define h =B (v, v ) =E a a . . i simpl
ij b i j ik gkl i1 . Since g 1is semisimple,
ij
there exists the inverse matrix ( h ) of (h ) . It follows from
1]
t ij t 1 ij

(h ) =& (g ) h - } -t

iy g A that (h )= ( A) (g ) a

Z ij z ki k1l 1j Z k1l
Hence h v V = a
i g a vV v = g U U =C
J i k 1

This proves our claim. Q.E.D.

— 199 —



3. Basic example
The origin of Casimir operator may likely be three-dimensional simple
Lie algebra s1(2;C) . Since s1(2;C) ={ Xé Mat(2;C) ; Tr (X) =0

and B(x,y) = Tr ( X Y ) is non-degenerate bilinear form, one sees that

{f , €, h/Z} is the dual basis of { e, f, h , where

Then there are several ways of calculation of the Casimir operator as follows.
o] = Tr(ee)ff + Tr(ef)fe + Tr(eh)fh/2 + Tr(fe)ef + Tr(ff)ee

+ Tr(fh)eh/2 + Tr(he)}h/2f + Tr(hf)h/2 e + Tr(hh) h/2 h/2

=f 0 0 + 1 0 + 2 1/4 0 = 3/2 12
o 1 o 0 0 1/4
C = ef + fe + h h/2 = 3/2 I2
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4, Main theorem

Let p be identical injective representation of sl(n;C) , so(n;R) ,

respectively . In this section, we explicitly construct Casimir operator

of ( sl(n;C¢) ; p ), (so(n;R) ; p) , respectively.

2
(I) Let r be (n -n )/2, and consider the following standard basis
of sl{n;C) ;
e =E , e =E ’ sy € =E e =E , € = E s
1 12 2 13 n-1 1n ’ n 23 n+1l 24
4 € = ’ € = E 3 =E ’ f = N ° 3
r-1 n-2,n r n-1l,n 1 21 2 31
fr =E f =E f =E , £ =E £
? ! - ’ = ) = E
n-1 nl n 32 n+1l 42 r-1 n,n-2 r n,n-1
h = E - E h =E _ _
1 117 ez v "2 227 Bgg v v v By = B - E L, where
. . 2
Eij denote matrix units, and 2 r + (n-1) = n -~ 1= dim ( sl{(n;C) ).

Now let us find out the dual basis with respect to Trace form B (X,Y) = Tr(XY)
p
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We define n-1 elements k , k y  ees 4, k as follows.
1 2 n-1
k = - -1 E - y
1 (n-1)/n B+ (-1/n) 5p + (2-n)/n Eig
k, = (n-2)/n E,, + (~2/n) E,; + (4-n)/n Epp
k = - - - E
3 (n-3)/n E33 + (~3/n) E44 + (6-n)/n 55
k, = (n-4)/n Egg * (-4/n) E55 + (8-n)/n E66 ,
K = (n-(n-3))/n E + (=(n-3))/n E + (2(n-3)-n)/n E
n-3 n-3,n-3 n-2,n-2 n-1,n-1
k = (n-(n-2))/n E —(n-2)/n E —2)= E
n-2 n-2,n-2 ¥ ( ( ))/ n-1,n-1 + (2(n-2)-n)/n nn
k = (2(n-1)-n)/n E + (n-(n-1))/n E + (=(n-1))/n E
n-1 11 n-1,n-1 nn
Then f f , , T e. , e , k
{ 1,2 r 71 2 » ©r 1k, v Ky
is the dual basis of {el yere s € fl yeeosy fr y hy s el s hn—l}
such that B ( u’ s U ) = 5 . It follows from E h, k. = (n-1)/n1
p 1 i ii n
th t C = = -— -
a Zei fi + Zfi ei +Zhi ki (n-1) In + (n-1)/n In
=(n -1)/n I < (aimg)/ (dimp) I
n
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(I1) Let { Xl A ¢ be a standard basis of so(n;R)
r

= Xe gl(n;R) = Mat (n;R) ; tx + X = On as follows.
L% B 7 By Xy = By - B v Xyo= By - Ey,
, X = E - E , where r=(n2—n)/2
r n-1,n n,n-1
= dim ( so(n;R))
Then one sees that Y ; , Yr is the dual basis of Xl s

= (-1/2) X ( 14j%r ). Thus we

know that C =§. XY, = (n=-1)/2 I
J J n
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5 Generalizalison

