SAINT-VENANT AND NAVIER-STOKES EQUATIONS
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ABSTRACT. The two-constants theory is the one now accepted for isotropic, linear elasticity. The
original Navier-Stokes equations [ NS equations | or Navier equations were introduced in deducing the
two-constants theory. From the view of NS equations, we would like to report the deduction of tensor
or equations by Navier (§3.1), Poisson (§3.2) , Cauchy (§3.3), Saint-Venant (§3.4), Stokes (§3.5) and the
concurrence between each other (§4). Especially, we would like to take up a subject for discussion on
Saint-Venant, who is not familliar to the mathematical academy in Japan, however his idea on tensor
is, we think, an epock-making for taking the concurrence among three pioneers of NS equations and
contributing to Stokes’ tensor and equations, which strengthens the frame of NS equations.
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1. Back ground : the Navier-Stokes equations as the productions introduced in the prime
of 2nd period of molecules

We can name the period of 1687-1750 : between Newton[31] and Laplace[21] as “the first period
of molecules”. ( This classification is due to C.Truesdell, whose editor’s introduction to Leonhardi
Euleri Opera Omnia ). Before Laplace, Newton’s physics dominated in also fluid mechanics, whose
“Philosophiae naturalis principia mathematica” [31] was published in 1687. The original Navier-Stokes
equations or Navier equations are one of the productions introduced in the prime of this period.

The heated dispute among Poisson, Navier, Arago, Cournot over the then current topics on actions
of molecules were published in several journals, above all, on Annales de chimie et de physigue ( ACP
) in 1828-29, which was started by Navier[28] against Poisson[43] and finished by Arago[2], (Above all,
Poisson[46, 47] and Navier[25, 27| are the main papers or monographies on fluid.) A.Cournot[9] also
critisized Navier, and Navier argued against Poisson and Arago in another journal ( BSM ). Cauchy
[6], Saint-Venant[52] and Stokes [55] also proposed their tensors and equations in 1828, 1843 and 1845

" respectively.
We show giving and recieving of tensors in the prototypical Navier-Stokes equations in (fig.1).

(fig.1) Giving and recieving of tensors in the prototypical Navier-Stokes equations
Navier([26, 27] (5-4) Ne, (6-1)Ne, (2)
/ [ N
Euler = ... | Poisson[45, 47] (7-7T)ps == Saint-Venant[52] (94) —> Stokes[55] (101)
N 4 4
Cauchy(5, 6] (60) ¢
«— molecular deduction— I «~ non-molecular deduction—

2. Two parameters in elastic solid and fluid equations by Navier, Poisson, Cauchy
Saint-Venant and Stokes

In our contents, we consider the following main papers and introduce the tables from Table 1 to Table
6, in which we show the equations, tensors and relations of coefficients in each other. We show the
equation-numbers of the original papers in the left-hand side of our paper such as :

(x)pe : Poisson [45],

(x)ps : Poisson [47], in which contains elastic and fluid,

(x)ne : Navier [26],

(x)ns : Navier [27],
(*)
(x)

*)c : Cauchy [6],
x)sv : Saint-Venant [52],
(*)s : Stokes [55].

In our paper, the right hand-side equation-numbers are according to our numbering. The following marks
show in our paper :

e § x : the article number in the original,
o ¥ x : the paragraph number in our counting.

2 Now, we can summarize such as :

o The partial differential equations of the elastic solid or elastic fluid are expressed by using one or
the pair of C; and C; such that : in the elastic solid :

8%u
o (ClTl + CQTz) =f.

1158], Ser.2 Vol.12, p.81.

2In our paper, we cite the description of ¢,; of the tensor : of Poisson and Cauchy, from C.Truesdell{57}, of Navier, from
G.Darrigol [12]. in else case by ourself or Schlichting[54].
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In the elastic fluid :

du
E*(01T1+02T2)+'”=f7
where T1, T3,--- are the tensors or terms consisting our equations. For example, in modern

notation of the incompressible Navier-Stokes equations, the kinetic equation and the equation of
continuity are conventionally described as follows :

Z—?—#Au+u-Vu+Vp=f, div u=0. 1)

e Moreover, C; and C, are described as follows :

Cr=Lrig151, Sy = [fg3— Cs, N Ci=Cslrigy = %Lrg1,
Cz = £T29252, Sz = ffg4 — C4,

e () and O, are two coefficients, for example, k¥ and K by Poisson, or € and E by Navier, or R
and G by Cauchy, and which are expressed by the infinite operator £ ( 3 5" or fooo ) by personal
principles or methods, where ry and r, are the functions related to the radius of the active sphere
of the molecules, rised to the power of n, for Poisson’s and Navier’s case, the relation of function
in expressing by logarithm to the base of r exists such that : log, % =2.

e g; and g, are the certain functions which are dependent on r and are described with attraction
& /or repulsion.

e S; and S; are the two expressions which describe the surface of active unit-sphere at the center

of a molecule by the double integral ( or single sum in case of Poisson’s fluid ).

g3 and g4 are certain compound trianglar-functions to compute the moment in the unit sphere.

C3 and Cj are indirectly determined as the common coefficients from the invariant tensor. Except

for Poisson’s fluid case, C5 of C; is 2?”, and C; of Cy is "i—’g, which are computed from the total

moment of the active sphere of the molecules in computing only by integral, and which are
independent on personal manner. In Poisson’s case, after multiplying by %, we get the same as
above.

The ratio of the two coefficients including Poisson’s case is always same as : %} = é

C2 = C4LT2_(]2 = 2Tﬂ‘LT2_q2.

3. Principles and deduction to equations or tensor

3.1. Naviers’ principle and equations.

3.1.1. From Euler to Navier.
Navier-Stokes equations on the incompressible fluid(1). His equations are as follw :

ldp _ dy d?u du d?v d*w Y _ du _ du du du
de_X+e(3E,+W+m+2dzdy+2 RV T T

dzdz dt dz dy dz ;
ldp d%y d%v d*y d?y d*wY _dv _dv ., _ dv . dv .
pdy =Y el GF 3+ A P25 t25L ) S v v H v 2
ldp _ dw | d*w d*w d%u dv Y _dw _ dw . dw dw .
pds = 2t e\ Gr + @F +35%7 T 254 24 dt dz YT @y VT g W
and the equation of continuity :
du dv dw
—+—+-—=0 3
dz dy dz ®)

He explains ¢ from various concepts in [25, p.251] :

€ is the constant which we mentioned above. Many experiments teach that this con-
stant takes the various values for each fluids, and varies with the temperature for each
fluid. It is considerd also as variant with the pression ; but we have observed as the
known facts, on the contrary, that £ is almostly independ of the force which tends to
compress the partial differences of the fluid.

Navier cites the Euler’s equations ([26, p.399)) :
oruge ot +w%‘zﬁ),

dy

_dp
P d:r.—p
—dp _ pfdv o ydv L dv L dy
Q-g =pl@tus tv +wdz)«‘
_dp - ,fdw dw dw dw
R-F=p dt+udz+vdy+wdz)’



HE & (HAXFIR KPR FIRseR MR )

TABLE 1. Cy, Cy,Cs,Cy : the constant of definitions and computing of total moment of
molecular actions by Poisson, Navier, Cauchy, Saint-Venant & Stokes

[no]name Jelastic solid ~[elastic fluid [polar system
d.xfr
541 = k—_:wgdz3 L
R 22 =-Br oLl
_ = 4T x —_ = -
Poisson CZ—K=—3—-E’:;5frV 2n 27 Py =_}§ii—£:fir:rfr I1=TCOSﬁ(?OS’y.
1 145, 47] C3 = d'ny% s Bsin8d0 g3 = (¥, £} = ime Bdlff y1 = rsin Bsinvy,
, C4——fg dvy fy c°5ﬁsin5dﬁg4=>33i Cy: CG=q{5Lr=5— (= -rcosf
E=F= —erd Ir
Remark: Cj is choiced as the common factor of {-,} = {10' 30} =3
cu@%;N—%Zm:—
Ci=e= R s 0
Navier Cl:egﬁ ozdﬂ pfe w 4 2 C = .49 dp - p“F(p) a=pcos¢c95¢,
2 126, 27 —4{ Jo" cosedy g3 = {35 15 5} G =JE dsofo cos ydy g 8= pcosysineg,
! > 1ixle_ 2 =>{% 30}=>21‘,s v =psiny
3418~ 15 g
Cy = dp fo cosydip gg = 4&
Ci=R= —15—Af°° 3 f(r)dr
= :\: o é’“[ 4§ (r) — r3f(r))dr
Cauch C2=G= A fm "Sf(")df cosa = COS P,
3 [GTUC Y C3 = % 02 cos qdqf’r cos acos? 3dp, samely as in elastic solid cos 3 =sinpcosg,
= %fo"cos qdg fy cos? psin? psinpdp = 2—’; cos v = sinpsing
= on {g cos? asmpdqdp
= 7rf cos” psin pdp =
4 |Saint-Venant[52] Ci=¢, Co=£
§ Stokes[55] Ci=A, G, =B Ci=p Ci=£

TABLE 2. The expression of the total moment of molecular actions by Poisson, Navier,
Cauchy, Saint-Venant & Stokes

nojname problem  [C1[C2|C3[Cy[L [rilraler lg2 [S1, Sz, 93, gajremark ]
= 17,
1 E‘;’Im“ elastic solid|k l =&k d—,‘,‘% cf. Table 3
P Kl Zlrgl e e
oisson . 1 dpfr
2 [47] fluid k 3% Eﬁ' r3 —a C3=#21—g=31_0
k| o] | fr Ca=a-%F =%
3 ;&;}uer elastic solid|e Z o delpt| |fo o : radius
Navier
4 (fluid fluid B 2l | dolet| |fo) p : radius
(27]
E| %[ do| |o? F(p)
Cauch system
Sl e JR| [ e e ) = 2ot/ () )
particles
G| |Z|fedr| | f(r) f(r) # f(r)
Saint-Venant | .
6 52] fluid CANES
Stokes .
7 (53] fuid v |5
8 {S;;’]kes elastic solid|4 [B A=5B
—_
du dv dw
—+—4—=0. 4
dr  dy dz @

3.1.2. Principles and means of constant ¢ in elastic solid.
From Navier[26, p.386], we cite his context about the computing of moments of total forces by integral
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TABLE 3. 51, 82,93, g4 : the trianglar functions computing of total moment of molecular

actions in unit sphere by Poisson, Navier, Cauchy & Stokes

no

name S1,82.93, 94

—

-g3 and g4 are in the following tensor :
du

g = asin Scos~y + bsinBsiny —ccos B, ¢’ —gd +h d‘,

h=a'sinBcosvy+ b sinBsiny ~c'cos B, h' —_qd: +h +ldz’

l=a”sinﬂcos'y+b”sinﬂsin'y—c”cosﬂ, 4 —g“ +h +l
J.

P= fo [(9+9)Z—xfr+fgy +hh’+ll)gZ—s—¢%’]A,

r

Q=Jr 2 [(h+h')z;_,fr+(gg +hA W )hzq—dr;]A,

Poisson R= [ (27 [0+ VTS 5 fr+ (oo + w0 +UNS I3 257 a,

i.e.
P g+g (g9’ +hh' +U)g gr
=>|Q =f02"f0§A( h+h' (g9’ +hA +UW)h X
R

L+U (g +hh' + 1)
m K/
= fasar([ e 95 ] [ " ]),

3 .
where A := cos 8 -s8in 8 dB dv, K’:=Zr—a'£1, k=3 Ig—5—.
-8y and Sy are given from above.

‘g3 2

Navier 93 = 38f " 4

elastic solid f=p[—cos Yeos? o+ (92 + 1) cos? ysinpcosp + (42 + 42) cosypsinycos
+—loos2¢sm o+ (—l + dz)smwcoswslmp+ d—‘sm w}

cos a1 cos ag + cos 1 cos §2 + cosy1 cosyz =0
- From (49)c G = £S[+r cos? c;f(r)v], R = £8[rcos? acos? 1 (r)e]
G = :t% f°°° o Jo r3f(r) cos? asin pdrdgdp,
R= % e 02" Jo 73 f(r) cos? a cos? Bsin pdrdqdp
S1= 1 2" Jo cos? acos? Bsin pdp = % fg" cos? qdg [ cos?p(1 — cos? p)sin pdp

ﬂ(——~)=2—"503,

and (50)c

5'2 =1 D ™ Jg cos® asinpdqdp = L2 [ cos® psin pdp = 2 = (.

930 = pcosypcosy, B =pcosysing, ~= psimﬁ
98 = VoV = [aa+ "—;ﬁ+%~y)+ﬂ(ﬂ 26+ 829) +v(%a+ 428+ %2y) %
[Q(Jdu + Jduﬂ+ Jdu )+ﬂ(% ﬂ+ Jdu ) 7(6 Jdu.vﬁ+ de ) ],
‘94
o'? { (usin? r — vsinrcosr)du,
Navier (—usinrcost + vcos? r)dv },
3 fluid 82 { (ucos? rsin? s + vsinrcos rsin? s + w cos r sin s cos s)du,
G =V6V= (usinr cosrsin? s 4+ vsin? r sin? s + wsin r sin s cos 5)év,
(ucosrsinscoss +vsinrsinscoss + wcos? s Yow },
y'2 { (wcos? rcos? s + vsinrcosrcos? s — wcos rsin s cos s)du,
(usinr cosrcos? s + vsin® r cos? s — wsinr sin s cos s)8v,
L (—ucosrsinscoss — vsinrsinscoss + wsin? s )éw }
where o’ =pcosiycosp, B =pcosysing, v = psiny.
g3 =gs=%:
G =G(cos? ay + cos? 81 + cos? 1) = GA,,
L = L{cos® on + cos® B + cos® 1)
+6R(cos? B1 cos? v1 + cos? 1 cos? a1 + cos? g cos® B1) = LB + 6RC,
Wo R= R(cos2 B1 cos? v + cos? Bz cos? v1 + cos? 1 cos? ag
+c082 vz cos? a1 + cos? a1 cos? B; cos? a; cos? B1)
+4R(éosﬂ1 cos 81 €081 cO8 Y2 + COS ] COS Y2 COS @] COS A2
+ cos a1 cos a3 cos B1 cos B2)
3 (Cauchy \ +L(cos? ai cos? oz + cos? By cos? Bz + cos? vy cos? v2) = RD +4RE + LF
where cos? a; + cos? 51 + cos? 7n =1 cos? ag + cos? B2 + cos? v2 =1,
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TABLE 4. T\&T: : tensors & equations by Navier, Poisson, Cauchy & Stokes in elastic solid

[no[name tensor & equations
- Navier’s tensor : t;; = —e(dyjuk,x + i j + uj,:)
- Navier’s equations
X - Er+s 34‘:7 £y 1 &y +2¢'§,J’=+2¢,¢,)=0=
Y——,+s—,+3 m+2;:;y+zgm)=o,

d —
Z—d—tr+s( +—7+3m+2jﬁz+2dy;’z)—o

Same as (6) pe Whlch is deduced from Poisson when K = 0 and o? = i}.
Nlavler - Indeterminate equations with ¢ :
elastic dz fdz | dz ddz | dz 6dy | dyédz | dyddy | du bdy | dy édz
! eold Lk TER TR T e A TR e T he Ay
= deddz | drods | drddr | drods | drads  drfde gdyddy
[26]1821-27 (5-1)ne 0=c[[f dadbde +dc Ae + dc do + da de + da = +ga§gc +&ic En +3ddb63b
dy ddz Sdy | d248dz | d28dy | dyddz | gdzddz
i Qi Ty Gr e g 2O B 30

— [ff dadbde (X6x+ Yoy + 282) ~ | ds (X'6a’ + Y'dy' + 2'82").

- Boundary condition with € :
, / .
X' =¢ cosl3‘;—:;+%%r+ )+cosm(d—br+%ﬂ—, +cosn%+%),
, g ;
(5—4)Ne Y' =¢|cos i ,+%”—, +cos m da’+3db’ d‘ +cosn§”—+%g ,
/ ’ 7
2 =¢leoos {95 + 95 ) +cos m E%’+d }+cosn(d’ %‘9 34z,

- Poisson’s tensor : t;; = —p5¢, + Mg ki + plvij +v5,0)
- Poisson’s equations :
=—KC+%C+QC’+QH)— (3 c+d_uc/+ducu+dv/+ c+dwcu+ )

dv v/ d: ! dv( dv < du dw 1" dw !
Q——Kc+dc+d;c+d'z’ )—k( C+3d°+ +dc+ gtc 4 ov v ¢+ )

Poisson
) elastic R=_-K C”+%C+i:’c’+d:’dl)~ ( C+duxcl+3dwcu+du //_+_ C_+_dv N_+_d‘ll /)
solid IfK=0=
P 2(d%u | 2.d 2 4% 142 1d%uY
(45]1828-29 X =gt +o (E’+§dgdv tidk st tigt) =0
d®v | 2.4 2d 1d 1d%vY _
©)pe QY- SF+a? (4—7+s,2¢'§,+3?—,£§,+§a¥+5$§)—0-
24 242 1d =
Z‘F+“( ¥+ S dads T3 dyer IRt _T)—()’

where a? = if. these are equa.l to Navier’s elastic solid equations.
« Cauchy’s tensor : ti; = Avg 85 + plvi,; +v;:)
- Cauchy’s equations :
2 2 2
(L+G)"’—§+<R+H)—5+(Q+I)"’—§+2Ra,a +2Qa;az =5
2
(68)¢ (R+G)a5‘+(M+H)—5‘+(P+1)‘—5‘+2Pﬁ{;+23m§g ‘gt \

(Q+G)§§+(P+H)5§+(N+1)a—z§ +‘2Qm§5+2}35;5’|; +zZ= —'é

3 %‘;‘;‘g where L=M =N, P=Q=R.
6] KG(=H=1)=0=

©

_a

L“é +Ra—y§+QE§+2Razay +2Qazaz +X= atz

B)c (REF+MI 4+ —;+2Pa—,§;+2nm%+1/=gt,
2
Q—§+P—§+N—§+2Qazar+2P6yaz+z= gt

At last, it rests only G and R. .

e Q4

dz dz

dy dz dz o
da)a }

. 1 dz dz dy

35)ne Va4 B2+ 2+-——[ o? + + =42 By +
(8-5)w SRRy v (G * )ﬁ+( 2" e TP
Le premier terme est la valeur primitive de la distance M M’ des deux points que 1’on
considére, qui a été représentée ci-dessuus pa p. Le second terme représente donc la
variation que cette distance a subie par suite du changement de figure du corps, et a
laquelle la force qui agit de M’ ’sur M est propotionnelle. Si on remplace «, 3,~ par le
valeurs

@ = P COs Y Ccos Y,

3 = pcossinp,

v = psiny,
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TABLE 5. The tensors & equations by Navier, Poisson, Saint- Venant & Stokes in fluid

noname tensor & equations
- Navier’s tensor : t;; = —s(éijuk,k + g b))
- Navier’s equations :
1 — d? 42 4 & 42 a2 d d d d
p;‘;’; X+532¢—§ # Zd:d"y+2d;;’z A—d—‘t‘fﬁ-uAd—:w)—E;—“w,
1dp d d d a a .
(I T R ot P T
1dp _ a3y d & d a
s =2Z+e m+d—yr+37+24z41+24p4,) - o E e G v WS
ie. %‘ti —ecAu+u-Vu+ pr—-f, divu=0
- Indeterminate equations with ¢ and E :
Navier [P—-d2_p(d +ud“+u——-+wdz)]6u
d
, |incomp. 0= [ff dzdydz [Q—Eg—p Loy +uH + w2 )]s
fluid {R- ‘5’3 p ”“’ +u5-‘9 +ui‘£ +w”—“’)]6w
22
[27]1822-27 Sdug_+g_54u+ d:%+dvﬁdu+::6:;+r;t:6::+%%
e I iy § S+ g g ChE R RS
il Ll Bl Hl ST R Nl
+8ds? E(udu + vév + ww).
- Boundary condition with € and E :
Eu + e[ cos 1242 +cosm(”"‘ + ”") +cosn d; + ’fi‘;’)] =0,
Ev+ €] cosl( )+cosm2d;+cosn d:+§‘: =0,
Ew + €[cost ‘;’z‘+ l+cosm(d"+d“’! + cosn24¥] =0,
- Poisson’s tensor : ti; = —pdi; + Avg x6i5 + u(vij + uJ,.)
d d d: dyt ’ dxt d:
U, Uz Us B(a + 32 ﬁ(i—+d:) p-afft - Gt yapge
i Va Va = ﬁ%§+i—‘;’ —a—‘L tjﬁﬁ+2ﬁ%§ ﬁ(%:— Z—:) s
Wi W SR P ot + ) o(d+ %)
% = z
(k+ K)a =8, (kl—-K)a=ﬂ’, p= 1yt =K, then B+ﬁ’*—2ka
= a;
oo o = —adpt - b 4t
N ﬂo?(sison - Poisson’s equations in incompressible fluid :
11 . .
If yt(= density), xt(=pressure const a.nd incompressible
(47)1829-31 Pi( y): xt(= =p )= 1p!