Let (g} be a basis gf @ r-dimensionil Semisimple Lie
abpebra § sver C,and let £ 8>3l C)=Malle,C) be
4 futhful representation 8f § . for brevety, we write
by U=flz) (xe§=9L4), let L v)=Tr(/ V) be non-
degenerate symmelric bilinear trace form of (9, P), and
let % =4(2.%). Since { ?‘}-) is monsingnlay, there exisls e
cnveyse malrix [ }Lj ) N Z}'}'gj- (T£L5Y), thexn one

sees that [z{/ is the dual basis of /Zf/ } szih that 7;/lf‘;l//j
£

In 1757, G favah Lefined Aigher-order (asimir spe-
raters (i.e generalized (asimir speralor of emtyr 122)
as fa% us,

Co = ST, L) U U

Farthermere | he constvacted @ complele set of
peneritors of the cenler sf the nncversal envelping

:Z/}eér&, of each J‘L'»zf/é Zoe aéejrd .
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/Or&,vm&z“ Lon L lnder the abeve nslalisns, Cy
does nol depend on the thocce of bascs (4] o 9 .

/i }"ﬂﬂf The fermer s/ he proef of propesctien /[ cn
Seclion 2 is aviilible for sxr preef witf the sume
nolalions. [et [} be ansther busis such that

= > 4zl . Write 4y (2%) = (2, ) (%) ( )
, wheye /1; =z§}/¢,§)=7?/mf)=Z@@aZn .
| - .. ~/
It fpllows from ( /f"f) =t( Ly ) /( ¥4 ) ( 4{/) that
Z&}‘V/:ZI{}'{ZH Zé!}f éms :Z?”[[S‘—:U‘*
Hence >~ Tr(V 1/ V ) VeV V&
=2 4y By Ay Y Y U VAV Y
=Z7;’W'.U;L L{p) fflv A e 44;1/[[
=2 (Y

bojrbe b
2 LDUU Ut"Cz

This completes sur prosf. GE D
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Sroposilion 3. Let V1Y) be the amiversid enveloping
i/;aeﬁnz of @ Semcsimple Lie uf}eénz g ever C, anad

put Z(U1Q) (ts cenler: 7hen webave o €Z( L73)
for every ialeper I 22,

/?’”f 2Z s erzpigé Lo prove hal G EZ/Z/(?) becayse suy
cz;;ezzmczz 27 G 2bw wopbs /ﬁr every mz‘gw Z23,

Aecall the f//mwg; coelficLenks A/ //7{() < G (%)
(7<k<r 7</M<V—/mj /1gi)

Sime L ([x4]2) =L (2Tt 21), we Aave a_/ ()
=G (lxu] %)= -4 ((xt 2] % ¢ )= -0y @) amt / 2 %)

"('m (%),
%w/éz‘wcp;zri/er [U‘} C] =1_fC‘ _CU‘

Z T [Lf UL/ UL;U'L_; — Z ‘E,( h 3 Lj) Utlutﬂéi”
=3 TG )Lf u"J“Lr‘o' — TR g L4
+ 3 WU L PG UL — 3 T L L PP L

+ ZT;’( UL'UML&UH —ZT?’[U;, " ) UL'UA%L"H‘
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=2 TG L) (U U4] Ut 3T CARIATIINATE
+ S TG T [ 4]
=2 L) 4 plae) U0
2 TG U &, g i
+ 2 FOLLLLL WL o, (g) ¢

= 2. Tr(4 UL L) U
# 2 Te(Uy 48] U3 ;) U415
+ 2T (U L /4- JZU,) el
= 2T (-Gl L U L) LA
* T, gy, [1,)) ) UL

) Tl Uy (= Co (B0 )U"Uhuf
= = 2 T (LU U UL ) LPALTA L%

"2 Tr (U, LU W) ) L 44
"ZTY/ U "1 [U} U;: )Lfmuwzul
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= = 2 (G ] UL, e

-7 T [Ug L] UG, ) Uires
= 2 Tr (UL [ U, T) UPLrLs™

- Z TY( [‘IK, LC,,LQ,_LEJ]) UL}UA;UL}

I

== T (TG R 0) = TG L) i

- Z 0 Ui, UA U-Lj = @mn
fence UG =G Ug for every X (156<r). 7has we sblain
thal C} e Z(U). G E D

for example, it follows from (hevadley-Kacad result
that Z (Ut €)= CLC G By elementary
taleutylion |, we will show that G=-55 2, as
fo lauss.
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Since (U