p(X — m)“ = +ﬁ(—7+—7+w)—0
= (9ps p(Y-#)=‘f;j+ﬂ(m+—,+m)—o
PZ = G = 2 O + G+ 5H) =0
ie. %‘ti + %Au+ %Vw =f
- Coincidence with Stokes’ equations : by w = p+ $(K + k)(% + 3—3 + %
= Vo =Vp+ £V (V. u), (9)¢e (12)s of Stokes. ’

.Saint-Venant’ s tensor : t;; = ( (Prxx + Pyy + Prz) — o x)8i5 + e(vij +v54)
=(—p~ i )by +€(vu + vj,i)

i.e.
Saint-Venant de
3 |fiuid o T mr2eg, o(E+4 ) o(#+ &
[52]1834-43 1 -3 12 £ 35 + ?;1 ™+ 292 (_"l + _{) ,
Tz P2 Tv = a6, a4 _g _g
T, T P; Sl t+ o ( + ) T 4 2
where 1r=%(P,,+Pw+Pu (dz+_’l+"§
- Stokes” tensor : —t;; = {p — 2u(vi; — &) +vHi; —v=(p + 3#”1:,1:)51: #lvi; +v54), T
where 3§ = d“ + d" + ‘fi‘;’, v = pvi; +5,0), Uk = Yo, gg'x c.f.[54, p.58]
i.e.
. d _ (4 d o fdw  d
P T3 Ty P=2u 6) “( W& “( i + u)
s R T = _“(du+- _2“(4_"_6 i dz+dv) .
T, Th Ps “( +du —n dv+dw p_2“(dul_6)
where 35 = d"‘ + :" + d‘-"
Stokes - Stokes’ equatlons thh e
4 |fluid p(ﬂ_x)_*,éa_“d +d_§+£% _pd(du dv y dw) g
Dt TT s
{55]1845-49 ( dy 4= ) 3 dz (dz dliv+ 4;)
dy

+
(a2s yelBE )+ 8 (- 58 v i) - 64 (24 4+ &
o -+ E-n( DY+ o+ 0y -5 (R 2+ ) -0

ie. p(B2 —1) + Vo~ u(Bu+ 5V(v.u)) =0

ie.
42
P Dt -x)+ - £<4dz’ 43 +35¢ +d:‘dy+da‘;uz)=o’
oy _ B _
o Y)+ - (3dz’ +3,1;2 i+ dyd;) =0,
— dp _ d -
REAS B A A i A




TABLE 6. The conditions in reducing to others

S M (BTG KPP Flse Mo ByY)

. . Saint-
nojname Poisson Navier Cauchy Venant cf.
1 |Poisson ifK=0,5=i;—=%:>sEk (6) pe
2 |Navier even if K =0 = e # k, {29, p.103, § 8]
3 [Cauchy G =0= R=ad? [44, p.206, § 1] ifG=0=R=¢, 6, p.25]] )
ifweput7r=w—s(%+%+%§) then
4 |Saint-Venant|Saint Venant's £ equals to same as left same as left (94)
Navier’s, Poisson’s and Cauchy’s one
ifa(K+k)—ﬂ=>p"‘ﬁie
5 |Stokes w=p+ §(K+ k)(g: + dy + dz #, [55, p.77, footnote] (12)s
L] = Vo =Vp+ 3V (V. u),(9)ps =(12)s. B
cette variation deviendra
f= ,o[E cos? ¢y cos® p + (Q{ + é—) cos? 1 sin g cos ¢ + (da: + %) cos 9 sin 1 cos
d db d da
dy dy dz
+ dbcos Psin? ga+( db)s1nt/zcos¢smga+as1n 1/1] (5)

Représentons pour abréger, cette quqntité par f. La force avec laquelle le point M’
attire M sera donc propotionnelle & f. Le moment de cette force, cette expression étant
prise dans le méme sens que dans la Mécanique analytique, sera évidement propotionnel
& f6f, ou & 56 f2. Parconséquent

e si 'on multiplie

302 par dpdypdpp? cosfp ;

e si 'on transporte le signe 4 en avant des signes d'intégration relatifs & p, ¥ and o,
ce qui est permis ;
e et si I’on intégre entre les mémes limites qu’on 1’a fait dans le no 3 :
on aura une quantité propotionnelle & la somme des moments de toutes les forces
intérieures par lesquelles le point M est sollicité. Cette quantité est donc

1 oo
_55/

X [%cos 1 cos? sa+(d

+ dy cos?
‘db

dz
2= (E)2 cos® ycos® p + {

+ {%2

+ { )%+

oo 15 2% 1
(4T)ne /0 @ [ 4 /0 dip' cos 91 p(561%)

3 2%
dp/ dw/ dp® cos v fp

d
7 dy)cos 1/;5mgacosga+(d

dc

1 sin? 4p+(dc )smx/;cosx/)smga-{- (—;—sm xp]

d_z 2 ,dy\2 dz dy

)+

dz,2 2dﬁ: dz dy

Z—) €Os 1 sin 9 cos ¢

da) ZE d—} cos? ¥ sin? pcos? ¢

+(a;) +2—— }cos 1 sin® 1 cos? ¢+(db)2cos4¢sin4¢

dz dydzy , , 2, .2 dz
+2dcdb}sm 1 cos® Y sin ¢+(dc)

sin® ¥

Here, we would like to show Navier’s mistake. At first we integrate above with respect to . By using
the formulae with adding to (56) as follows :

{f cos™ zdz = £ cos" ! zsinz + 2L [ cos" 2 zdz,

Jsin™

zdz = —Lsin" ' zcosz + 221 [sin" % zdx,
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then :
2 2 3 2n P 27 2m
/ cos? Lpdtp:/ sin? pdp = ™ / sin? g cos? dy = T / cos? tpdtp:/ sin? pdp = 7
0 0 0 0 0
Hence, it follows that : 3
1 oo E 2
36 [ o [ aw [ destcosusor®
2 Jo -3 0
1 o z
= =4 dp dy
2° J, 3
nr,dz o dr dy2  ,dzdy 5
Zl32=> =4 % D il A
x P+ {(G+ ) ig gty
dr  dz.2 dz dz 3, .2 ¥y
+ 4{(d—c+d—a) +2Eda}cos sin 1p+3db2 cos® ¢
dy dz.2 dydzy . 4 3 &2z .,
+ 4{(E+Eb.) +2EE}SIH 1 cos w+SEC—2s1n wcosw]. (6)

Here, we would like to notice our correction of the last term of [---8---] in (6) from 3 to 8, however this
correction will not give any effect to Navier's description below. Next we integrate above with respect to
1. Then

3 3 4 % 2
/ cos® Pdy = E, / cos® sin? Pdy = —, / sin* ¥ cos Pdy = =
-3 15 -3 15 s 5

After representing the coefficient which rest on the front of the integral with respect to p with ¢, get from

(6) :

1 42z dz  dy.2 ,drdy dr dz.2 _drdz
555[ {3E?+{(EE+E) 4222 +{( +2) 42 }

db da dc " da dcda
2y dy dz.2 _dydz d?z
i 4 e Al e A e 7
3 +{(dc+db) +2dcdb}+3dc2 ] ()
Here,
_1lw16 f>* ,  2x 7
BN e=573 A dop*fp =1z A dpp*fp (8)

This € of (8) should be multiplied by %, when the moments of the total forces in the solid is computed,
namely it becomes the same as (29).
e 5

dzdde | dzédr | dxddy | dydds | dySdy | drddy | dy dde
ETRE T DT B X

- = 3 dzddz | dzddz 4 dzddx | dzddz | dz §dz | dzddz dy ddy
(5-1)ne 0 E/// dadbde\+ @+ Rt e e t e e T o T e +337
+§2M+%xddz+dzﬂx dzédz+gﬂi_y_+§y_6dz +3g¢

cdb Tdbde T I abtdcdt db “dc dc “dc

- // da db dc (Xéa: +Yéy+ Z62) - / ds (X'62' + Y6y + Z'62"). (9)

dc de

‘When the first term of ¢ in the right-hand side of (9) is arranged in respect to dz, dy and 4z then :

drdds | dosde | drdds | dysds | dysds | daddz | dzédz
ET R AR AR AL KA S AL
dy ddy dy dy ddy | dzddy | drddy , dzddy , dzddy
E// dadbdc { + R +3PFF + E R+ TR+ R L+ F R+ EF (10)

d2édz | dzédz | odzddz | dzbds | dzsdz | dyéds  dy5d
A & MR il A i i il 3 i

3Remark : fp does not mean f X p but f(p). We compute (s + )2 in (6) as usual, for example : (d—’ + Q)z =
d2z +odedz d2z
‘dc? dcda ™ dal’
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0 A O A
Moreover, we rearrange (10) for differential : S a9 as follows :

d:x; ddr dy édr dz bdx dz 8dx | dy édz dr ddx dz édz
+db do + 3 da da +Tdb da db, +dc de * da dc d

da da.
d y g doddy |\ gdydy sy 3dy |, dr bdy
///dadbd” +andoy by ey 3y Syy LTy By Sk (1)

dz ddz dz ddz dy ddz z6 dz 8dz dz 8dz | dy édz
+d(‘da.+dada.+dc db +db db +da. de +3dc dc +db de

Using (10) and partial integration of §z, 8y and 8z, we make the top term of (12}, in which — is leading.
And using (11), we show only the first differential order : éz’, §y’, 62’ in the middle term of (12) as follows

(5-2)ne 0
S+ ooty + dadc)éz
2
= —e/// da db dc § + %@+3Z—b¥+—¥+2dadb+2dbdc 3y

+ g_:§+dd_1§+3%+2dadc dbdc 6z
] e ) [l 2)- (-
+ o [f e (5 + ) // aae (G 3z%+— + ff e (3 db,)lé
7 IR0y OO0 A P

// da db de(Xéz + Yoy + Zdz) — /ds(X'éa:' +Y'6y' + Z'52"). (12)

We solve the indeterminate equations (12) 4 of equilibrium in an elastic solid as follows. At first, we get
the following two equations from (12) :
e The force inside the solid corps :

355 + 4
34—#

o +3%

L2 04y +2d—})5z

43 d2z

T +2aE +2dbdc éy (13)
%‘; +2;a¢:i:c +2dbd bz.

+
~ fff da dbde(Xéz+Yéy+ Z52) =€ [f[ dadbdc #4— +
+ m +
e The force on the boundary :

/ds(X’éz' +Y'6y + Z’6z')

/ / el _y_ dz 1 d_y_’_ ! ld_:l:’ d_z’ !
//dbdc (3 - + = //d e ( db, da, +/ da'db +d Az

d2’
'd da'de y I ’
+ e // db'd db, da, / / —da, + 3—db, + ——dc, / / db db,)](s
dz' dz dy dz’ dy dz'
d / // /d [/ ! ! ’.
+ o€ // ¥d (%5 + —db, da'a (35 + 25 +355)] 62 (19)
b'd 3"1' +¥+E T w de | dz {f av' de’
: ’ dy’ ¢ 'a Cdy' *az "de!
= ds Y =€ db’ + da’ 1 +3db’ + dc’ dc’ + g/: ff da’dc ' (15)
=t - —:i:f +o+3dy | | JJdday

here this tensor is symmetric. From (13), we get the inside forces of the elastic solid as follows :

-X= 5(3W + W + W +2dadb +2dadc)’
(5-3)ne -V =c(SH+ 35H + T +285 + 254, (16)

—Z=¢ g_7+z_7+3‘;—7+2:a;c+2dbdc :

4Navier says that (12) is usually called “equations indéfinies”. (26, p.384,389]
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where X,Y and Z are positive values.
Next, we get also X', Y’ and Z’ from the (14) : we suppose that :°
e dbde’ — dscosl, [ : the angles by which the tangent plane makes on the surface frame
with the plane be,

e da'dd — dscosm, m: samely, the angles with the plane ac,
e da’dt’ — dscosn, n: samely, the angles with the plane ab,
o [fabdd, [[dadd, [fda'dt’ — [ds,

then from (14), we get the forces operation on the surface of the elastic solid as follows :

X' =¢|cos I 3‘“,+db,+ )+cos m(db,+ )+cosn d'—”,/+iz~') s
(5-4) Ne Y/ =¢|cos | db,+3y-, +cos m ,+3db,+d )+cosn +db, , (17)

1 _ dz’ da’ dz
Z'=¢|cos | W+E? +cos m dc,wLW)ﬁtcos "(W+db'+3dc'

- dy' ’ ’
X 3‘1:, ,+ d?i( + 4z " de + 9 oy d—’c’,-df d—:,d , cos!
4 = da! | dy' 4 2 ay  dz (
=Y € a7t o da’ +3db’ & e Ty cosm (18)
2 re W+ =+ 34 cosn
C a Q. c’

By the way, when we rearrange (9) to compare with equations of equilibrium in fluid, then (9) becomes
(19) as follows :

(5-)ye O
Tl drdds g dotle) (il Quids) g (dride g doste)
5// dodbde § (4204 + 45808 4+ (o 4 pdusdy | dyody) | (dsdy oz o)
it )+ (B9 + 298) + (5% + 5% o8]
// dadbdc(X oz + Yoy + Zoz) — /dsXé::: +Y'8y + Z'82"). (19)
Navier deduces the equations of equilibrium in fluid as follows :
(3-24)ns 0
[P—gf—p dt+ud“+v—-+w )]&L
// drdydz [Q—gf—p +ude +vdy+wd)}5v
[R—2-p(f+ufs+of )]
3%%+‘2—‘;"£‘+i‘:5§£‘)+(%%+%%‘i—“)+(‘§—‘ﬁﬁ-‘i‘—‘+%§%)
o [[[ dmtvaz (200 ¢ ) 4 (200 wapite s drsle) o (000 4t
foofe ) + (300 + ig0) + (0000 + o v ogple)
+  Sds?E(udu + vév + wéw). (20)

When we compare only the terms of ¢ between (19) in elastic solid and (20) in fluid, the defference is
none, and the both tensor are symmetric respectively.

e § 6. Navier computes the acceleration around the point M. II is dencity of the solid per volume, g
is acceleration of gravity, then

Od%z _ d®x | d’z | d%z dy
sar =3+ + I 2dbda + 2dcda)
ndly _ . {d? d? d? P d?
(6-L)n st =e\H 3G+ FH+ dadb +2dcdzb : (21)
Od?z _ d d?z d?z d?
) dt’z =& ! + ’ 3dc’ 2da;c + 2 dbdc

Poisson comments that € in (16) and (21) equal to Poisson’s corresponding parameter in (6)p. ( = (61)
}, namely Navier’s € is equivalent to Poison’s %- o , however Navier denies it.

50n this method Navier cites Lagrange ([18, pp.113-188,1 partie ,§ 5]), Solution de différents problemes de statique. In
fluid case, Navier rethinks this method afterward. c.f. (47).
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TABLE 7. Combination between V and §V

[ Je*laB]av|8a]8%By]valyBlv*
2|1 5 7
afl |2 4

Bl |9 )

By 12 13
yor 16 19
v8 18 20

3.1.3. Deduction of the expressions of forces of the molecular action which is under the state
of motion.

Navier deduces the expressions of forces of the molecular action which is under the state of motion as
follows : ©
We consider the two molecules M and M'. z,y, z are the values of the rectangular coordinates of M and
T+ a,y+ B,z + «y are the values of the rectangular coordinates of M’. The length of a rayon emitting

from M : p= +/a? + 2 + 42. The velocities of the molecule M are u, v, w and that of the molecules M’
are

du du du dv dv dv dw dw dw
(3-3)ns u+aa+d—yﬁ+zv, v+a—m-a+a—yﬁ+a;'y, w+Ea+@-ﬁ+Ev (22)
V is the quantity on which the proportional action depends as follows :
du 8 s dv dw dw dw
s V=SS S B (R B ) (B

V represents the force which exists between two certain molecules of fluid. The increment of V is as
follows :

o /8du Sdu bdu &dv ddv édv ddw 5dw (de
o o= 3(( i ) B0 S ) (8, S )

f(p) is a function depends on the distance p between M and M’'. We define that ) is the angle of the

rayon p with its projection on the ag-plane and ¢ is the angle which this projection forms with the a
axis, and then

(3-9)nr a=pcosycosp, [=pcosysing, v=psiny (25)

We calculate dpdydpp? cos ¢ of the element of the volume in the new system of coordinates : (a.3,7),
and integrate with respect to ¢, ¢ from 0 to § and with respect to p from 0 to cc.

(3-6) s ;%f(p)vav -

) (:"a+ ﬁ+ )+ﬁ(d—va+@ﬂ+— )+7(3—:a+—ﬁ dw =) 1 %
[ 0‘(6:—; dduﬁ+6du )+ﬁ(6dv +&£ﬁ+@)+ (6;111 +M_wﬁ+%7) ’
(26)
here, by the symmetry we supposed, we get the relations as follows :
o5 =[5l 2l =pgal =g = el
‘ ddu ‘ ‘ ddv ‘ﬁddv’y‘_‘ ddw i ‘ ddu’y‘ hddw ‘

Because we integrate only 1 g volume of the total sphere, we must multiply it by 8.

SNavier ([26, pp.399-405})
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(3-T)ns
flp) frduddu 4, duddu , , duddu , , dvddu | dvdduy ;5 9 dwéduy  dwdduy , ,
Pz {(dz z T w? d dz * ) (dz W dz)aﬁ (& e =)
(du ddv ﬂ@)azﬁz n (dv ddv o252 + dv édv dv ()dvﬁ2 2) ((_1_‘12@ L dw z)dv)ﬂz 2
dr dy dy dz dr dz dy dy dz dz dy dz dz dy

duddw duddwy , , dvédw  dvédw\ 2, dwéddw , , dw édw 2.2 dw de
(dz?+ dz—(g)a (dy dz +dz dy )ﬁ (da: dz * ﬂ )}@7

We get 21 terms in (27) from (26). We show the combination between V and JV in Table 6, in which
the row is V' and the column is §V and the numbers are the order of the description of the 21 terms in
(27). By the formulae of the original function on infinite integral :

.2 _ 1.l 2 1 1
[sin’ zdz = 2:: $sin2z, [cos?zdz =z + }sin2z,

[sin®zdz = —{cosz(sin®z+2), fcos® zdx = Lsinz(cos’z + 2),

[sin®zdz = —Lisin® ' zcosz + 2L [sin®"?zdz, [cos®zdz = Lcos® !wsinz + 22 [cos™? zdz,
: m . _cos™tl g som _ sin™tlg

[sinzcos™zdr = — =2 [sin™ zcoszdz = $L

We get the result of the integration excepting for f;o dp as follows :,

1 [% (3 1 7% r%
vy / / dydpa’ cosy = — / / dydy cos® P cos? @ = %,
—/ / dpdepfi* cosyp = —/ / dydp cos® Ysint p = 1"—0,
-3 / / dydipy* cosy = — / / dvdyp cos Psin® g = ——
P Jo Jo P Jo Jo 10
1 b 1 1% r%
ra / / dydypa’ 3* cosy = 7 / / dipdp cos® sin? g cos? g = -,
0 0o Jo
1 ¥ 1 7% r3
= / / dypdpa®y? cosy = - / / dipdyp cos® Ysin® pcos® p =
P Jo Jo P~ Jo Jo

x 3 = z
i‘i/z / dydpB?~? cosy = ~1‘I/2 / dipdip cos® Psin? psin? p = I
P Jo Jo P Jo Jo
Total of the sphere is multiplied by 8 taking ¢ as the common factor :
8 [ dr (% 4
(B-10)ns e= 30 J, dpp* f(p) = i | e fe) (28)

We get now ¢ of (2), and using (43) and (44) it turns out the term of £Au of the today’s formulation (1)
from next :

2 2
33_’.+g_1,4,+d_|’1,+2dudv g dwdu

d.w:dy dzdz ?

£ g—,+3dv +2d"dv+2d;d';, > cAu
dw dvdw dwdu
d:’+dy,+3 +2 +2dz::

Exactly speaking, Navier ([26, p.405]) says this ¢ must be mupltiply by %, for double count, when we
get the total moments of the forces caused by the reciprocal actions of the molecules of a fluid in the
following section, as follows :

(3-9)n- % dpp* (o), (20)

By this reason, Darrigol cites Navier’s tensor from this in using tensor notation.”

70.Darrigol [11, p.112] interprets that this is Navier’s tensor as follows :

2n [ .
— dpp* f(p) =k, M= [ 0i;0;w;dr,
15 Jo
015 = —kN?(8;;0cuk + Bing + Ojuw;) = —kN2(dijupk + uji + uij),
where N = 1.



W M (HEAFER XTI FRIEN SRR )

3.1.4. Deduction of the expressions of the total moments of the forces caused by the recip-
rocal actions of the molecules of a fluid.

Navier uses the above results to seek the expression of the total moments of the forces caused by the
reciprocal actions of the molecules of a fluid as follows : ® Here, we rotate the rectangular coordinates for
v' to coincide with the direction of a rayon M N of which M is the common origin of the both rectangular

coodinates of a, 3,7 and o', #',~' satisfying ¢ = r and 1 = s and then we get the new relation of o/, 3’
and v’ from (25) as follows :

o = pcosycosyp = pcosrcoss, (3 =pcosysiny = pcosrsins, 7 =psiny = psinr (30)

In fig.1, we suppose that : the point P is the projected point on aB-plane from N. The angle of PM N
equals to s. N, R and @ are on the common line on the #'v'-plane, and plane M NR and plane M RQ
are on the common 3v/'-plane. MN LMQ, and M R1LMP. Therefore, the angle made by MQ and MR
equals to s.

fig.1 Rotation of coordinates
From the above, we get as follows :

a = —a'sinr + 3 cosrsins + v cosrcos s,
(3-17) s 8= & cosr+ 'sinrsins + ' sinrcoss,
v = ' cos s —~4'sins
a —sinr cosTsins C€OSTCOSS o o
or | B | = cosr sinrsins sinrcoss g |l=A|pg |,
v 0 coss —sins v v

where each last terms of the right hand-side of a, 3, ( or the values in the 3rd column of the 3 x 3
matrix for the transformation ) are the original values of (25) excepting for the term of 4', and the rest
terms are added by the rotation. By the way, if we call this rotation matrix A, we get det(A) = 1, so
that A7l = A= AT je.

r

o «a —sinr cos T 0 «a
B | =A"1| B | =| cosrcoss sinrsins coss 8
v ¥ cosrcoss sinrcoss —sins ¥

As well as (26) using (22),(23) and (24), it turns out the expression which must be integrate for all the
value of @’ and 4’ and for the positive value only of v'. We get as follows :

: 1 F
(185 SF(VSV = %”) «

[ o'(—usinr+wvcosT)+ ' (ucosrsins + vsinrsins + wcos s) + ¥ (ucosr cos s + vsinrcos s — wsins) | x

[ o(—businr + dvcosr) + 8 (§ucosrsins + svsinrsins + dwcos s) + + (Sucosrcos s + Jusinr cos s — Swsin

In analogy with Lagrange’s reasoning, Navier then integrated by parts to get

M= %aijatwjdsi — /(Biaij)wjdr

SNavier ([26, pp.405-416])
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In the right-hand side of (31), we get excepting Ep(fl if we put as follows :
[@'a+ B'b+ v'c)[e (d6u + edv) + B'(féu + goév + hdw) + ' (i6u + jév + kéw))]

or
, o’ d e 0 Su
k[abc] e )([a’ﬁ’v']( f g h v )),
5 i ] k dw
then we get
o3 fa+db ga+eb ha bu
By | =1\ fc+ib gc+3b hc+kb ov
~¥'a' ia+cd ja+ce ka dw

We get effectively as follows :
of = { — 2usinr cos7sin s + vsin s(cos® r — sin® r) — wsinr cos s}du +
{ 2usinr cosrsin s + usin s(cos? r — sin® r) 4+ w cos r cos s}&v +

{ coss(vecosr — usinr)}&w

'y = cos r{2u cos T sin s cos s + 2usin 7 sin s cos s + w(cos® s — sin’ s)}du +
sin 'r{2u cosTsin s cos s + 2usin 7 sin s cos s + w(cos® s — sin’ s)}&v +

{ucosr + vsinr — 2wsinscoss}6w

Ya = { — 2usinr cosrcos s + veos s(cos? r — sin? ) + wsin s sinr}du +
{ 2usinr cost cos s + ucos(cos? r — sin® r) — wsin s cos r}&v +

{sins(usinr - vcosr)}éw

On this point, Navier explains as follows :

On the above expression, we must integrate for all the value with respect to o’ and
3, but with respect to ', only positive value. This operation becomes simple giving

consideration to

e that if we consider four points placed symmetrically, this sign for 4’ is positive, but
the other coordinates o’ and 3 differ from each other by sign two by two, and

e that we add the values which the above expression (31) takes in these four points,
it rests, as the result of the addition, only the terms which relate to the terms of o’
to the power of 2 and the terms of 8’ to the power of 2, the terms appear by the

multiplication with 4.

Hence performing the multi indexes, all is reduced to integrate the quality in the volume

of % of a sphere where o', 3’ and ' take the positive values as follows :

o’? { (usin®r — vsinr cosr)u
(—usinr cos T + vcos® r)dv }
B2 { (ucos®rsin® s + vsinrcosrsin? s + wcos 7 sin s cos s)6u
(3-19) s 45‘_(3) (usinr cosrsin? s + vsin? rsin® s 4+ wsin 7 sin s cos s)év
g (ucosrsinscoss + vsinrsinscoss + wcos? s Yow

y'? { (ucos?rcos? s + wsinr cosrcos? s — wcos T sin s cos s)6u

(usinr cosrcos? s + vsin® r cos? s — wsin rsin s cos 5)6v

)
)

(—ucosTsinscoss — vsinrsinscos s + wsin® s ow

o =pcosycosy, B =pcostsing, + =psiny
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For we calculate the element of volume dpdydpp?® cos 1 with respect to 1 and ¢ from 0 to §, we get the
following three results of the finite integrations :

’

5 3 5 3

-l,_,—/2 /2 dydpa’? cosyp = —1-2-/ / dipdip cos® ¢ cos? p =
P Jo Jo p”Ja Jo

1 (% r% 1 % f%

—5/ /2 d1[)dgoﬁ'2 cosy = 7/ /7 dydipcos® Psin? p =
p°Jo Jo P Jo Jo

x b 1 x x
—17/2 /adwdgp'y’zcosd:: —2/2 /2 dydpsin® Y cosy = il
p”Jo Jo P Jo Jo 6

EYERE-IE

)

F(p) is the same function as f(p) in (26), which is a function which depends on the distance p between
M and M’. Taking % as the common factor, then we put

4 e 2r [
G2 o /0 4 F(p) = % /0 dps?F(p) = E. (33)

and define :

(3-23)ys  E(ubu + vdv + wéw)

for the expression which we seek for the sum of the moments of the total actions which caused between
the molecules of the wall and the fluid, following the direction which pass by the point of the separation
of the fluid and the wall and the fluid, and which can be regarded as the measure of its reciprocal action.
We get the following equilibrium of a fluid using € of (28) and the above E(uéu + vév + wéw) :

[P—%—p %+u%+v%+wdd—lz‘)]6u
(3-24)ns 0 = // dzdydz [Q—gﬁ—p %%%—u%%—v%%—w%)}&)
[R—%E~p %‘f%—u%%—v%%—w%‘f)]éw

qduddy | duddu | dufdu \ duddu | dvldu | dwdy  dwSdu

dr dz dy dy dz "dz dy dx dr dy dz dr | dr dz
— o [[[ oty { grtie s gosany pdre | drsde y dmsis  d s
+  Sds?E(udu + vév 4 wéw). (34)

Here, S means the integration in the total surface of the fluid, in varing the quantity E of (33), following
the nature of the solid with which this surface is in contact. Shifting d to the front of § of the middle
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term of the right hand-side of (34) and by Taylor expansion using the partial integral

(3-25) s

€ / / dzdydz < |2

d?v

3?ET+_7+ +2d.zdy ;U)u
fxﬁz‘y+m+3—f+—f dyé"z) v
a2

pfr rofy - Gy + 4y 7;:)5“’

+ E//dydz [(3d—x:+—:%+fii)6u’ (—+d—v,) v'+( ‘;Zl)éw’]
+ e/ dm’dz’[(jz: +di)5 + (:”, W ‘21;’:)51;'+( & ‘Z )ow]
+ o[ eradl(G+ )+ (g5 + ‘*‘“) (G gy )]
- e [[avas (s + T + Syt + (G + j;jj)w (B 2 sur)
- € / / d:c"dz"[(du” + %)Ju" + (:u: +3Z;Z i’i,l,,)év” + (% + %) s’
e S (e o+ (48

(39)
(40)

(41)

By the way, if we check the ¢ terms of éu’, 60/, 6w’, after replacing u = {u,v,w} of fluid & {z,y,2} of
elastic solid, and the coordinate system : {z,y,z} of fluid < {a,b,c} of elastic solid, then we can see
the coincidence with the tensor between the equation (15) or (42) in elastic solid and (36)-(38) in fluid

as follows :

=>/ds Y’ =

d::’ _y_ 2’ | dy’ dz’ | dz’
3 db’ + dc’ b’ + d)a’ S dc’d_t_ da’d ,
. dy | ode
db’+da '+,3d3',+ de d,dc'j,bw .
S+ T+ % ot t3%

here this tensor is symmetric.
Using the following equations deduced from the conservation law :

and

(3-27)ns)

we get the short expression as follows :

(3-28)n

f av' de’
[f da'dc’

17T da'db’

]

du dv dw
-2 —_— —_— =
(3-26) nr T + dy+ 4z ,
% g; + + (ziil/‘z} = H—IT + df;y + d:dz 0’
U w 2 w
diy 3: + + fiz = W + ;x;y + gydz 0,
%35+3—§+dz = fR+fr+ir=o,
d2u d?u dv  d*v  d*v d*w
// dodyds d izt d +gz) 0t (g twrt s )t (g2
du' v du'  dw' '
/ dy'dz’ 2—5 +(E+—)5 +(E+E)5w]
+ / dz'dz’ (di+d—v)5 +2%6 + (Z—:+‘i—2’—)5w']
du' d d d duw'
+ / dz'dy (i,+i,)6 +(dz dl;’,)é +2— éw]
, du’”  dv" du' dw
- E/ dy'dz ,[zﬁé "y (W+W)6 o+ (dz” +W)6wn]
v’ o dv”  dw”
dw' dv” dw"
—_ //da:"d II (d - dx”)(s +(d "+W)6 ”+2W6 "

o
dy?

(42)

(43)

d2
+d2

(45)

)Jw]
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Considering Sds?E(udu + vdv + wdw) of (34) and the total of the rest terms of the (45) is zero, we get
the last expression from (34) and the first term of (45) as follows :

~
|

% + u% + vg—; + w%)
(3-29)ys 0 = // drdydz { [Q —
[R

dv dv dv dv
@ tug: tvg + wa)

Be e 58
|
)

At last, we get (2) from (46).
On the other hand, to deduce (47) from (45), we transpose (36)-(38) as follows :

Eubu+¢[2 [f dy'dz' %% +ffdx’dz’(gl;—: + g—;’:) + [fde'dy (8% + 26w + -G + -
(330)ys  { Budu+ e[ [f dy'de' (4 + &) +2 [[ de'de' % + [[ da'dy’ (42 + 92 )]60 + 60" + -
Ewbw +¢| [f dy'dz'(g—';ﬁ + 'j;,’) +ff dz’dz'(g—;i + ‘;g;,’) +2 [ do'dy' ] 6u + - Su” + -+

3.1.5. Boundary condition.
About Sds?E(udu + vév + wdw) of (34) and the total of the rest terms of (45), Navier explains as
follows : regarding the conditions which react at the points of the surface of the fluid, if we substitute
e dydz — ds?cosl, I: the angles by which the tangent plane makes on the surface frame
with the plane yz,
e dzdz — ds®cosm, m : samely, the angles with the plane zz,
e dzrdy — ds?cosn, n: samely, the angles with the plane zy,
ff dydz, [[ dzdz, ff dzdy — Sds?,
then because the affected terms by the quantities du, dv and dw respectively reduce to zero, the following
determinated equations should hold for any points of the surface of the fluid :

Fu+ E[cosl2§—;‘ + cosm(g—: + g—;) + cosn(i—‘z‘ + d‘”)] =0,

dz
(3-32) s Ev+ E[COS[(% + g—;’) + cosm2g—; + cosn(g—'z’ + ‘i—’;’)] =0, (4mn)

Ew + s[cosl(‘fi—';- + %’f) + cosm(g—'z’ + %) + cosn24¥] = 0,

here the value of the constant F which varifies following the nature of the solid with which the fluid is
in contact. (47) express the boundary condition. The first terms of the left-hand side of (47) are defined
by (33) for the expression which we seek for the sum of the moments of the total actions which caused
between the molecules of the boundary and the fluid, and the second terms are the normal derivatives
come from (45). Here, (47) is put by :

du du 4 dv  du 4 dw
u d 2Ed dy j dx gz + éia: cos!
u  dy dv dv 4 dw —
E| v |+e g—y+? d2dyd o ﬁ;dy cosm | =0 (48)
w &tE &ta 24 cosm

If puting the basis of the tensor as [ cos! cosm cosn ]T, then the tensor part of (48) is expressed as
follows :

t‘"j = —5[{2vi,j - (’U.,,’j + vj#)}éij + (‘U,;,j + vj,i)] = —5{061']‘ + (‘U,‘,,J + ‘UJ'.,')} = —E(‘Ui,j + 'Uj,i)~ (49)
Moreover, by using Darrigol’s simple notation®, we can express this condition as
Ev + E(?_LV|| =0,

where 1 is the normal derivative, and vy is the component of the fluid velocity parallel to the surface.

3.2. Poisson’s principle and equations.

9Darrigol [11, p.115]

- 26 -
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3.2.1. Principle and equations in elastic solid.
We deduce K and k in accordance with Poisson[45, p.368-405, §1-§16] in followings.
e § 2. For abbreviation, we put as follows :

az1 by + (- G) = ¢, PR YR +OE =4,

a'ry+ by + (2= Q) =9, ¢ +wd“ +o% =y, (50)

a”zl+b”y1+c"(z1 —41)59, ¢d wdw +9dw =¢

Namely,
d: d d:

¢ a b ) ¢’ & @ 4 ¢ ¢
v o= |a ¥ ¢ w |, (v = |8 & & Y | =Vu-| v
9 "ot 1 21 ~( 9 dw dw duw [’} ']

7‘2=¢2+¢2+92,
(" =(p+¢)2+W+v)+(0+6),
P =al +uf+ (2 - Q)

(") = v + 269" + 290’ + 200 + (¢')* + (¥')* + (¢')°

e §3. We assume that o : the average molecular interval, w : surface, % : the number of molecules
in w.

P=Z(¢+¢,)C Q= Z(w‘*'w)Cr R= Z(9+‘9’)C (51)

a3r’
e §4.

r=r+- (¢¢ + Yy’ +66)

At the same degree of approximation, we get as follows : °

—fr = —fr+(¢¢ + i’ +ee’) f

We take from (50) and (51) as follows :!
P= Z‘%{lwf (@6 + 9 + 60) B LT
(Dpe Q=X Wt pr 1 Y (00" +yu' +668) S L5, (52)
R=3 0K 4 S (8¢/ + v +66') &5 lT,

p (6+¢) (96" +yy' +066')¢ r
=1 Q| =X (| @+¥) (@6 +vv +60)y [_S_éf__i])
R (6+6) (68 + vy’ +66')8 4

We donate :
8 : the angle between the vectoriel rayon of one of molecules : r and the axis of ¢, and
~ : the angle which the projection of the rayon on the z—y plane makes with the axis of z. We have :
) = rcos 3cosy,
Y1 = rsin Gsinvy,
¢ = rcosf,
The quantities which majored under the ) take the form : pFr, which is expressed by
p : an entire function with sines and cosines of 8 and «,
Fr : a same function as fr, of which value are insensible for total sensible value of the variable, anc

10We correct this equation. Poisson[47], the corresponding equation (67), there is T

We use pe in the left-side equation number as Poisson’s equation number in [45]. And ps means Poisson[47]
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moreover, which is equal to 0 for the paticular value of r = 0.
We consider that the summation which is the question is composed by the parties of the form :

PIOIPIFIL Lk

here, the outer ¥ corresponds to r and can extend to r = oo, and the inner double s correspond to 8
and ~.

e §5. The value: 3 S p related to sr? is assumed by the product of p and the number of molecules

which contain in the surface of sr?, and which is expressed by %’:— We consider the half surface
of the sphare with the radius : » =1 on the z;—y; plane as follows :

2
r
o 2P
This new summation extends to the all parties of the half surface which has the unit for the
radius. Because p is not a function of the group of that which decrease very rapidly, we can
change s with the diffrential element of the above surface, and the sign : 3~ with the signs of
integration, we can take as follows :

3 2r
s=sinfdpdy, Y > ps= /0 /0 psin 8dBdy,

T2 I 21
== / / psin fdfdy,
a® Jo Jo

22 p)Fr] = /: /Ozﬂpsinﬂdﬂdvz Fr

e §6 .
¢=gr, Yv=hr, O6=lr, ¢ =g'r, v =h'r, 6 =1Ir
g = asinBcosy + bsin 8siny — ccos 3, g—gdz-i—h +14%,
h = ¢’ sin Bcos~y + b sin Bsiny — ¢’ cos 3, h—gdx hd" lzz,
1 = a"sin Bcosy + b" sin Bsiny — ¢’ cos 3, l’=g%+h‘fi—: l‘fi‘;’
In brief :
g a b ¢ sin 3 cos 7y g % %‘j % g g
h = d bV sin @siny |, K = g—; -g—;- %—‘z’ h|=Vu-| h
! /
l a’ b —cos 3 U %‘I‘z ‘fi_‘;’ % l l
By using the effective transformation by Poisson we get from (51) as follows :
P=[E [ g+g’)Z'nsrfr+(gg’+hh’+ll’)g‘2%5rd':,' A,
Q=JE LT b+ MV E T fr+ (99 + bW + WS H 430, (53)
R=[F 57 |0+ 1) S fr+ (99 + b + UN T 5 2500 A,
(53) implies as follows :
P
Q
R
2 13 g+g (99’ +hh +1l')yg A fr
= / / A( h+h' (gg’+hh’+ll’)h-| { Zs?;{;f])
o Jo I+1 (g9 +hh! + W) J P
o 3 g+g F
= / / A( h+h Q |:I]§:|)Y (54)
o Jo I+! R
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where
PI
Q| =
R/
(6°Vou+ g*hV,u + ¢2lgV.u) + (92hV, v + gh® Vv + ghlV,v) + (g2IVw + ghlV,w + gI?V,w)
(9®hV . u+ gh?*Vyu + ghlV,u) + (gh? Vv + B3V v + h3V,v) + (ghlV,w + hAIVw + hl?V,w) (p5)
(g%V u + ghiVu+ 9129V u) + (ghlV v + hzlvyv + hi2V,v) + (gI?°V,w + hlzvyw +18V,w)
A:=cosf-sinf dB dy, Vsyu:=4% etc, K:=E%{1, k —Z—:ddrh.
We use the following integral formulae :
[ [ sin® zdz = £ — }sin2z,
Jcos? xdz = ¥ + }sin2z,
[sinzcoszdr = Lsin®z,
[sin’ zcos? zdz = — (L sindz — 1),
[ sinzcos™ zdz = —°°f:++ll £, (56)
[ sin™ zcos zdz = Si’;;";;j o
[ cos™ zsin™ zdz = %‘u + ::+711 Jeos™ 2 zsin®zdz, (m>2&n>1),
| [ cos™ zsin™ zdz = _Si“"a’fli‘f sy :WL J cos™ zsin® 2zdr, (m>1&n>2)
We get as follows :
g+4g = (aslnﬁcos'y+ bsin Bsiny — ccos §)(1 + &)+ h -+ ldz,
h+h' = dz + (a’sin Bcosy + b’ sin Bsiny — ¢ cosﬁ)(l + ) lj‘z’,
I+1'=gd2 + h%—‘; + (a” sin B cosy + b” sin Bsiny ~ ¢’ cosﬁ)(l + du)
We get the integral of g + g’ as follows. We put : A = asinScosvy + bsin 3siny and B = ccos 3.
2m z ’ 2 E
/ d’y/ gA = d'y/ (asinﬂcos'y+ bsin 3siny — ccos[i) cos Bsin 3df3 = / d'y/ (A — B) cos §sin df3.
0 0 0

2 3 2m %
/ d’y/ Acos(sin 8df = / dy / dﬁ(a sin? Bcos B cos+y + bsin® Bsin ~ cos ﬁ)
0 0 0 0

) 2 2 i3 2 2m
= a[_s_llﬂ] “/ d'ycos'y+b[sm ﬁ] " dysiny =0
3 lo Jg 3 lo Jo

27 z 21 z 2m 3 .8
/ d’y/2 —Bcosﬁsinﬁdﬁzc/ d'y/2 —cos? Bsin Bd8 = —c/ d’y[— o8 5]7 = —grrc
0 Jo 0 0 0 3 o 3

We get the following summary of the first half of (54) by the same way as in above :

fo 0 "(g+9 A——T"(c+cdz+c’d"+c’“fi‘;)Y

h.+h.'A_ 2—”c+c—+c’d”+c”d", =_2_7TC+Vu-c,
0 3 dz dz 3
fo (H‘l A*_T"(C + cde +c”fi‘”+c”d“’)

wherec= (¢ ¢ ¢’ )TA Here using the relations as follows :

a4+ +c?=1, ad +b+cd =0, da"+bb +c" =0, a’a+b"b+c'c=0.
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3.2.2. Summation of last half term.
We show only the value of [f ¢3A in (55) in detail.