1 Usr Ygs Uys U, Ug, Uy Ug ) = (Eqp, Epgy Epg,
Ell_ op 1 Eppm E33 ) and ( U1 u, Us, U4, v, UG, U7, U8
E21, Epgr Ejg0 (2/3) E - (1/3) E,, - (1/3) LI (1/3)E11+(1/3)E22_(2/3)E33 )
we have
U1Va=Fi3 4 UV = Epy o UgUy = - B L U0 = By, UG = By
U Ug = - Eygr UgUg =E, v UUg =E UUg = - 15 u,Y;
U0y =B,y » UV = Bgg» Uy = By 5 Ul = - By, Ugly =
UUs = Bag » UgUy = Egy » UyU) = Epp s UpUy = - Eyp s Upls =
UUg == E,, + UgU, = Eyy s Ugly = Eyp , Uglg = - By, » Uglg =
Now let us consider all the three-term products Ui Ui Ui #

Ay S |

non-zero trace as follows.
U UUg = Eqp » UpUUp = By, UgUsU, = = By, UUgU = B,
YUl = Epp » UpUgUy = Epp 4 UpUglg = = By, Uglgly = By
UsUgls = = E | » U0, = Bz UaUg%5 = Epp U, U107 = - Epp s
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O3

Y2

U3UgYy

21! E32, E3l,

- E3; ,,Ugl, = - E

which have

UzU

577 22’

Eyg s

U u.u

a°1°g = Exp

22



U5U2U8 =By UUY =By UUzUp = = By UgUgly = By v UglyUp = Egg
UgUslVg = = Ezz » UglpUs = Eg5 , USU Uy = Epy , UUUg = - B, U7U3U16= By
U,UUp = - Eyy s UpUgU; = B,y 4 UsUgUg = - E , UglpUg = Epp UglaYy = Eyy
’Ueusuz = - By UglgUy = - E_, UgU.U; = Epp , Uglylg = ~ Epp .

Hence 03 is equal to U10206 + UlUAU7 - U1U7U4 + U1U8U4 - U2U5U7 + U2U5U8

26 285 35 4 367 386 4 7 435 4.1 7 4.1 8
BT Tt Rt S U i |V MUt R T KA U8U +UU Ul +UUU ~uU vy’ s U Uy

528 543 §72 82 612 638 673 714 725
vl + v - v s vt s Bute® -ttt s BT 4 ot - uTut
7.3 6 741 7.8 7 788 8265 8 43 852 B 6 3 877
+yUUU -UUU +UUU -UUU +UUYy +U0UU0UYy —yuU —UUU +UUU
7 - o 1/3 E__ -2/3 1/3 E
= oo~ E22 +1/3 22 +1/3 E33-2/3 E33 + 0 -1/3 E33 +0 -1/3 E33

a3 + 0 +1/3 Epy =2/3 E5p + O -1/3 E,

2

-1/3 E__ -1/3 E 0 -2/3 E 1/3 E,. -
/ 11 * / 1t / 11 1/3 E, 1

-1/3 E__ - +1/3 E__ - -
11 -1/3 E22 33 ~1/3 Eyq 2/3 Eqq + ( 4/27 Eqy +1/27 E,, -2/27 533)

-(2/27 Eqq -1/27 E22 ~ 4/27 E33 ) =2/3 E33 +1/3 E;p - 1/3 E2 - 1/3 E11

2

+ ( 4/27 Eqq * 1/27 Eyy - 2/27 Eag ) - ( 2/27 Ejy - 1/27 Epy - 4/27 Eg5 )

-2
( + 4727 ) 1
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Thus we obtain that C_ = ~ 50/27 I

3 = 3 - Here we want to know what does

it mean the number - 50/27 . The most 1ikelykresult will be obtained by

generalizing Weyl’'s dimension formula and Freudenthal formula.

REFERENCES

[1] Casimir H.B.G. ; Uber die Konstruction einer zu den irreduzibelen
Darstellungen halbeinfacher kontinuierlicher Gruppen gehdrigen Differentialgleichung,
Proc. Kon. Acad. Amsterdam‘34 (1931), S.144.

[2] Casimir H.B.G. and van der Waerden B.L. ; Algebraischer Beweis der
vollstandigen Reduzibilitdt der Darstellungen halbeinfacher Liescher Gruppen,
Math. Ann. 111 (1935), 1-12.

[31 Gruber B. and O’Raifeartaigh L. ; S theorem and construction of the invariants
of the semisimple compact Lie algebra, J. of Math. Physics 5 (1964), 1796-1804.

[ﬁ] Humphreys J.H. ; Introduction to Lie algebras and representation theory,

G.T.M. 9 (Springer), 1972.

[5] Racah Giulio ; Group theory and spectroscopy, CERN Library 61-8 (1961), 44-56.

Makoto Ishibashi
5-22-2, Takiyama
Higashikurume-shi, TOKYO

203-0033, JAPAN

— 211 —



	21_1.pdf
	21_2
	21_3