27 %
// g2 A = / d'y/ g° cos Bsin 3dB
0 0

27 %
/ d'y/ (asinﬂcos'y+bsinﬁsin'y—ccosﬁ)acosﬂsinﬁdﬂ
0 0

1

27 k1
/ dy / dg [(a sin Bcosy + bsin Bsiny — ccos [3) (a2 sin? Bcos? v + b? sin? Bsin? v + ¢ cos? 8
0 0

+

2absin? Fcosysiny — 2bcsin Fcos Asiny — 2casin Bcos G cos 'y) cos sin ;3}
When we arrange [ g3A in respect to ¢’s terms, then.we may compute only 5 ¢’s terms as follows
[(a sin 3 cos v) * (—2casin 3 cos 3 cos v)

+ (bsin3sin~y) * (—2besin 3 cos Bsin )

— ccos 3 * (a?sin® Beos? y + bsin® Bsin® v + ¢* cos? ﬁ)} cos Bsin 3

—c( — 2a?sin3 B cos? Bcos? v

b? sin? ~ sin? 8sin? 8

+ o+

a?sin® A cos? Bcos? v + b2 sin® Fcos? Asin? v + c? cos® Bsin ﬁ)

—C(A1 + By + As + By +C)

We compute the first term : —ca?’s term of integral in the right-hand side in above as follows :
—cA;y 1 ax*(—2ca):

2m % 4 1 2n 4
—2a2c/ d’y/ dBsin® Bcos? Beos®y = —1—542c[1 +3 sin 27} =——n
) )

2 0 15

—CAy i —c*a?:

27 E
—ca? cos? ydy / sin® B cos? Bdg
0 0

2n .2 3 x E.3
2
= —ca2/ COs2 'yd'y([_ S_HM} 2 + _‘/A2 COS2,BSil'1 ﬂdﬁ)
0 5 0

o 5
27 n
2 1 2 cos® 31%
— _pn2 2 (- - ==
- /0 cos’ vty (5 (-3 + 5[ - =5 7))
2 2 2 ¥ 1 2 o2
2 2 2 : 2
= — _ d = —Ci — | = — = ———
ca 15/0 cos” ydy ca 15[2+4s1n27}0 15ca
—cBy 1 bx(—2bc) :
2 7 2m
-262(:/0 d’y/o2 dgBsin® Bcos? Bsin? y = ——14—5b2c[% - %sin27j|0 = _14_571—
—cBy : —cxb?:
27 5 2
—o [ s say /0 s’ sin? 6 = —cb? [ 1~ Lain2s] T = 22
—cC: —cc? :
27 k1 2 5 T
—c3/ d'y/ cos® Bsin BdB = ——03/ d'y[ _ w8 }7 = —2—72602
0 0 0 5 o 5



SAINT-VENANT AND NAVIER-STOKES EQUATIONS

The integral of the terms of 2ab, —2bc and —2ca are all zero respectively. Therefore we get as

follows :
3 2n
[ ea
o Jo

2 4, 2 4. ., 2m
= (—1—5—15)7rca +( i 15)7er 5 ¢C

_ 2mef o 5 2\ _ 2re 2 2 2
= —T(a +b +c)——5, where a“ + 6"+ c¢* =1

15

% 2n 2
/ / g?hA = ——i—g (3c2c' + 2aa’c + 2bb'c+ % + b2c') = ——7[{20(00' +aa’ +bb) +c(? +a®+ b2)} =
o Jo

27
/ / ghlA

_E (3cc'c' "+ad'd +ad’d +d'a"c+bb " +bb' + b'b”c)

27
= 15{ c(ec +aa’ + b0 )+ c(a”a+b"b+c’c) + c(a’ad’ + bV + ¢ ’)}

Then in brief :

fon- 3 ffrac 5 ffae

We get as the same as above.

st ot

'

farnmott. ffasets, [fra-
//h2lA —2” //th 2“—6

2T f 2m rSdl fr
3 ab K, 15 a5 dr

We show in brief :

=k 67)

These coefficients were replaced later with (75), in Poisson[47], p.46, p.140.)
By using (57), we get from (53) as follows :

P=-Klc+ $c+ d"c’+ du ”) - k(3Ec+ Z'y‘c’+ dupiy oy d et g dwer 4 EC)

Q———KC+ C+ﬂc'+d” ")—k( C+3dvcl+¢;tzzcll+gucl+ C+dwcu+dw /) (58)
R=—K(+%c+ 92+ 92 ") —k( c+ 9o+ 340 + ‘j‘;c”+ duc+ g;cug—;c')
e §8.

X, = Qx + Qz + %7
(3)pe Y, = 3__,_3_4_31,
Z,= ﬂx + ﬁz + Q;_
e §10.
X1+ Picd"+ Py + P3e=0,
(A)pe { Y1+ Quc” + Q2 + Q3c =0,
Zy + Ric” + Ryc’ + Rzc = 0.
where ¢, ¢’ and ¢’ are cosines of the angles formed between the original coordinates z,y, z and
the normal line to the surface of separation.

2m

—-—c,

15
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Les équations (3) et (4) conviennent aussi & 1’état primitif du corps ; et pour
les appliquer & ce cas particulier, il suffit d'y faire u =0, v =0, w =0, et d'y
supprimer toutes les forces données, extérieures ou intérieures. On a alors

=Q:=FP=-K;

les six autres quantités Py, @, etc., sont nulles, et les six équations (3) et (4) se
réduisent & quatre, savoir :

dK dK dK

— = ’—_—_07——=0,K=0.

dz dy dz
D’apres les trois premigres, la quantité K est une constante qui est nulle en vertu
de la derniére. En remettant donc pour K ce que cette lettre représente ( no.6
12, et supprimant le facteur constant 327}, on aura

Z r3 fr=0
Ainsi, dans I'état du corps qu’on peut regarder comme son état naturel, ot il
n’est soumis qu'a 'action mutuelle de ses molécules, due & leur attraction et &
la chaleur, les intervalles qui les séparent doivent étre tels que cette équation
ait lieu pour tous les points du corps. Si I’on y introduit une nouvelle quantité
de chaleur, ce qui augumentera, pour la méme distance, l'intensité de la force
répulsive, sans changer celle de la force attractive, il faudra que les intervalles
moléculaires augmentent de maniere que cette équation continue de subsister; et
de 14 vient la dilation calorifique, différente dans les différentes matiéres, & cause
que la fonction fr n'y est pas la méme.

Cette équation donne lieu de faire une remarque importante ; c’est que les
sommes ¥ du no.6, que représentent les lettres K et k, ne peuvent étre changées
en des intégrales, quoique la variable r croisse dans chacune d’elles par de trés-
petites différences égales & a ; car si cette transformation était possible, k serait
zéro en méme temps que K ; d’ou il résulterait qu’aprés le changement de forme
du corps, les force P, Q, R, seraient nulles comme auparavant, et que des forces
données qui agiraient sur le corps ne pourraient se faire équilibre, ce qui est in-
admissible. Pour faire voir que k s’évanouirait au méme temps que K, observons
qu’on aurait

27 3 2 (5 1
K= dr, k=— —d.-
3 b — frdr 5/, %7 fr,
en multipliant sous les signes 3 par ;, et remplagant ces signes par ceux de

l'intégration. Or, si l'on intégre par partie, et si I'on fait attention que fr est
nulle aux deux limites, il en résultera

or [ 7
———3—/0 frdr——

ce qui montre que la quantité K étant nulle, on aurait aussi k = 0. [45, p.398-399,
§ 14]

Je substitute, en outre, dans les équations (3)pe & la place de P, Q, etc., leurs
valeurs, et je suppose le corps homogene; en observant que K = 0, il vient

34dz7

2 d%u 2 dw ld’v 1d%y
t+a (“'«'dy tS5ardy T 3dsdy T 3422 T 342 )

2 d’u 2 d?y 1d%w , 1d Lu) -
+a’(dz’+3dzdz+3dydz+3dz’ 5 dy =0,

2d’ | 2d% | 1d% | 1d*u
X - +a('d_:7+3ciyd:+3nizd:+§d_y!+_ ) 0,
Y -

?t'!'
?i!'
g

— 32—

(59)

(60)

(61)
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a? étant un coefficient, égal 2 %. Ces équations ont la méme forme que celles qui

ont été données par M.Navier'?, et qu'il a obtenues en partant de ’hypothése que les
molécules du corps, aprés son changement de forme, s’attirent proportionnellement aux
accroissements des leurs distances mutuelles; et en admettant, de plus, que les résultantes
de ces forces peuvent s’exprimer par des intégrales, ce qui rendrait nul le coefficient a2,
ainsi qu'on I’a vu plus haut. Les équations relatives & la surface, formées de la méme
maniére, se trouvent aussi dans le Mémoire de M.Navier. [47, p.403-4,§16]

We can see that (6)pe ( = (61) ) is able to be modified to (21) as follows :

@y | a®(qdu d?v dw | d*u | d*u) _

X - dt? + T(Bd:r,’ 2dyd::: + 2dzd:|: + dy? + azz ) = 07
d®v a? d3y d%u dw d%v vy __

Y—w+?(3w+2m+2—azay+m+m =0,

d*w a? dw d*u d%y d*w 2w __
Z-FF+ T<3dz7 2% * 244 t & T ar) =0

3.2.3. General principle and equations in elastic solid and fluid.

Poisson proposed two constants k and K in his compressible fluid equations in 1829 and was issured
in 1831( [47, p.46, p.140] ) ,

_ 1 3d.%f7‘_27l' 1 sdifr _ 1 27 rfr
(3-8)ps k=3053zr & 15 anes  dr K_@err—?24ﬂ63, (63)

e : la grandeur moyenne des intervalles moléculaires autour du point M. ( the mean value of the molecular
intervals around the point M. )([47], p.141).
We summarize Poisson’s deduction of k and K in [47], which is a little different with [45, p.368-405, §
1-§ 16).1
e § 15. We put w : the area of the holizontal section ; along this section, an vertical cylindar
elevates, the height of which equals at least to the radius of the molecular activity. We call B :
the cylindar : the molecular action of A’ on it of B, divided with w, is the pressure by A’ on A,
related to the unit of the surface and relative to the point M.
We it with Nw such that N the pressure related to the unit of the surface ; and because the
vertical component of the force : fr acting at the point m and passed from below to upper, is

Lfr, we take :
z
Nw= -
w Z - fr
where the sum 3~ covers all the points m of B and m’ of A’

e § 16. We put N : the pressure, € : the mean value of the molecular intervals around the point
M as above. We put v : a propotional number to the volume : wz.

Nw:ZVr—zfr
z

v=

RS

€

1 22
(31)ps N= ?ZTfr

If we call i the mass of & molecule, or its mean value, the mass of the cylindar : wz turns equal to vy,
and the ratio : :—'5 expresses the density. Hence, we put it with p, and put its value for v, we have :

=k

p - 53
e § 17. We see also that the quantity : 5; fr obeys under the sign 3~ being null for all the points
of the plane moved by M, the sum which it makes, become % of the same sum extended to all
the points of A and of A’. Moreover, 72, which is the square of the distance from M’ to the three

. 2 0 .
planes of the rectangle passing through M, and the sum }_ £ fr having the same sum which we
13By Poisson’s footnote : Tome VII de ces Mémoires, which is Navier(26].

141, Poisson [47], the title of the chaper 3 is “Calcul des Pressions dans les Corps élastiques ; équations defferentielles
de Véquiblibre et du mouvement de ces Corps.”
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replace successively 22 with the two another squares : z2 and 32, then it turns that it equals to
i é fr. After these considerations, we have as follows :

1 22 1 1 1 r? 1 )
(3-2) ps N=€_32_f7'=§x§x—z—f‘r='66—32’l‘f’r, (64)

r
e § 20. ( This section corresponds to that from § 2 to § 4 in [45] describing the elastic solid. )

z' = az1 + by1 — c2y,
(3-6)P! y' =adz + b’y1 —cz,
Z=a"z +V'y - 'z

In sum,
z’ a b -—c I T a a o’ x'
y' = ad vV - 1 = Y1 = b b b’ yl y (65)
2 a ¥ = 2 2 —c - = 2

where, 9 coefficients a, b, - are the cosines of the angles which z;, 3; and the extension of the

axis z1, with the axis of z, y, 2z, and these cosines are given.
=+ +@+y) +(0+6)

where for abbreviation :

azy + by — ez = o, PRV Lo =y,
dz) + by - dn =9, PETVE R =, (66)
a"zy + by — "2 =6, P +yde +o%L =¢
In sum,
, du du du
@ a b -c z1 ¢ = dy dz ¥ 1
v| = |d ¥ ¢ |, V= | & g & Y | =Vu | ¢
0 a ¥ = 2 o' %’f ,lii_,: ,[11_.: 9 9
. w4y _ v+ _ 0+06
uP——Z o fr1, wQ——Z - fr wR~~Z o fri.

for the components of the total action of A’ on B, in covering the summation 3} to the all points
m’ of A’ and to the all points m of B. Because the function fr; is regarded as positive or negative,
in accordance with the distance : r1, the force which it represents, become repulsive or atractive,
the components act in the direction of z,y and z, positive or negative, with their values above
turn into positive or negative.

_ I lpt+¥a _ 1o @+y)a 1 (6+6)2
P_—EZTJ.”’ Q——EEZTJ‘H R=—§Z————T1 fri.
By observing
P2 =P 4?4 62
and neglecting the quantities of the second order with respect to ', 1, 6’ then we get :
1
rn=r+ ;(w’ + ¢y’ 4 66')

At the same degree of approximation, we get as follows :1%

1, 1 , , o oandlfr
rlf"'l—rfr+(‘r°‘P + v +99)E_— (67)
P=-4yletedn g st(w’+W’+99’)wzld—‘,i$,
BTpr $Q=-5XWHn 51 LS (o 4 gy + 00 )z SELT (68)
Re=—% ¥ E28 fr— o Sy + g + 00 )z 25,

15This equation (67) must equal to elastic solid case (52) in Poisson [45], in which we correct his misprint.



SAINT-VENANT AND NAVIER-STOKES EQUATIONS

TaBLE 8. The 63 coefficients of the components of —H

L  [e3A of E Wl of F 2222 (= mnumber of term|
e a{ca + 2ca) = ca® + 2caa = 3ca?|b(ch + 2cb) = cb® + 2chb = 3cb®|cc? = c3 ]
E d(cd +2da) =cd? +2dad’  |b(ct +2¢b) = cb? + 2 |ec? 7
%L:. a//(ca// + 26"0.) — calﬁ+ 26”aa” b//(cbu + 2C"b) = Cb”2 + 2cubb// CC"2 7
R a{c'a + 2cd’) = ¢'a® 4 2caa’ b{(c'b + 2¢b') = ¢'b? + 2chb edc=cd 7 x 2 =14
iy dw a(c’a + 20a”) = c"a? + 2caa” [b(c"b + 2cb”) = "% + 2cbb” e’ = 32c” 7x2=14
2+ %J“—l’ ca'a” + c'ad” + ’aa’ cb'b” + cbb” + ¢'bb’ e’ Tx2=14 |
number of term|27 27 9 |63 ]

P 1 (oo (¢ +dd' + 06 )pz ir

> Q] =-3 ( (W+d)a (e +9y' +60 )9z I: alsr } )
R (wHwar (' + 9y’ + 06wz rdr

3.2.4. K and first summation of P,Q, R in elastic solid.

¢ § 21. ( This section corresponds to that from § 5 to § 7 in [45] describing the elastic solid. )
2? 1
Z -T_fr = -6' Z T'fT',

E——-(‘p'*f')z‘fr———% c+cdz+r'z:+r”‘;'z‘) 7fr——é((' l+d" +c’g"+c”‘;’;)2rfr,
ZL—L"’J”'f’ Afr=—3{d+cf+c ’@+c"d") rfr= %( R 1+d”)+c”fi‘;)2rfr,
EL——L“'F:" z‘fr———é I +c +c"i‘:+c"d'”)2rfr——g<cdz +c"fi':+c”(1+‘fi—‘f))2rfr,

3.2.5. k and second summation of P,Q, R in elastic solid.
We call H the second summation in P of (68)(= (3-7)ps) such as :

d.l
H= Z (e’ + 9y’ + 68 oz, il

rdr
Zzl "=E, Z“ T=F Z‘*d fr_c,

We get the 63 coeﬁiments of components of —H as in Table 8. The sums of E, F and G are equal
for A and for A’, because the terms related to the plane made of z; and y;, become equal to
zero by taking the differencial : we can take the volume of the total body, and take successively
as % of its value. When we regard the body as homogeneous in the volume of the sphare of the
molecular activity, we get as follows :

dijy dyir dpfr
{EZf rd"‘r AE i 'd"r —E i rdrrt

2,281 _ 2,20 81 _ 2,2d.2r
oyt = Tar =3 zff =5 rdr =Y iy~ Tar

dlf daisr d.
{Z ZM__Tlt-ir_r = Zy’4 rdrr 2 e rdir - 2G (69)

Ty l2d fr =Yz lzdtfr_zzlz r2 8- f'—2E-2F
From (65) we get :

Ty =az’ +a'y +a’2

Y1 b.’E +blyl+b/l ’
71 = —cx' — Clyl —c'

In Table 9,
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TABLE 9. The coefficients by the combination of the terms of z} x 2% in G

[ [2z"%[c%y" 2" 2ec’z’y’ 2"y A 2cc’z' 2’
Ez2 [T Ry 2R R R R AR By [Ad 2y 2 A TR 2
2y o'ty 2c22y 2 e3P y® 4Ty JdecP e 'y
P ) PL Y 4cc’c”2z'y’z'2 4c'c"3y'z'3 Ao 51 23
2cc’z'y’ 462 cizx/2 yl2 SCCIZCI/nyIZ zl 862 Clc/lxl2 y/ z/
2clc//y/zl 4Clzcll2y12212 8cclcll2x/ylz/2
5o 0 7 2T

TABLE 10. The 21 coefficients by the combination of the terms of 22 x 22 in G

szlz Cl2y12 CI/2ZI2 2cclzly/ 2c/C//y/z/ 2CC//z/ ZI —I
(E2? [ A RE YRR R 2 22
% iy PRI
CIIZ 212 c//4 z/4
2Ty 12Ty
2clc”ylz/ 46/20//2yl2zl2
2cc’x’ 2 4cZc 2%

A Sy + ATy 2 + A3 + oy 4 B 4 oy
+cc’c"21;'y’z’2 + c/C/lay/zls + ccnazrz:a + 2ccl2cllzlyl2zl + 2c2clcﬂml2y/zl + 2cclcll2zlylzl2)
=4 [(621:/2 + Clzylz + c"2z'2)(cc'z'y' + c/c//y/z/ + C(.'”IIZI) + 2(02C’CHIIyIZI + Ccl2cllmly/2 z/ + CCICH.'EIyIZm)]

Hence, we can consider only the elements of Table 10. From (69) and the 21 elements in the
upper-trianglar matrix including the diagonal of Table 10 , we get :

G—_—szd.%fr

rdr

1 difr
= 5 Z ,,.:ii [(64114 + cldyld + c//4z/4) + 6(626121121//2 + czc//2y12212 + clzcuzz/zza)]

1
— 5[2G(c"+c’4 +¢") 46 2F(A? + A" +szcuz)]
= G(c*+*+") +6F(P? + 2" + 2. (70)

Here, we put for convenience’ sake as follows :

a= c4 + c/4 + C’M, B = Czclz + 62 C//Q + 6126”2.
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Because of'®
¢ +CI4+CH4 +262 /2 +2626"2 +2612 "2 _ 1,
(62 + (.12 + (,//2)2 — 1
¢ +C’4 +CN4 +2C2 73 +262C”2 +2CI2 "2 _ =1l=a=1- 26»
then from (70), we get G = oG + 68F and then :
G=(1-28)G+648F = 208G = 60F,

{62 +C’2 +CH2 — 1

it turns at last :

G = 3F.
Moreover, because of r2 = z2 + y? + 27, we get
dt
Z Pl Jr (71)
rdr

difr d.ifr d.ifr difr
4 4 4 2,2
Z 1 7‘:11" + Z yl T‘:iT‘ + Z zl T‘:iT‘ + 2 Z it :1

then (71) turns from (69) :

223 L —3G+6F=5G = 15E = 15F.
1 d.%fr _ d.l fr
G=pLr T F=F=g3r
As the common factor, we take ?16 then :
d.i sfr dv dw du dv du dw
H_“_Za [( dz+Ty+E)+ (dy+dz)+ (dz+d:z)] (73)

The second summation contained in Q of (68) (= (3-7)ps) is deduced from H with the permuta-
tion of u and v, z and y, ¢ and ¢/, and samely in R with the permutation of u and w, z and z, ¢
and ¢”. By these manner, the equations (68) (= (3-7) ps) turn out as follows :

P=[KO+4%)+k(3% + 4+ 4ot [Kd + k(4 + )] + (K4 + k(% + 42)]e

= [K(+42) + k(2 3‘3‘;+"—‘" ¢+ K +k(d" + dy) ot (K4 + k(4 + ), (74)
R=|K1+%)y+k ‘f;;+ 2 4348 (" + (K4 +k( +‘f;;) ’+[Kd‘”+k('f;‘;+dz:|],

where, for abbreviation, he uses :

)

difr _on 1 sdifr

3 < - rfr
(3:8)ps k= 3063 Z dr ~ 15 ned dr 6 63 Z rfr= Ared’ (75)

16We corrected Poisson’s mistake :
A+t 4422?23 2% =0 > =1
Because if
2y 4 =1
then we get clealy
At 4230 +2c2¢" 4 22" =1

Inversely, if the equation equals to 0, then

- - __ 56
G=-26G+68F = (1+28G=68F = 6= 15

Then we can’t get G = 3F.
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e § 22. We get the general equations as follows :

P=Pd+ PQC, + Pse, P P P, P c’
(3-9)ps Q= Q" + Qad + Qsc, = Q = Q1 Q2 Qs 4
R

c y
R = Ric" + Rac' + R3e Ri Ry Ry c
then we get the tensor from (74) as follows :
d d d d d d d ¢ d
n P B Ko k(% +de)  Kiek(d+d) Ko+ (344
612{1 gz ga = | K&+ k(% + 4% K(1+%)+k(%+3%+% K% 4 k(4
1oz s K(1+%)+k(%+%+3%) K%+k(%+% Kdw g du
e §23.
When we suppose that the initial state of the elastic solid is natural, it turns K = 0, so we get
as follows :
d d d d d d d
P PR (v ) k(9] k(3d+ L4
(3-11)py %1 ?{2 ga = k—dd—”z—+dT‘: k%+3%+% det;+dT1;
1 2 H3 d d d d d d d
B+ d+a)  k(+d) k(s
e §24.
_ 4P | dPy | dP,
Xp—T}+EZ+—d-}, X 1 R B d_‘:;
(3-12)ps (Yp=% 4 & 4 430, = Y| = - & Q2 Qs dy (76)
_ dR dR dR Z R 7 <
Zp="g +H+ 1 Re R 4z
e §27.
In homogeneous case, § means the difference of the contraction or dilation :
r—r
=9
r

P = —5kéc, Q= —5kéc, R= —-5kdc";

K = —5ké.
Replacing ¢ and r of K in (75) (= (3-8) ps) with ¢’ and 7/,

1
K = @ZTJ}.TJ

and 7’ and & with
=r—718 ¢ =z-¢é

17 For 4§ is very small value, we can develope K by the convergent series, ordered by following
power of 4, and neglecting the bigger power than the first, then it turns out as follows :

143

6 3d.lfr
Kega i ga g

then, because 3 rfr = 0, by the condition of natural state,

4 3d.%fr_
K= —'6?27‘ T = —5k6

e § 31. Finally, he assumes isotropic elasticity in natural state and the perpendicular pressure on
the surface of corps.

17Then we get :

1
K:mz r(1 -8 f(r - r8)

dw
Rl
du
+—Eg

du
+ %
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Je substitute, en outre, dans les équations (12)'#, & la place de P, Q, --, leurs
valeurs. Je supose le corps homogene, et je prends alors pour son état naturel auquel
répondent les coordonées z, y, z, du point quelconque M, un état dans lequel la surface
du corps est soumise & une pression normale et la méme en tous ses points. En la
représentant par II, on aura K = II (§ 27). La quantite &k étant négative ( méme § 27 )
et indépendante de z, y, z, je fais, pour abréger

He puts IT the normal pressure on the corps, and for abbreviation, he uses :

5k

=
then the motional equations of elastic corps are as follows :

d’u 2(d?u | 2d% | 2d%w | 1d% | 1d%u) _ Ddu

X~GFta (m+§dydm+§dzdz+§@f+§w = bt
v 2(d% | 2d% | 2d%w | 1d% , 1d%v) _ Id%

Y - a7 ta (Ey’ + 3dzdy + 3 dzdy tagrtasnz)= P dy® (77)
42w 2 ( dPw 2 d%u 2 d*v 1 2w 1d%w) _ IIdw

Z- Gt ta (w+§m+§dydz+§m+§d—yr =@

3.2.6. Fluid pressure in motion.

e § 63,
19 Poisson’s tensor of the pressures in fluid reads as follows :

(7-T)ps
Uy, Up Us BlE+ & 5(3‘5+%)!”‘a%‘%%+25%
pooff oYy o(f+d) A%+ %)
(k+K)a=8, (k—Kla=g, p=yt=K, then B+p =2ke, (78)

where x? is the density of the fluid around the point M, and ¢ is the pressure. Here we can replace the
first column with the third one, then we see easily the conventional style of array as follows :

Us Uy Uy p—a%—%%%—?ﬁ% ﬂ(‘i—Z+3—§) ple+&
Vo Vo Vi | = | p(2+2) p-olft-Stiopl gl |,
e T sl +dz) o(f+d) poottt- % vy
The elements of velocity u = (u,v,w) are :
dx dy dz
7 TR T
d’x

—du o du ydu  du
=@ tug tvg twy
$y _dv  odv ., dv dv
#_dt+udz+vdy+wdz’

&y _dw y dw y gdw . dw
W_dt+udz+vdy+wdz

gt B+p dxt

=T a xt dt’ (79)
20
2 2 2
p(X—%#)— iz +ﬁ(‘;—z%+‘%7“+3—,%),
2 2
(7-9)ps p(Y = g¥) = F+ A5 + 4 + &), (80)
2
P75 = O+ 8 1 5)

18§24, (3-12) ps (= (76)).

1911 Poisson [47], the title of the chaper 7 is “Calcul des Pressions dans les Fluides en mouvement ; équations deffer-
entieiles de ce mouvement.”

20(7.9) ps means the equation number with chapter of Poisson [47]
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If we put f = (X,Y, Z) then (80) becomes as follows :

du g
_3—t+ ~Au+ - Vw—f

3.2.7. Stokes’ comment on Poisson’s fluid equations.
Stokes comments on Poisson’s (7-9) ps as follows :

On this supposition we shall get the value of % from that of R} — K in the equations
of page 140 by putting
du _dv_ dw 1dxt
dz ~ dy dz  3xt dt |
We have therefore
dxt
—X_tE.

dxt «a
C('HT = g(K - 5k)

Putting now for 3+ @ its value 2ak, and for E dt its value given by equation (82)2!,

the expression for w, page 152,22 becomes
a du dv dw
o+ Q4R L L2y
w=pt 3K+ R+ T+ )

Observing that a{K + k) = 3, this value of w reduces Poisson’s equation (7-9) ps[=(80)]
to the equation (12)g[=(97)] of this paper. ([55, p.119])

Namely, by using (K + k) = 8 in (78) and the followings :

%=%+Q(K+k)d du+dv_+_dw)

(81)

%‘;!-" $K+E)E +§;+ du),
2% sk rni 8 +‘.§'ﬁ
then (80)( = (7-9) ps ) turns out :

pX~L8) =192 4 gLy Ly Ly
S 1 GO )
p(Z-45) =32+ B(LY +T¥ +43)
where w = P+a(K+k)(f'+g—:+d—f),
(B -X)+ % +a(K+k)(%‘;+%‘; ")+ a(K+k)d(d—+3—;+%)=0,
> B -V Erak+ (L3 53+ ) ek + DL (R + &+ 42) =0,
W -2)+ E+aK+R)(E+ 43+ 5¥) +haK +RE (L + &+ 4) =0,
P - X+ Eou(frr Sy Gy) - sd(2+2+92) =0,
>2s SpB-VI+E-n(rr Ly dy) s (i) =
B -2+ Eon(GE g ) - 4E (R ) =0

Therefore, Poisson contains both compressible and incompressible fluid.

3.3. Cauchy’s deduction of tensor.

21P0isson[47, p.141},

du dv  dw 1 dxt
7-2 =t — =
2Des & dy | dz Xt dt

21, (19)

(82)
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TABLE 11. Assumptions and model of the system of particles by Cauchy

[no [item [ref. equations

1 [Mouvement par des forces d’attraction ou de repulsion mutuelle.
La lettre S indiquant une somme de termes semblables, mais relatifs aux diverses molécules m,m’, - --

)

2 |et la signe + devant étre réduit au signe + ou au signe — suivant que la masse m sera attirée ou 3)c
repoussée par molécule m.

3-1|L’etat du systéme de points matériels soit changé. (4)e — (6)c

39 Les molécules m, m, m’,--- se déplacent dans ’espace, mais de maniére que la distance de deux G
molécules m et m varie dans un rapport peu différent de I’unité. c
£, 1, ¢ : des fonctions de a, b, ¢, qui représentent las déplacements trés petits et paralléles aux axes

413 (8)c — ()¢
d’une molécule quelconque m.

Les déplacements £, 7, sont trés petits, alors, en considérant ces déplacements comme infiniment petits

5 . e oy . (12)c - (31)¢
du premier ordre, et négligeant les infiniment petits du second ordre.

6 Les équations qui expriment I'equilibre ou le mouvement du systéme des masses m, m, m/',-- - soumises, (32)c - (34)
non seulement & leurs attractions ou répulsions mutuelles, mais & de nouvelles forces accélératrice. c c
Les sommes comprises dans les formules (26)¢ et (30)c s'evanouissent.

7 |Les masses m, m’, m”,... étant deux & deux égales entre elles, sont distribuées, symétriquement de part |(35)c — (36)c

et d’autre de la molécule m.

Parmi lés sommes comprises dans les formules (26)¢, (30)c et (31)c,
8 - . L , . (37 ¢ — (40)c
toutes celles qui renferment des puissances impaires de cos «, de cos 3, ou de cos~y s'evanouissent.
8-1[Les molécules m, m’, m”,--- sont distribuées symétriquement par rapport & chacun des trois plans.
5-2 Deux molécules symétriquement placées a I’egard d’un des trois premiers plans offrent toujours
des masses égales.
9 Les molécules m,m’,m”,--- primitivement distribuées de la méme maniére par rapport al)e — (42)
aux trois plans menés par la molécule m parallélement aux plans coordonnés. (4)e ¢
Les molécules m, m’,m”,--- primitivement distribuées autour de la molécule m, de maniére
10 |que les sommes comprises dans les équations (37), (38), (39) deviennent indépendantes des directions (43)c — (48)c
assignées aux axes des z,y, z.
1 Les sommes des masses comprises les volemes élémentaires v, v', v”, - soient propotionelles & ces méme (49)
volumes, et représentées en conséquence par les produits Av, Av', Av”,.--. c

3.3.1. Deduction of the equations of accelerate force.

2 We show Cauchy’s 11 assumptions in Table 11, which are numbered from (#1) to (#11) in the
followings.

e § 1. At first, we consider that the great number of molecules or material points are arbitrarily
distributed in a certain potion of the space and its motion are brought about by the forces of mutual
attraction or repulsion. Strict speaking, we must cite Cauchy’s assumptions as follows :

(#1). The definition of the various terms are :

e m ( in roman style ) : mass of this molecule ;

e m, m/, m” (in italic style ) : masses of another molecules, which are assumed at a certain time
bl
a, b, c¢: the coordinate values of the molecule m on the rectanglar coordinates : z, y,
a+ Aa, b+ Ab, ¢+ Ac : the coordinate values of the molecule m ;
 : the distance between m and m ( with scalar value ) ;
a. 3, v : the angles formed by the vector of ray : r with each half axis of the positive coordinates.
e € 2. Cauchy’s hypothesis of molecular activities are as follows :

(#2). Lalettre S indiquant une somme de termes semblables, mais relatifs aux diverses
molécules m, m/,-- -, et la signe + devant étre réduit au signe + ou au signe — suivant
que la masse m sera attirée ou repoussée par molécule m. Ajoutons que les quantités
Aa, Ab, Ac pourront étre exprimées en fonction de r et des angles o, 3, v par les
formules : [6, p.228]

Z;

3)¢ Aa=rcosa, Ab=rcosfB, Ac=rcosy.

23For convenience’ sake, we put “e { (number)” as the paragraph number which is not in his text, but we count and
show it, and moreover, we suppose sections.
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s ¢ 3.
(#3). Supposons maintenant
e que l'etat du systéme de points matériels soit changé, et
e que les molécules m, 'm, m',--- se déplacent dans I’espace, mais de maniere que la
distance de deux molécules m et m varie dans un rapport peu différent de 'unité.
(#4). Soient &, 1, ¢ : des fonctions de a, b, ¢, qui représentent les déplacements trés
petits et paralléles aux axes d’une molécule quelconque m ;
ez, ¥y z; z+Az, y+ Ay, z+ Az : les coordonnées des molécules m, m dans le
nouvel état du systéme ;
e r(1+¢€): la distance des molécules m, m dans ce nouvel état ;
e ¢ : la dilation tres petite de la longueur r dans le passage du premier état au second
; et 'on aura évidement
(4)0 I=a+£1 y=b+7l- Z:C+C-
) Az = Aa+ Af =rcosa + AE,
B)c Ay = Ab+ An = rcos §+ A,
Az =Ac+ Al =rcosy+ A(.
24

(6)c r(1+¢)* = (A2)* + (Ay)® + (A2)?

r2(cos? a + cos® B+ cos® ) + 2r(cos aAE + cos BAN + cos YAC) + (AE)? + (An)? + (AQ)?
= 72 4 2r(cos aAE + cos fAn + cos YAL) + (AE)? + (An)? + (A%

Here we used the following by (8)¢ :

(Aa)?
r2

(Ab)?
re

N2
+ MCL Y
T

c0s? o + cos? § + cos®y =

(MNe l1+e= \/1 + %(cosaA{ + cos SAn + cosYAQ) + T%(A{)z + (An)2 + (A¢)?),

We can put the followings with the parallel expressions :

Aa Az Ab Ay Aa Az
(8)0,(9)0 COSQ————W, OS,B——T—T—(TTS—), COS’Y—T-—m.
e § 4. After all, the algebraic projections of resultant forces of attractions and repulsions performed by
the molecules m,m’,m”,--- on the molecule m become equal to three products :

mS im;@—js—)f[r(l—ke)] ,

(10)c  §mS{ £mBsflr(1+¢)] g,
+ m;(f—jz—)f[r(l +e)

17)]

m
Here we put the accelerate force as follows :

X =8{ £+ miflee Az},

r(l+e
flr(1+

(1)e Y=8 :tmrH_; Ay,
flr(1+

Z=8 im:H; Az,

les trois products : mX, mY, mZ, et les trois quantités : X, Y, Z représenteront les
projections algébriques :
o de la résultante dont il s’agit ;
o de cette résuitante divisée par m, ou, qui revient au méme, de la force accélératrice
qui sollicitera la molécule m et qui sera due aux actions des molécules m, m’,m”, -

241 Cauchy [6, p.228], the second “=" in each statements in (5)¢ are putted by “+”, and we correct it.
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e § 5. The deplacements : £, 5, ¢ are infinitesimal, then we can neglect these values of second order.
(#5). (Omitted.)

MNe = (12)¢ e= %(cos alAf + cos BAn + cos YA().

; ’ _ _of 1 _

flr(1 +¢)] (- f(r) + erf'(r) _ f(r) N Erf (r) — f(r) —ef'(r) ~ f(r) N 6rf (r) f(r)‘
r(l1+¢) T T T T r

Here, we remark the neglection by Cauchy : (11)¢ turns into the following from (5)¢ and (13)¢ as follows

(13)c

fir(1+¢)] _ flr(1 +€)] rcos . from
r(l1+e) = r(l+ )( +48)  (: fom (e )
= (1 + rf(rf)(——)f(r)) (@) (rcosa+ %) (: from (13)¢ )

(1 + 6&?(;)}@) (1 + rcosa)( (T))rcosa
{1 + erf’(r) —f(r) + = + (srf’(r) _ f(r))( A¢ )}f(r) cos &

fl

f(r) rcosa f(r) TCOS &
~ (1 + srf (rf)(; f(r) + riﬁa)f(r) cos .

Samely, we can get the followings :

fr+e)l,, _ f(r)=fr) | _An_ (o rf()=Kr)) (_Ag_ - rf/(r)=t(r) | _ay ,
rige) VT {1+€ M T reos ﬁ+( o) )(rwsﬁ)}f(r)mﬂ—(lﬂ ‘o +,cosﬁ)f(r)cosﬂ,

Tleelace {os st s oo+ (48) (s o (1 + 20550 126 )

T(1+6) T CO8 Y Tcos

According to Cauchy’s assumption, we get the following (14)¢ from (11)¢ by combining with (5)¢ and
(13)c.

X=8y+tm[l+ 41()—_;—@6%— el cosaf(r)},

(14)¢ Y=8 im[1+Me+rco§ﬁ]cosﬂf(r) ,
Z=8 im[1+ﬂ%@e+;c—§m;]cos7f(r) .

¢ § 6. From the initial condition, by considering the equilibrium of X, Y, Z, we get some results.

lorsque le premier état du systéme des points matériels est état d’équibre, il suffit de
remplacer &, 7, ¢ par zéro dans les formiles (14)¢, pour faire évanouir X, Y, Z.

Then we get (15)¢ as follows :
(15)c S[tmcosaf(r)] =0, S[tmcosff(r)] =0, S[tmcosvi(r)]=0.

X =85 £m[{rf'(r) - f(r)}ecosa + @A{] ,
(16)¢ Y =8¢ £m[{rf(r) — f(r)}ecos B+ f—(rﬂAn] ,
Z =8¢ £m[{rf'(r) - f(r)}ecosy + f—(TﬂAC] .
o [E] sten 123 8] [rigon
Z ecosy A(¢ T
From (12)c

X L(cos AL + cos BAN + cosyAl)cos o AE
Y = S{ +m | 2(cosaA€ + cos BAn + cosyAl)cos 8 An
VA +(cos aAL + cos BAR + cos YA cosy  A¢

=

{ (Tf’(r)f_(;f(r))€ ] }

T
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X=8 im[(ﬁfl%— ﬂz)r;f(ﬂcosza)Af%— i@r;fQ(cosacos,BAn+cosacos'yAC)]},
(16)c = (Q7)c Y =8¢ £mj E%_fl~}—ﬂ5r_uﬂcos2,3 An+ w(cosﬁcos'ﬂl(+cos,6cosaA§)] ,
Z=8 im[ E%rl+i(r—)r_—f(ﬂcos2'y AC+w(cosvcosaAf+c08’ycos,3An)]

e 7. The formulation of accelerate force.

Af = 1'(2—?1 cosa + %cos[%k %cos*y)

2 2
+l%(g—:§ cos? o+ %écosz,@+g—c§cos2'y+2%;% cosﬂcos'y+266—w€& cos'ycosa+2%§5cosacosﬁ)

> +

n=r (%cosa+i’lcosﬂ+a—’lcos'y)
(18)¢ +ﬁ(g—:¥cos a+5¥cos ,6+51'1cos 'y+23b—é'-cosﬂcos7+27chos'ycosa+26 abcosacos[i)

w0

BN

_+_
A¢= r(ggcosowk bcos,@+%§cos'y)
+ 2 62

ﬁ(aﬁ cos?a + 3—b§cos2ﬂ+ %cos"y+2§%5 cosﬂcos*y+2§c—2é,% cos'ycosa+2—§- cosacos,@)

dadb
+--
a9, % % % o oo omo A A K
€ %2 ' 8c' 8a’ ' 9’ da' ' oc
& 8 8 &2 a*)g 3%
oW i A EA
(20)0 g%’ 57)4’ ﬁ, bac? & a’ 6:56!7’
a2 8 a* &2 3¢ 3¢
da*) b4 dc*? dbac? dcda’ dadb?
We show £1,71,(; with Jacobian :
o 3 )
§;=§§cosa+g%cosﬂ+§§cos*y, £ %s g% %% cosa
(21)¢ m = F2cosa+ Sl cos B+ 5 cos, = m = g’l g’l g’l cos 3
glzg-ﬁcosa+%%cosﬂ+-g-§cos'y, G 5% 3t 5§ cos 7y
§2=g—9§cos a+3—§cos ,6+—§cos ’y+2%%cosﬂcos7+23?%cos'ycosa+2%€,;cosacos,6,
(22)c ] = g—g;‘cos a+—5¥cos B8+ ﬁcos 'y+26baccosﬁcos7+23 aacos'ycosa+2aaabcosacosﬂ,
(2=§;Scos a+%§cos ,6+%§cos 1+2m45cosﬂcos7+2m%cosvcosa+2ri,%cosacosﬁ,
2
cos’ o
e 3% 2 82 Fi 52 cos? 8
& T BB w og o 2
R EEE - o
2 357 B 35 pc OgPa  daph 2 cos 3 cos
Co e & 2% % 8% 3[5; v
Ja? 3% B Bbdc Bcda  Dadhb 2cosycosa
: 2cos acos (3

From (18)¢, we get the following :

@) Ac=r(a+36), Mn=r(m+im), Ac=r(a+3G),

and from (12)¢ and (23)¢, we get the following :

1
24)c == ;(cos aA£ + cos BAN + cosYAL) = £ cosa + 11 cos B+ (1 cosy + = (52 cosa+1n2c08 3+ (2 cos'y>
The equation (14)¢ turns into as follows :

(14)c = (B)c X=Xo+X1+Xy, Y=Yo+Yi4Ys, Z=2Zo+21+2

(26)c Xo=S[tmcosaf(r)], Y, =S[tmcospi(r)], Zo= S[tm cosvi(r)

444 —
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X; = S[£m&if(r)] + 8| £ m(& cosa + ny cos B+ (1 cos ) cos afrf (1) — f(r)]
(27)c Yy = S[+mmi(r)] + 8| £ m(& cosa +nycos B+ (1 cosy)cos B[rf' (r) — £(r)] |,
Zy = S[xmGif(r)] + S| £ m(€1cosa+ ny cos B+ (1 cosy)cosy[rf(r) — f(r)] |,

X, = S[+56,f(r)] + S| &+ BI(€; cosa+ my cos B+ (2 cosy) cos alrf’ (r) ~ £(r)]
(28)¢ Ys = S[£BEnf(r)] + 8| £ B (€2 cos o + nz cos B+ (2 cosy) cos B[rf (r) — £(r)] |,
Zy = S[+ T f(r)] + 8| £ B (€3 cos o+ 1z cos § + ( cosy) cosy[rf' (r) — f(r)]

We put f(r) in brief as follows :

(29)c  f(r) = £[rf'(r) - £(r)] (83)

X1=X0§§+Yo—€+zoac
S[mf( cos a]+ S[mf( cos acosﬂ]+ S[m f( ) cos? a cos |
21S[m f(r) cos? acosﬁ]+ S[mf(r) cos o cos? ,8]+ 5¢8[mf(r) cos acos 5 cos 7]
: + 548 mf(r)cos? acos| + 6bS[mf(r) cosacosﬂcosv] + 5%8 mf(r)cosacos? 7],
Blc Vi = X2+ Y, & +Zo%’g
+ 5‘S[mf (r) cos® a cos 8] + 3-§S mf(r) cos a cos ﬁ] + ?S[mf (r) cosacos B cos 7]
S[mf(r)cosacos gl+4 SES[mf(r) cos® B] + Z2S[mf(r) cos? B cos]
+ —§S[mf(r)cosacosﬂcos'y]+ +S[mf(r)cos? Bcos~] + acS[m_f( r) cos Bcos? 7],
Zi =X B+ + 2%+

g-s(m—!(%ﬂa;&-{—Scosza) gﬁScos a ?Scos a Cos &

=mf(r) g';z(FﬂFY)Qm +Scosacosf) $IScosacosf LS cosacos§ cos 3
g&(ﬁ?{?zfm + Scosacosy) 5§Scosacos'y ééScosacos'y cosy
g&Scosacosﬂ %%(Tnﬂ%ncoT + Scosacos §) %SScosacosﬂ T T cosa |

= Y: = mf(r) g—ZScoszﬂ g—g(m!r Y. +Scos B) g—’gScoszﬂ cos 3
%&Scosﬂcos'y %%(W-FScosBcos'y) %EScosBcos'y ] L cos7y |
g&Scosacos'y QﬁScosacos'y %S(;ﬁ%"m?, +8Scosacosy) | [ cosa |

=mf(r) | $2ScospBcosy $IScoscosy %’CI(W)‘LCBE;-FScosBcos'y) cos 8
%Scosz'y 5§Scos v %ﬁ(mﬂcoT_’%-Scos ) || cosv |

We see X,Y and Z are computed in according to (25)¢ by only X, Y2, Z2, because in (26)¢, (27)¢
and (30)¢, all the terms contain the terms of cos « or cos 8 or cos+y in odd power, which become zero in
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summation under the symbol of $.

Xy = %5 S[+ %" cos? af(r)] + %;5 s[im cos? Bf(r)] + g_} S+ n;r c052 ~(r)]
+ aa;a $[+mr cos B cos ¥i(r)] + aps acaa B[Lmr cosycos af(r )] + 24 6a6b 8[+mr cos a cos Si(r))
+ g_as S[5L f(r) cos* a] + a—:ff S[ZT f(r) cos? acos? 8] + —15 S[&T f( r)cos acos?y]
N 5% Blmr f(r) cos® arcos Feos 7] + 5?9% $[mr f(r) cos® acos ] + 58 aaab Bmr f(r) cos® acos ]
+ %‘ B2 f(r) cos® acos B] + 534 a: S[""f(r)cosacos 8] + a_zcgl $[mrf(7‘)cosacosﬁcos 4]
+ 5%'% $[mr f(r) cosacos Bcosv] + 6a6b 22 B[mrf(r)cos acosﬁcos'y] + g’a_é% Simr f (r) cos? a cos? ]
+ g_é B[ f(r) cos® acos ] + 55 $[mrf cos acos? B cosn] + 554 $[m1 F(r) cos acos? 4]
+ ?am% $[mrf(r) COSQCOSBZCOS N+ m% S[mrf(r)zcos acos® ]+ 5iy 6a6b $[mr f(r) cos? a cos Bcos 7|,
Yz = 2 S[+ 7 cos? of(r)] + 3 S|+ cos? B(r)] + 5F S[ T cos? 4f(r)]
+ e
(31 | T 538 SIBS(r)cos” acos® B + G5 [ 1(r) cost B] + G S[E(r) cos? feos? ]
+ a%ia% Smr £ (r) cos? acos® 4]
+ N
+ aa—;% S[mrf( r) cos? B cos? 'y]
Zy = gz S[ 7T cos af(r + ﬁ S imr cos 6f(r)] ié S[ % cos? 'Yf("')]
+ e
+ % S[=r f(r) cos? acos? ] + %2); S f(r) cos? f cos? ] + g_} S[™ £(r) cost 4]
+ .
+ 66—;% S[mrf(r) cos? vy cos® a
_+_
+ 52k S[mr f(r) cos? Beos? ]

e §8  Remark : in the right-hand sides of (25)¢, X2, Y2, Z2 are not only the largest valued terms in
(25)c, but also non-zero terms in (25)¢, due to the same signe.

e §9. Remark : the equations of accelerate forces follow not only in the forces come from its mutual
attraction or repulsion but also in the new accelerate forces. 2

(#6). (Omitted.)

32)¢ X+X=0, Y+)Y=0, Z+Z=0.

Au contraire, si le systéme se meut, en désignant par v la force accélératrice qui serait
capable de produire 4 elle seule le mouvement effectif de la molécule m, et par X, ¥, Z
les projections algébriques de cette force sur les axes coordonnées, on devra, dans les
équations (32) ¢, remlacer les quantités X', Y, Z par les différences ¥~ X, Y-Y, Z-Z.

Comme on trouvera, d’ailleurs, en prenant a, b, ¢ pour variables indépendantes, et ayant
égard aux formules (4)¢, [6, pp.236-7]

A z=a+¢ y=b+n z=c+(

. 52 5? .9 6? - &2
B x=22_98 y Oy _0n 5 0z 0%
ot ot otz o2 ot o2
il est clair que le mouvement d’un molécule quelconque m sera déterminé par les
équations

Replacing X, ¥, Z of (32)¢ with X ~ X, Yy-Y, Z-Z, and considering (4)¢, we get the new accelerate
forces as follows :

B . 62
X+x-X=0, X+X=X=§?5,
32 = Y+Y-Y=0, = (4)c Y+Y=Y=957
Z4+Z-Z=0, Z+2=2=2%

25These analysis is not appear in Navier.
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3.3.2. Reduction of tensor.

e 9 10.

The values of X, Y and Z , determinated by the statements (25)¢c, (26)¢, (30)¢, (31)c, are

simplified with several hypothesis as follows :

e q11.

(26)¢ and (30)¢ are disappear and X, Y, Z are reduced to only X5, Y;, Z; for the symmetric

distribution of the molecules.

(#7).

e § 12.

(Omitted.)

Alors les formules (15)¢ seront vérifiées, c’est-a-dire que I’etat primitif du systéme sera
un état d’equilibre ; et, comm on aura d’alilleurs

(85)c X1=0,Y1=0, Z1 =0,
les valeurs de X, Y, Z se réduiront & celles de X2, Y2, Z,. [6, pp.237-8]
At last, we get X,Y and Z from (26)¢, (30)¢, (31)¢ after deleting the terms containing

the terms of cosa or cos 3 or cos<v in odd power, which becomes zero in summation, (ex. including

cosa, cos® @, cos B, cos® B3, ---. ) (#8). (Omitted.)
X = a—;S[i%coq of(r)] + 55 S[% 7" cos? Bi(r)] + ZHS(£ T cos 7ﬁr)]
+ -—éS[m cos? af(r)] +33§Sf’—"—'cos acos? Bf(r)] + 3—§ [ cos? a cos® v £ (r)]
-+ 2BS[mr cos® acos ﬁf(r)]—%—m%S[mrcoszacos ~F (M),
Y:g—;;l [£2Z cos® af(r)] + 2—228[2 o7 cos? Bi(r)] + EC—ZISH:% cos? yf(r)]
(36)c + —g—? [ cos acoﬂzﬁf(r)] ~—¥ [Zr cos4[j’f(r)]+ 528t cos? A cos® v £(r)]
+ aa £ S[mr cos® acos ﬂf(r)] 517—5;8[7111 cos? Bcos? vf(r)],
Z = S48+ 7 cos? of(r)] + 5 S[i”;’ cos? 8f r)]+ﬁs B cos? yf(r)]
+ 82 S[’”—z— 08 aco‘=2ﬁf +ﬁ§S cos® B cos® v f(r)] +E§S[ cos* v f(r)]
+ —6—2—5—8[ 7 cos? y cos af(r)]+Wa";S[mrcos Beos® vf(r)]
=
X = g—ZS{S[ 2 cos? af(r)) + B{Z f(r) cos® a]}
+ g: S[£ 3 cos? Bf(r)] + S[ZE f(r) cos? a cos? 4]
+ az S[+ 2 cos? yf(r)] + 8[ZL f(r) cos® a cos? 7]
+ %S[m F(r) cos® a cos ﬁ]+m§551mrf(r) cos? a cos? 4],
Y= g%? S[+ 2 cos? of(r)] + S[Z f(r) cos? a cos ﬁ]}
+ %;—Sl S[+ 2 cos? Bf(r)] + S[ZE f(r) cos* [3]} (84)
+ ?,25 S[+ 2 cos? yf(r)] + S[ZL f(r) cos® ﬂcoszy]} )
+ gm% [mr f(r) cos? Bcos® 7] + aaabSLmrf(r) cos? a cos? f],
Z= g: 8[+ 2 cos? of(r)] + S[ZE f(r) cos? a cos? §]
+ g; S[£ %" cos? Bf(r)] + S[ZE f(r) cos? B cos? 4]
+ gzc S( ﬂ‘ir-coszfyf(r)]+S[—’%’-f(r)cos4'y]}
+ £ S{mr f(r) cos® ycos? a] + Z&S[mrf(r) cos? feos? ]
= [X Y Z]
82 8‘2 62 62 _62_(-
B omoE o
= | P F F g
I ]
32 @ 32  Bcha bde

+ cos? af(r) + f(r) cos4 :I: cos? af(r) + f(r) cos acos2 B  cos?of(r) + f(r )cos2 a cos? 3

+ cos? Bf(r) + f(r) cos® a cos [3 + cos? Bf(r) + f(r) cos 48 +cos?Bi(r ) + f(r) cos® Bcos? v

X ST + cos? vf(r) + f(r) cos acos?y  cos?yf(r) + f(r)cos® Beosty  + cos? 7f(r) + f( Jcost y
2f(r) cos acos 8 2f(r)cos? Bcos? v 2f(r) cos? v cos® a
2f(r)cos? acos? v 2f(r) cos® acos® 8 2f(r) cos? Bcos? v
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G+L G+R G+Q

%—;SE—ZS%%PJE%}% H+P H+M H+P
53}435;93@%&;55 I+Q I+P I+N |,
o W sm o 2R 2P 29

2Q 2R 2P
where, we define 9 parameters in (84) by G,H,I,L, M,N, P,Q and R as follows :

(37)c G=S[+x% cos?a f(r)], H=S[+%cos’Bf(r)], I=S8[Ex5cos?y f(r)],
(38)c L=S[%cos*a f(r)], M =S[5Fcos’s f(T)] N =S[5F cos*y f(r)],
(38)c P =8[%cos? Beos?y f(r)], Q=S[Brcos®ycos® o f(r)], R =S[5F cos®acos® B f(r)],

Then from (84) it turns into as follows :

X = G+L)—2'§+ H+R)§,§ (1+Q)m§+2Ra ab+2Q6c26 )
(40)c = G+ RZA+(H+ MG+ I+ P53k +2P 5 + 2R,
= G+ Qs+ (H+P)ot + (1 + N) 35 +2054 +2P 52

e € 13. Invariable values : G,H,I,L,M,N,P,Q, R.

If we suppose that the molecules m,m’,m”, .- are originally distributed by the same way in relation
to the three planes made by the molecule m in parallel with the plane coordinates, then the values of
quantities: G, H,I, L, M, N, P, @, R come to remain invariable, even though a series of changes are made
among the three angles : o, 3, 7.

(#9). (Omitted.)

(4)¢ G=H=I, L=M=N, P=Q=R.

X=(L+G)§%5+(R+G(-§-Z§+%§ +2R aaab+%§a)
@)e {Y=(L+0)5+R+6) (58 +23) +2R(Zk + 2f). (85)
Z=(L+QL+(R+0)(L5+ 2 )+2R(ai;%+5"’bia'§ .

32 s 3 2 a’
}Z, = | 33 (o + 5 g w5+ 3 R2+RG

a3 8 a2 a
& (&) (&t nl
e 9 14. For the angles : oy, (1, m1,a2, 32,72, &3, O3,y3 are parpendicular among each planes, the values

of sums: G,H,I,L,M,N, P,Q, R does not alter even by replacing cos a, cos 3, cosy with the trinomial :
(#10). (Omitted.)

{X] o (5 (a%;%+%% [L+G]
=

cosa = cosacosag + cos 3 cos B + cosycosyi,
cos 3 = coscos o + cos 3 cos P2 + Cos 7y cos Y2,
COS7Y => €08 COs a3 + cos [ cos 33 + CO87 COS Y3,

G =8|+ %(cosacos ay + cos Beos By + cos7cos71)2f(7')],
(43)c L =8|2(cosacos oy + cos fcos By + cos7cos71)4f(r)],

R=8|%(cosacosay + cosBcos By + cos'ycos71)2(cosacosa2 + cos Fcos Bz + cos7cos72)2f(r)]
(44)c

G(cos? ay + cos? By +cos? 1) = GAy,

G=
L = L(cos* a; + cos* B; + cos* v1) + 6R( cos? By cos? 1 + cos? y; cos® oy + cos? alcos"’ﬂl) = LB+6RC,
R=

(86)

R(cos B1cos? v + cos? B cos? y; + cos? 7, cos? ag + cos? 4, cos? oy + cos? a cos? By + cos? ap cos Bl) (¢

+4R(cos 31 cos 32 COS Y1 COS Y2 + COS Y1 COS Y2 COS € COS (g + COS (1 COS &x3 08 3y Cos [iz)
+L{ cos? a; cos? ez + cos? By cos? Bz + cos? vy cos? 42) = RD + 4RE + LF,
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where

cos? ay + cos? f; +cos?y; =1,

cos? ag + cos? By +cos?yg =1,

€08 (1 COS g + €08 31 cos B3 + cosy; cosyz =0
and

Ay = cos? o + cos? By + cos? vy,

Ay = cos? arg + cos? Bz + cos? g,

B = cos? oy + cos* B + cos? 1,

C = cos? f; cos? ; + cos? vy cos? a; + cos? aj cos? By,

D = cos? By cos? vz + cos? Bz cos? v, + cos? 1 cos? arg + cos? vg cos? g + cos? g cos? Bz cos? ag cos? By,
E = cos 31 cos B2 CO8 71 CO8 2 + COS~1 COS Y2 COS (1 COS (g + COS @1 €OS g €08 B cos P2,

F = cos? ay cos? arg + cos? B cos? B3 + cos? 1 cos? y;
then
1-B=A?_-B=2C
! ’ (88)
1-D=A1Ay— D=F = —2E,
namely :

¢ 2
1 — (cos? a1 +cos® By + cos? v1) = (cos? oy + cos? By + cos? )" — (cos? ay + cos? By + cos® m)
= 2( cos? By cos? y; + cos? v, cos? oy + cos? o) cos? By,
_ 2 2 2 2 2 2 2 2 2 2 2 2
1 cos? 1 cos® 3 + cos® [ cos® 1 + cos* 71 cos® ag + cos® 2 cos? a1 + cos® g cos® B cos® ag cos® By
= (cos? a; + cos? By + cos? ;) (cos? az + cos? By + cos® y2)
—{(cos? By cos® vz + cos? Bz cos? 1 + cos? y; cos® aa + cos? vz cos? ay + cos? ay cos? B cos? az cos? By)
= {cos? a; cos? oz + cos? B cos? Bz + cos? v cos? y,)
= (cos 31 cos B2 cOs Y1 COS Y2 + COS Y1 COS Y2 COS (] CO8 Q2 + COS (3 COS g cOS B cOs ﬂg)

From the second equation of (87) (: (44)¢ ) by (88)
L(1 - B) = 2LC = 6RC

(45)¢ L =3R,
or, from the third equation by (88)
R(1-D)=-2RE=4RE+LF = 2LE=6RE

(45)c L=3R

From (85)(= t42)c) we get (89)(= (46)c) by (45)¢ as follows :

X'=(R+G) (L5 + %5 +%8) + 2R,
6)c Y =(R+G) (L3 +23+23)+2RE, (89)
Z=(R+0) (25 +Z5+L5) + 2R,
_ % dn &
where (47 ¢ V—%+%+%.

(cf. (89)(= (46)c) = (80)(= (7-9)ps) = (97)(= (12)s) ). Moreover, from (41)¢ :
G=H=I, L=M=N, P=Q=R.

By the way, Cauchy says, when we put G = H = I = 0 in (40)¢, we can see the coincidence of Cauchy’s
R with Navier’s ¢, as follows :
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L R Q 2R 2Q 3112 2
R M P 2P 2R = R|1 312 2 (90)
Q P N 2Q 2P 113 2 2

These coefficients of (90) are equal to (16) of Navier. ( c.f. Section 4. Concurrence, Table 13. )
e 9 15. Dencity : A defined by mass of a sphere : M and the volume of a sphere : V as follows :
Concevons maintenant que, dans I’etat primitif du systéme des molécules m, m/, m”, - - -,
et, du point (a, b, ¢) comme centre avec un rayon ! convenablement choisi, on décrive une
sphére qui renferme toutes les molécules dont ’action sur la masse m & une valeur sen-
sible. Divisions le volume V de cette sphére en éléments trés petits v,v’,v”, -+ | mais
dont chacun renferme encore un trés grand nombre de molécules. Soient M la somme
des masses des molécules comprises dans la spheére, et [6, p.241]
M mass of system of particles

“8)c A= V  volume of system of particles

= dencity

(#11). Enfin supposons que les sommes des masses comprises les volemes élémentaires
v, v/, v”,--. solent propotionelles & ces méme volumes, et représentées en conséquence
par les produits Av, Av', Av”,---. Alors, si la fonction f(r) est telle que, sans altérer
sensiblement les sommes désignées par G et par R, on puisse faire abstraction de celles
des molécules m, m’, m”,--- qui sont les plus voisines de la molécule m, les valeurs
de G, R fournies par les équations (37)c et (39)c différeront trés peu de celles que
déterminent les formules

G= %S[j:r cos? af(ryv],
(49)0 {R = %S[T cos2 o cos? ﬁf(T)U]

quand on étend le signe S, non plus les points matériels m, m’, m”,-- -, mais a tous les
éléments v, v/, v’,--- du volume V.

Or, dans cette derniére hypothése, le second membre de chacun des expression (49)¢c
pourra étre remplacé par une intégrale triple relative & trois coordonées polaires dont
I'une serait le rayon vecteur r, tandis que les deux autres représenteraient les angles
formés :

e par le rayon vecteur r avec 'axe des x
e par le plan qui renferme le méme rayon et l’axe des x avec le plan des z, y.
(6, p.241-2]
Soient p, ¢ les deux angles dont il s’agit. Chaque intégrale triple devra &tre prise entre
les limites p=0, g=m, ¢=0, ¢g=2m, r =0, r =!; et 'on pourra méme, sans erreur
sensible, remplacer la seconde limite de r ou le rayon { par Uinfini positif. [6, p.242]

(50)c G==x% [~ 02" Jy r3(r) cos? asin pdrdqdp,
R=%[7 02" Jy T3 f(r) cos? acos® B sin pdrdgdp

We compute in general case such that :

(91)

cos @ = Cos p,
Bl)e cos 3 = sinpcosg,
cosy = sinpsing

3 30
02" Jo cos? a.cos? Bsin pdp = f02" cos? qdg f; cos?p(1 — cos? p) sin pdp (92)
]

2m T
— 1: — (2 2 2y _ 4
=[$+4sin2g] [- 2] =(F-0G-D=1%

3 w
02" Jo cos? asinpdqdp = 2w [ cos? psin pdp = 2—,7[ _ m] = 4

l4nw _2m l4n 27

Cy= - = 2
=31 “4T33 T3
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Then (91) turns out by (83) as follows :

21rA o0 r3
(52)c {G il f fr

R= % 3 f(r) dr = iz"A S5 [ () = ro6(r) | ar

(93)

D’ailleurs, si, pour des valeurs croissantes de la distance r, la fonction f(r) décroit plus
rapidment que la fonction que ;11, si de plus le produit r*f(r) s’évanouit pour r = 0, on
trouvera, en supposant la fonction f'(r) continue, et en intégrant par parties,

(53)c /0‘“’ rif (r)dr = —4 /0‘00 r3f(r)dr

On aura donc alors

(64)c R=-G,
et, par conséquent, on tirera des formules (46)¢

Ov el el
(85)¢ X = 2R—a— Y = ZR& Z = 2R%
« § 16.

Lorsque les quantités, désinées dans les formules (40)¢ et (48)¢ par les lettres G, H,I, L, M, N, P,Q, R

et A, deviennent constantes, c'est-a-dire, indépendantes des coordonées a, b, c, ou, ce
qui revient au méme, de la place qu’occupe la molécule m, alors, en faisant, pour plus

de commodité,

L+ E+R-6)F+(Q-)%|A,

A=
(36)c «B=|R-HME+M+H)Z +P-HE|A
c

)
= @-DE+(P-DH+W+DE]

A
A L+G R-G Q-G i§§
= B| =A | R-H M+H P-H

c Q-1 P—1 N+I

- oy &
D= ((P+D)3k+(P+H)z|A, D 0 P+l P+H
(e {E=|Q+O%+@Q+DN%Ea = E Q+I 0 Q+G
F=|(R+ Mm% +((R+0)%]a, E R+H R+c 0

We can reduce (40)¢ as follows :

1

A aF 2E
A (6"‘ b de
=

X
(68)c {Y %(aa +33+3D
X

aE
HE )

il

By (41)¢ and (45)¢,
G=H=I, L=M=N, P=Q=R, L=3R

§= (L+G)—+(R c)(— +22)

_ ¢
= (L+G)%+(R—G)(v— 32)

(3R+G—R+G)%+(R—G)v

= 2(R+G)Z—§+(R—G)v

%€ 2
0 & gg
91 o
2 a ‘6
3 da
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B wraZr(r-o) (X %)
= (L+G) T+ (R~ G)(v—%
= (BR+G - R+G) +(R G
= 2(R+G) +(R G
By the same way,
%—2(R+G) +(R- G, %:(R+G)(Z—Z+%), —_(R+G)( gﬁ) %:(R+G)(g—§+

For convenience’s sake, in the paticular case, for (41)¢ and (45)¢ to hold, it is sufficient to be as follows :
1
(59)c (R+G)a=zk (R-G)A=K

For the equations (56)¢ and (57)¢,

el 3 8 el el
A F E kgs + Kv %k?a'i 52) %k5§+5§
(60)c = [ggg]: k(% + K2+ Kv k(@ + %
3 8¢ 8
1k —$+—§ (2 + %) k&% 4+ Kv

If, moreover, the condition (84)c: R = —G holds, k = 0 holds , and the followings hold :
(61)c A=B=C=Kv, D=E=F=0.

3.3.3. Consideration of Elastic Fluid by Cauchy.

We show the equation number of fluid by Cauchy in below, with (-)¢+ instead by ()¢ for discrimination
with the equations of elastic in above.
e § 17. Assumption of elastic fluid.

As the equations in equiblium :

(L+G)5§+(R+H)5;§+(Q+I)a +2REZL +2QEL + X =0,
(67)c- < (R+G)23 +(M+H)ay +(P+I)g—;¥+2Pn‘-+2Rai:§;+Y—0
(Q+G)5§+(P+H)——§+(N+I)g—z§+2Qazaz+2P?j§+z—0

and as the equations in motion :

(L+G) a—;i + (R+H)3;§ +(Q+1)F§ +2Rara} +2Q—2§— +X= {-5
(68)c- < (R+G) 3—;+ (M + H) 2gyﬂ'}wu(zwl 3—?+2P—6‘— +2R—I§;+Y = 6,
Q+0G) 5—§+(P+H 5—$+(N+I 5—§+2Q3—§-+2P3—g-+z 3-5
Si de plus les valeurs de G, H, I, L, M, N, P, Q, R deviennent indépecdantes en
chaque point des directions assignées aux des z, y et 2, les conditions (41)¢ et (45)c

“seront vérifiées, et, en supposant la quantité v déterminée par ’equation (47)¢, ou, ce
qui revient au méme, par la suivante

0 0
(69)c- v= 6i+6y+6—i—V-U=divu, u=( n )

As the equilibrium of fluid :

(R+G)( L5+ 25+ 28) +2RE + X =0,

or dy dz

(10)c- {(R+G)(Lh+ 53+ %8) +2RG +Y =0,
(R+G)( 58+ &5+ 58 +2RTZ+Z=0,

9n
da

)
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and as the equations in motion :
2 2 2 2
(R+G)(GF+ 53+ 53) +2RE+X =54,
2 2 2 8
(Mo § (R+G)(GF+TH+53H) +2RE+Y = 5,
2 2 2 2
(R+G) (53 + 54 +5%) + 2R + 2 = 54,

©

By (54)c
o 2R 4 x=0, 28 1y =0, 2% 420
oz Ay oz
v 325 v n 3v 8%¢

On doit observer

e que la quantité v, déterminée par formule (69)¢-, représente la dilatation qu’éprouve
un volume trés petet, mais choisi de maniere a renfermer avec la molécule m un
grand nombre de molécules voisines, tandis que ces molécules changent de position
dans 'espace.

e Ajoutons que les formules (72)¢- et (73) -, étant semblables aux formules (63)¢, (72)¢
et (77)c des pages 173, 175 and 176,?5 paraissent convenir & un systéme de molécules
qui seraient disposées de maniére & constituer un fluide élastique.

6, p.248)

e 9 18. Verification of equations in elastic fluid.
By replacing (a, b, ¢) of (56)¢ and (57)¢ with (z, y, z), we get (74)c-, (75)c- of the equivalence of
(56)¢ and (57)c¢.

e 9 19.
94 | 9F | 9B 4 XA =0, 2
5zt oy T A F E z X
67)c = (16)c- (SE+3E+52+vA=0, = F B D £l +a|Y | =0
% +80 % ZA =0, E D C % z
e € 20. )
We get the tensor from (76)¢« as follows :
A F FE
(T7)c- F B D
E D C
We reduce (74)¢, (75)¢ into as follows :
a d
AFE X+ Kv %kgg 5;1 k(2 + %
60)c = (78)c- h«; g g] = ‘k 5€+3ﬂ k$2+ Ku 1k(32+%
1e( % + 1k S+ 5) k3 +Kv

By replacing R+ G and 2R of (7d)c and (71)¢ with followmgs :

- k _ k+2K
01=R+G_E’ Ca=2R = 5A
26Equations (63)c, (72)c and (77)¢ of p.173, 175, 176 are included in [5], which are as follows :
3’(13) du, 8li(p) dl(p) _ _dw,
(63)c = k(X - =), By = k(Y - t), 5 =kZ -0
oupP) _ auP) _ AUP) _ .
(e — = =kX, o kY, —— =kZ;
(MMe¢ g 90 v _ 0 p2w _ 8

oz ot oy "ot oz’
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As the equations in equilibrium of fluid :

- +
(19)c- { C1(Sh+
+

(G + 3+ S8+ +x =124
(80) a(B++)+ai+y=253
o(Zs+ 24+ %% +C'.>6"+Z .

e § 21. Comparison with Navier’s equation in elasticity.

Cauchy says : for the reduction of the equations (79)c- and (80)c- to Navier’s equations( [26] ) to
determine the law of equilibrium and elasticity, it is necessary to assume such as the condition which we
have mentioned above :

(8l)c- k=2K
e § 22. Summaries on Navier’s equations in elasticity.

On voir au rest que, si ’on considére un corps élastique comme un systéme de points
matériels qui agissent les uns sur les autres & de tres petites distances, les lois de 'equilibre
ou du mouvement intérieur de ce corps seront exprimées dans beaucoup de cas par des
équations différentes de celles qu’a données M.Navier.

o Les formules (67)¢- et (68)¢- paraissent spécialement applicables au cas oy, l'élasticité
n’étant pas la méme dans les diverses directions, le corps offre trois axes d’élasticité
rectangulaires entre eux, et paralleles aux axes des z, des y et des z.

e Les formules (70)¢- et (71)¢-, au contraire, semblent devoire s’appliquer au cas
ol le corps est également élastique dans tous les sens ; et alors on retrouvera les
formules de M.Navier, si I’on attribue & la quantité G une valeur nulle.

e Ajoutons que, si, dans les formules (67)¢- et (68)c-, on réduit & zéro, non seulement
la quantité G, mais encore les quantités de méme espéce H et I, ces formules
deviendront respectivement [6, pp.251-252]

If G = 0 then we get as the equations of equiblium in equal elasticity :

L—é + R—é Q%5 +2R6:62y +2QMI +X=0,
(6T)c- = (83)c- < REH +M—? PZy +2PZ% + 2Rm§; +Y =0,

ng—é + Pa—yé + NF;& +2Q54 +2PLEL +Z =0,
and as the equations of motion in equal elasticity:
L—§+R—§+QE§+2R3—§§+2Q316 +X =24,
(68)c- = (8%)c- {RIF+MZH+PLE+2P2L + 2Rawy +Y = 6—’;1,
2
53+P—§+N—§+2Q6  F2PE Ly z=%%
(cf. We discuss the concurrence in §4.2, §4.3 and §4.5)

3.4. Saint-Venant’s works and his tensor.

3.4.1. Evaluation of Saint-Venant’s works.
In the bibliographies on Saint-Venant’s works,?” his main theories on the elastic or fuid mechanics
exist in
e only four pages of the extract [52],

e the report [7] of its papers recognized by one of the then judges of MAS : Ca.uchy,
¢ his commentary on Clebsch (8] and

o his death notice [4] by J.Boussinesq and A.Flamant, and so on.

27 Adhémar Jean Claude Barré de Saint-Venant (1797-1886). J.Boussinesq and A.Flamant list over 137 Saint-Venunt's
works in {4].
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J.J.0’Connor and E.F.Robertson [32] say Saint-Venant’s works are under-estimated up to now. We see
it because

e Saint-Venant presents [52] to Académie des Sciences in 1843 and publishes in 1845. Stokes
presents [55] in 1845 and publishes in 1849,

¢ both tensors are similar and expression by ¢;; is equal.

e Cauchy [7] evaluates Saint-Venant’s [52] and expresses the report (7] from the viewpoint of a then
judge of the same MAS : Mémoires des Académie des Sciences, in which [7] is the next paper
located after [52].

3.4.2. Saint-Venant’s tensor.

Here we deal only with (52]. Saint-Venant explains the object of his paper [52] to simplfy the description
and calculation of molecular relation without setting the molecular function. His method is an epoc-
making method of tensor :

Cette Note a pour objet de faciliter 'examen du Mémoire de 1834 et de ce qui y a
été ajouté en 1837, en simplifiant, comme on va le dire, ’exposition du point principal,
qui est la recherche des formules des pressions dans l'intérieur des fluides en mouvement,
sans faire de supposition sur la grandeur des atractions et répulsions des molécules en
founction, soit de leurs distances, soit de leurs vitesses relatives. [52, p.1240]

We show Saint-Venant’s tensor, which seems to hint Stokes, from the extract [52]. £,7,¢ : velocities on
the arbitrary point m of a fluid in motion of paralleled direction of the coordinate z,y, z respectively.
Pyz, Py, P,, : normal pressure and B,,, P,;, P, : tangential pressure with double sub-indices showing
perpendicular plane and direction of decomposmon, if strictly speaking, such as follows :

Pry, Pyy, Py, les pressions normales supportées au méme point par 'unité superficielle
de petites faces perpendiculaires aux z, aux y, aux z, c’est-a-dire les composantes, dans
un sens normale & ces faces fictives, des pressions qui s’exercent & travers ;

P,., Pz, Pyy les pressions tangentielles sur les mémes faces et dans les trios sens, c’est~
a-dire les composantes, parallelment aux faces, des pressions dont nous venons de parler
)

e la premiare sous-lettre désignant toujours la face. par la coordonnee qui lui est

perpendiculaire, et

¢ la deuxiéme spécifiant le sens de la décomposition. [52, p.1240]

Lsv P’J Py _P=Pa  Py-P: _ Pe _ _Pa P _,
(E-2) LB AG-%) P+E E+E E+8
where, we put
1

§(PM+PW+PH) —gg(d{ +ZZ +Z§)

‘We put, normal pressure respectively as follows :

d
(2)sv Pu=7r+2££, Pyy=ﬂ+2ej—z, P, =m+2e=2,

From (1)sv, we get tangential pressure respectively as follows :

B)sv Py=c¢ (2n+‘;§) PZI;E(d—<+d—E), P1y=5(id§—+d—n)

From (2)gv, we get 7 as follows :

PN+Pyy+PH=3ﬂ'+26(g£+@+%) - ﬂ:%(PN%—PnyrP”)_B(jEL ”+%)-
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7r+26g§, (—§+Z—}) 6(%&%—%)
dg | dy d dp | d
;; g: 52 = ¢ Es+d' 2‘1—’1 € d_?+35> ’ (94)
LT d¢ , d d d
T, T P € E§+E§ E(d_71+35 ™+ 2688
where 7= 4(Prg+ Py + Puu) - B (% + 2+ &)

Saint-Venant says by using his theory, we can deduce the concurrence with Navier, Cauchy and Poisson :

Si 'on remplace 7 par w — E(‘;—: + % + dd—';’), et si 'on substitue les équations (2)sv et
(3)sv dans les relations connues entre les pressions et les forces accélératrices, on obtient,
en supposant £ le méme en tous les points du fluide, les équations différentielles données
le 18 mars 1822 par M.Navier ( Mémoires de ’Institut, t.VI ), en 1828 par M.Cauchy
( Ezercices de Mathématiques, p.187 )%, et le 12 octobre 1829 par M.Poisson ( méme
Mémaoire, p.152 )%

La quantité variable @ ou 7 n’est autre chose, dans les liquides, que la pression normale
moyenne en chaque point. [52, p.1243]

This paper[52] seems to give Stokes a hint of tensor (101), because we can see by comparing3® ¢;; with
Stokes’ ¢;; (102) :
ti; = (ﬂ' + 2ev; 5 — 7)61']' + v

1 2¢ rdé  dnp  d¢
(§(P”+PW+P”) 3(dz+dy+dz)H“"J_”)‘S‘J“L”

1 2¢
(§(P=1 + Pyy + Pu) — —3-1})5,)5)5;']' + E(Ui‘j + ’Ujv,') &= 261},-‘]'5,']' = E(U;"j + Uj’i)é,] = 7(5,‘]' (95)

J d d d
where vy =¢(v;; + v] i Uk = Z 8.:1 = du d; + d_f - .. Einstein’s convention
1

Here, using (95), if we put3! P, = Py, = P, = ~p by Stokes principle in § 3.5, then (95j is equivalent
to Stokes’ t;; as follows :

1 2e
tij = (g(Pu + Py + P..) — —

2¢
3 = k)i + e(vi; 4 vj)

3
2
= Stokes’ — tij = (P+ g/-‘vk,k)éij — /.L(’U,‘J' + ’Ujﬂ') = (102).

’Uk,k)(sij + E(Ui,j + ’Uj,i) = (“P -

Moreover Saint-Venant assume that : if we put 7 =w — 6(%5 + 414 i{) = W — €y then

tij = (w — EUkk + 26vi,]‘ - 7)6,‘,]‘ + v = (w — 5'Uk,k)5ij + E(’Ui‘j + ’Uj,i) (96)

28Cauchy [5, p.226]

29Poisson [47, p.152] (7-9) ps=(80).

301 our paper, we cite the description of t;; of the tensor : of Poisson and Cauchy, from C.Truesdell[57], of Navier,
from G.Darrigol [12]. in else case by ourself or Schlichting[54].

31¢f LImai [17, p.185].
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TABLE 12. Concurrence of tensor from the viewpoint of Saint-Venant with others

if we put
7r=w—s(§-§+%;1+%§) =W — Uk k
then Saint-Venant’s (96)

Navier’s (49) ‘}
€1 =&, Eqg = —& tNe_
ij

= w=0 = w=-p

t5y = w8ij — e1vkdiy +e2(viy + v5)
= —&(0ijurk + uij + Uy,)
Cauchy’s Poisson’s

——)\ = A .
©! F2eH tﬁ = Mgkdij + p{(vij + i) tiP = (=p+ Mk )b + plvij + v5.4)

2 Stokes’ (102)
= LU, E9=
©1 3k 2EH tsf = ( —p— kk)éf.] +ﬂ(vt] + vj, z)

By the way, we check the coincidence Saint-Venant’s tensor with Stokes’(101) only (1,1) element or P;.

Py of (94) = 7r+26%

o Bl (L
= “pte {Sdz (Zz+d_§)}
= "’“{3411 (ZZ“L%)}
i e

= —p+2£(3€—z—6) = p- 2u(

}
Z—-a) = P of (101).

where,

7r=%(Pu+Pw+Pu)-2€(Zi+ "+Zi)—~p %5, 6=

Else elements are coincident with (101) in the same way.
From here, we get Poisson, Navier and Cauchy’s t;; as follows :

(dé+ 4 dc)

1
3\der  dy dz

o ti; = woi; — e1vkkdi; + €2{vi; +v54), where, w=—-p, —e; =) e2=p
= Poisson’s t;; = —pdi; + Ak k0i; + pvi; + v54),
et = wdi; — elvk,kégj + Eg(vg,j + v,-,i), where, w =0, —e; = A, ea=p
= Cauchy’s ti; = /\’Uk,ktf,‘j + IJ-(’U,"J‘ + ’Uj,.‘),

o t,; = woi; — e(vkkbij + vij +vj;), Where, w=0,

= Navier’s tgj = ——6(6,‘]‘1“;,‘: + Ui j + uj,i),
Moreover, we can add Stokes’
o tij = wli; — e1vkkdi; + €2(vi; +vj:), where, w = —p, e1=%pu, e2=1p

= Stokes't;; = (—p — pve)di; + wlvi; + vj3)-
3.5. Stokes’ principle, equations and tensor.
Stokes says in [55, p.80] :32

If the molecules of E were in a state of relative equilibrium, the pressure would be
equal in all directions about P, as in the case of fluids at rest. Hence I shall assume the
following principle :

328tokes {55, pp.78-105]Section 1. Explanation of the Theory of Fluid Motion proposed. Formulation of the Differential
Equations. Application of these Equations to a few simple cases.
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e That the difference between the pressure on a plane in a given direction passing
through any point P of a fluid in motion and the pressure which would exist in
all directions about P if the fluid in its neighbourhood were in a state of relative
equilibrium depends only on the relative motion of the fluid immediately about P
; and

e that the relative motion due to any motion of rotation may be eliminated without
affecting the differences of the pressures above mentioned.

Stokes comments on Navier’s equation :

The same equations have also been obtained by Navier in the case of an incompressible
fluid (Mém. de I’Académie, t. V1. p.389 )33, but his principles differ from mine still more
than do Poisson’s. [55, p.77, footnote]

d 2 2 2
P(%-X)+£—ﬂ(ﬁ+3—ﬁ+%¥)—%%(3—‘;+d—y+‘i—z)=07
d 2 2 2
R N | R @)
2 2 2
PR -2)+ E-u(fp+ oy +4¥) - 44 (R+ 2+ %) =0

where Stokes says the coincidence with Poisson :

d d d
_1i+_v+_1£):>vw=Vp+§V-(V-u). (98)

[e3
—p+ &K
w=p+3l +k)(dz &y I

Observing that a(K + k) = 3, this value of w reduces Poisson’s equation (9)ps (=(80)
in our renumbering ) to the equation (12)g of this paper.

By the way, (12)g turns to :

Du _ dp 4.d%y du au
PDr = X)+ & “(3F+W+d_"
v 4
3

2
p%—Y)%—Eff—p(ﬁ—x;%-

Dw _ dp _ , (dw | d? 4
P Dt Z) + dz “(ET + d_yT 3dz2 + drdz dydz
or
Du _ dp _ pfadiu du du d%y dw ) _
Pt - X+ E-SUF 3G +3F + o + &5 ) =0,
Dv _ dp _ pfqdiv v d%y d2u dPw ) _
Plpi-Y)+ g5 (3m TAGE 3T T iy T ez ) = O (99)
Dw _ dp _ p(qdw d’w dw d%u 2w\ :
PUDt Z)+ dz 3 3W+3W+4W+ d:l:dz+ dydz _07

where when we use vectoriel notation after replacing with f = (XY, Z), we get :
Du Du

1 " 1 1

Stokes proposes the Stokes’ approximate equations in [55, p.93] :
B -X)+ E-pGy+gErgn=0
(13)s <p(B-Y)+ 2 p(dy+ i3+ 23y =0, ﬁ+d—b+f’—=0. (100)
PR -2+ -G+ IE+ ) =0, v
Stokes proposes that :

These equations are applicable to the determination of the motion of water in pipes and
canala, to the calculation of the effect of friction on the motions of tides and waves, and
such questions.

Here we shall trace his deduction with Stokes’ tensor :

33Navier[27] .
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(i) -u(B8) -t t)
P T3 Ty _(ﬂg_v _(d_v_)_(_v d_w)
35 P, T = Moy taz) P 2u dy Mt ey ' (101)
T, . P -u(+ ) a2+ %) p-uw(2-9)
__ d d d:
where 36 =2+ 50+ ¢

Here, he reads, “it may also be very easily provided directly that the value of 34, the rate of cubical
dilation“. By the way, Stokes’ tensor is described compactly as follows :
—tij = {p — 2p(vi,; — ) +v}éi; —
= {p-2pvi;}0i+v(=0i+ 85 —1) & 2u6d; = plvi; +v;3)8i; = 0y
(p+2u7)6i; —

il

2
= (p+ g#vk,k)fsij — plvi; +v54), (102)

Here, the sign of —t;; depends on the location of the tensor in the equation, and we consider the coincident
with (97). 3 We see Stokes’ tensor comes from Saint-Venant’s tensor. From here, the article by
J.J.0’Connor and E.F.Robertson point out this resemblance.®®

By D’Alembert’s principle

p(B-X)+ 2 4y 4l p(Be X))+ P =0
p(Br-v)+ 4+ 4y o p(By_v) Q=0 (03
o(Bt-2)+ o+ B =o(Be-2)+ R0
By (101) and (103), we get (100) We see in fact as follows : we seek the t;; such that :
P P T3y T ‘l} P T3 T %
Q| = |13 R T = | T3 P T i
R . T\ P T, T\ B 1
Using (101) and (103),
-2 )Ty (B AR+ )t a R Rk ‘j—‘;+§—;‘) :
aip—2(R)+omi(+ o+ {+£ (R A §—§+‘fi—‘;) ,
Elo-2(E) 2 (B & )} £ -u(2+ )} {8+ )

4. u  du | d%u 1d({du | dv | dw d_ (e | d*u | du
P~ K d2+dy2+d22)+3dz(dz+dy+ z)}’ dz ¢i;1:2+11317+¢iz2 ’
_Jd d®v | d*v | d%w 1d{du | dv | dw _J d?v | d%v | d%
=QHP M d—z+w+d—7)+§y st T E) TG @ taztar)
d d dw | dw 1d(du_ dv | dw d dw | d*w | dPw
fr-u{( B+ +B) riE(B+ e+ ), P~ Tttt

Therefore we get (100).
By the modern vectoriel expression, if we take f = (XY, 2), v = -‘;‘, and as Stokes says that we may
put Du/Dt = du/dt, then (100) turns out as follows :

du 1
— —vAu+ -Vp=f, divu=0.
at o
3‘lschlichting writes Stokes’ tensor with the minus sign as follows :
3111' 2 5 Sy

= —pbis 59y - k. 3
74 P 31:.‘) 3 "sz

[54, p.58, in footnote]
35¢f. J.J.0'Connor, E.F.Robertson,— http://www-groups.dcs.st-and.ac.uk/ history /Printonly /Saint- Venant.html.[32]
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By the way, here we shall get the tensor of Stokes equations from Navier’s (2). We put as the same as
Stokes equations :

2 2 2 2 2

p %—X)+‘3‘§—5(3%';4-%5%4—%4-2—,,‘1;”4-2—‘;‘1;,‘;)+%-u+j—;-v+j—g-w=0;
2 2 2 2 2

o %—Y)+§§—e %‘;4—355%—%}4-2{:7‘;4-2%)+%-u+§—;-v+%-w=0;
2 2 2 2 2

p %—Z)-{-%—-E %‘é’—-i—i—y'#-{-li%'# 2::;:‘{'24‘:;:)+%'“+%}'U+%z'€'w=0;

Using D’Alembert principle (103), we transform the terms of the coefficient of 3 with 3 =2+ 1 and the
last 2 terms of the coefficient of 2 with 2 = 1+ 1, respectively. We show here the viscosity term as follows

d? du d?u | d*u d%y d?w Y.
—e|QE+ )+ G+ 20 +2—dzdz)’
2 dz d2 d’ dz d’ A
—e\BrRH T r2L +2—dy;fz),

d%w d’w dw dw d*u dv Y.
—e\GF G+ QG+ T 254 245 )5

du | dfdu | dv | dw d (du | dv dfdu | dw)l.
—€ 2W+a;(ﬁ+d—y+‘a7)}+d—y(dy+dx +dz( +d.::)’
w

dz
- d(du_ dv Py dfdu dv  dw d(dv  aw)).
- —8\dz dy + dz) + {2W+ dy \ dz + dy + dz }+ dz(dz + dy }’
d (dw | du d (dv | dw d®w | dfdu | dv | dw)l.
—€E—:+E;)+E(E+dy +{2F+d2(d:+dy+ z)}’

We get the tensor t;; :

p—5(2%+5) —€ z—y-i-a-‘z-’-) —E(i—';’-i-%)
_5(%;—‘-{-% p—¢ 23—;-{- ) —5(‘;—:-{-%—‘;’) ,  Wwhere 6=3—:+j—;+2—1:, (104)
—6(%’4—% —5(4—24—%’) p—e(2i‘zﬂ+5)
or
p—2€(d—“+5) —6(4—-{-—”) ~€(d—w+i)
_e(g—:d:% p—25(§§+d1) —€ %I-i-‘fi—d‘;) ,  where 26:3—24—3—3-{-2—3. (105)

—6(%—1’;-{-% —6(%-{-%‘;") p— 2 d—"’+6)
Therefore we see (101), (104) and (105) are the equivalent invariant-tensors each other except for the

sign of 6.

4, Concurrence

4.1. General concurrences.
We summarize some concurrence. We put Cr : the matrix consisted of the coefficients in the tensor

. . . . 2 2 2 . . .
matrix T, that are coefficients of derivatives of %&, aax d %& in respect to X X : subscriptions of

Cx x. We define the coefficient matrix in elastics : C% as follows :

Bu Pu Pu 5w 2w
8z1

z 63’ 6{,’ 6€6y 6:261

e , s 8%y 8%y v 3w 3*u
C% : the coefficient of 57 @7 5 By iy
w 9w w w8
9z3 ay2 923 8z8z  dydz

then

= (2

N NN
N NN

311
(6-1)ye = Co= —¢|1 3 1
11 3

Ce¢, Cn, Cp, Csy, Cs : Cr by Cauchy, Navier, Poisson, Saint-Venan and Stokes, respectively.
() : the same constant as in Table 1 or 2,

e In case of elastic solid ; if we assume Cye = Cpe = C¢ = C1Cr, then :
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where, Cne = Cpe = Co = C1Cr,

= 2z 2“3:115- d';f:fr - aaz p’ (57)
Jo” o f(p),  (3-9)ne, (29)

Ifweputl=p=r:

ab dl

= ?iéfom 3f(r dr = +228 [ [ 4f(r) —raf(r)] r, (562)c, (=

[kcpgm(e)pe] — [ach.'(s-s)Ng:(m)] — [RCC~~(84)C-],

(93)).

v 1® d.}fpe /0°°dl Bin(l) = /owdz AP fo(l) = i/om dzA[l“fc’(l) - l"fc(l)]

o In case of fluid : if we assume Cne = Cys = Cpe = C¢o = C1Cr, then

[(7-9)1:: = (80)] e (101)of§ <« (94) of SV
[RCo - (84)0-] & eCne <« (2)of N/
where, CNa = CN_f = Cpe = Cc = ClCT

d.t
3 Z 3 fr 2 4153 d.,-fr7 (3-8)P-f1 (75)7
oo

k 30e
Ci=<e=2% [Fdpp f(p), (3 9)ne,  (29)
R= 28 [ rf(r)dr = £ 52 [ [140(r) - rf(r) | dr,  (52)c, (= (93)):
Ifweputl=p=r1r:
471;3‘1 /! / dl B fn(l) = /Omdl ABfo(l) = :t/om A1) - Pho(D)]

e In common case :
If we take off the integral symbol from the equations of Navier and Cauchy :

BnQ) = APfo(l) = +A [ (1) - Plo()]
Devide by I3 of each hand-sides :
N = Afo(l) = £A[ifc () ~ fo(0)]
Here, A : dencity denouted by Cauchy defined with (48)c.

4.2. Equations by Cauchy.

(41)0 G=H=I: L=M=N, P=Q=R.

(45)c L =3R.

=(R+G) g_;+g—:;+—js +2REY,
@) {Y=(R+G)(L3+%3+ +23) +2RZ,
Z=(R+G)( 58+ 5 + 38) +2R%:,

o  On 8¢
where 4T v= %t T e

(106)
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If G = 0 then we get as the equations by Cauchy in equiblium :
3? 3?2 3?2 3%n 3%¢ _
La—é +Ra—y§ +Qa—,§ + 2R3 +2Q53; + X =0,
F} 3 3 a3 3 _
(83)c-  { REF+Mgh+PEE+ 2P 24 + 2R—§—3€ay +Y =0, (107)
3 3 3 3¢ 3
Qs +PLE+ NEE+2Q 25 +2PEL +2=0,
and as the equations in motion :
82 a2 32 92n - 32 a2
L-%—gi +R§é + Qa—;é +2R——'LBI; +2Q_§_3f3321 +X= a—aé
(84)c- Ra—gél + M@Q + Pa—zzél +2PEL + 2R—§—a€ay +Y = ?;1
F} 3 3 3% E} a3
Qg& + P# + NES + 2Q616;r + 2P3y31 +Z= 'aié

When we check the coefficients of both (83)¢- and (84)c- by using (41)¢ and (45)¢, then we get the
coefficient matrix as follows :

L R Q 2R 2Q

311 2 2
(84)c-= Cc= |R M P 2P 2R| = R|1 3 1 2 2 = (5-3)ne = (16)
Q P N 2Q 2P 113 2 2

(108)

4.3. Concurrence by Cauchy with Poisson.

X_d_i7—+a2(z_::%+%dfduz+§dzdx+%%g+%%)=0’
©)pe QY -Sp+a?(Sy+ 1L+ 1e 418y 1 18y) o, (109)
Z-Sp+a (S8 +3En + T+ 0+ 3%E) =0,
X-Sr 538y vodr o+ Sy + 4y) =0,
= (Y-fr+ S35+ 2fs vode + Sy £y) =0,
Z-4p+ 535y vofy 2fn - ¥+ 4¥) =0,
[3 1122
= Cpe= k|1 3 1 2 2| = (8)c (= (108))
113 2 2

4.4. Concurrence by Stokes with Poisson.
We get the concurrence of (106)(= (46)¢) with (80) (= (7-9)ps) and (97)(= (12)3).

2 2 2 2
(X — GF) = G + 85 + Tt + G,

2 2 2
oY — ) =B +B8(S3+ 43+ 43),

(7-9)ps

[

2 2
P2~ Gh) =B +B(F+G¥+ 5
where w = p+ §(K + k) 3—34—%‘!—;%—%’),

Bt —X)+E+alK +k)(E8+ 58+ L)+ Ja(K + L (2 +2+ ) =0,

= p(%—Y)+§§+a(K+k)(%§+§—:¥+j—i§ +§a(K+k){§(g—;+‘;—;+d—‘j =0,
P -2)+E+alK+h)(5¥+ 43+ 9%) +JaK + DA (2 + 2+ 4) =0,

P B -0+ B-n(S G+ ) -sd (e re) =0

=125 S pB -V +E-u(fr+ Ly hy)-sh(e+2ra) =0

| PBe-2)+ R -u(fErgr+02) - sE (R4 g+ %) =0
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4.5. Concurrence by Cauchy with Navier via Poisson.
These coefficients are equal to Navier’s (21), which is deduced by Poisson from (61)=(62)(= (6)pe)-
Namely (108) is equal to (110).

Odz _ d? d? 42
s me3EEt pF taF + dbda doda)
od? d2 a2 d?
(6-1)n T =\ FH3F+ T +2dadb+2dcdb (110)
od%z __ . (d2 d? d? d?
Dds — oL+ G +3%5 + 282 +251
2 2 2 2 2
X—%+e(33—5+3—ﬁ+3—3+2di;x+2m)=0,
a3y d%v &y d2v 2 d*u 2 =0 111)
5> Y-S re(p iy oty vofy ; (

dz2
42 d2 v ) _
dyw! + 3 dz? 2d:|:;z + 2dydz) =0

2 2
X - w+e(d—%+z—%+z—,%)+2ed,(zz+ +'z‘:)=07
+ L3+ + a4 du) =,

Y-Sy re(fy+ Sy dy)+2eh (8244 - (112)
zZ- W+e(%§+d—27+%§)+2e ( +§ + )—0
(112) has the possibility of concurrence with Cauchy, if G = 0, such that :
2 2 2
X=(R+G) (55 + % + 58 ) + 2RY
2 2 2
6)c (Y =(R+G)(53+ 53 +5F) +2RZ, (113)
2 2 2
=(R+G)( 58+ 3F + 34 ) + 2RY,
9  on 8¢
4 ==t o
where 47 v + b + e

4.6. Concurrence of tensor.
We show the correlation of concurrence in Table 6 and Table 13.

5. Summary

It is called that the two constants theory is the one now accepted for isotropic, linear elasticity.>® We
show that the tensors and equations are formulated in this frame. Namely, they need the followings for
concurrence of the deduction of tensor or equations by Navier, Poisson, Cauchy, Saint-Venant and Stokes:

e for elastic body or fluid, baratropy, isotropy, homogeneity and linearity,

o for tensor, symmetry,

e for pressure, perpendicular,

o for mutual concurrence of the two constants theory, neglect of Cy, which we define in the section
2 or in Table 1 or Table 2.

In paticular, we would like to emphasize the work of Saint-Venant, whose work is an epock-making for
taking the concurrence among these pioneers of Navier-Stokes equations and contributing to Stokes.
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TaBLE 13. Concurrences and variations of tensors

1 Jname [tensor ( 3x3) coefficient matrix ( 3 x 5) in equations
ti; = —e(8ijup ik + uij + uj4)
5-4)ye We define the coefficient matrix in elastics : C% as follows :
N T
d dv | d a d d d %y 3%y B° 82 8%
. i w u
vt —€ _:+d_: d_:+3d_:+d_':' d_';+d_‘: C% ¢ the coefficient of ? 5}77 6_37 Tgt r‘;,y s
avier , a a a 2] 3
1.lelastic %"’% %'*'%) (%5+§—.",+3T2 # a_y¥ # 5705 ayavz
. e+2‘;—‘; %%+4; %+§_: then
| LB PLE OE & 311 2 2
dy ' dz d; dz T dy ! 6lye = C&= —e|1 3 1 2 2 = (2)
dw 4 du dv 4 dw €4 24w T
dz dudz w dy dz 113 2 2
— v
where €= 9%+ 8% + 4%
Navier |t = (# — eukk)di; — e(uij + uj,) ] o P
fAuid 2) Samely, we define the coefficient matrix in fluid : C7.
(only 61_25% —s(%f%—%) _E(%+§_:) , which contains p in (1,1)-, (2,2)- and (3,3)-element.
1_2linear —E(d—"'*'d—v) ¢ ~2e —e(%+ 2 - Tf e -2 -2k
dy T dr dy dx T d 1
part _E(d_+d_u) —s(ﬂ+d—“’) e’—25‘¥—‘”) 20 = Cr= - p—3 —~e& -2 -2
of (2)) dzl dz du dg‘ d:‘i)v dz ~£ —£ p—3 —2 -2
where ¢ =p—e(S%+ 2+ 92)
a? 5. ) ©)p- 2 2 2 2 2 2
by = 5 (Osjun .k + Uy +Uuji d 2(d 2.d 24 1d 1d =
(G T T T Xogpea(Gr e bak L 3gr 10y -0
2y 2(d?v | 2.4 2d%w | 1d% , 1d%w) _
., Poisson ev2ds  dugdy dud Y*?;’f“‘ (d—%§+sd=§‘y+§d;§,+sd—,}+§a—,§)—°'
elastic | —o | du g eraf o EeE | Z7-4y+ar(iyp+igfe 28y v ily 1y o
dw du dy w dw
S+ T il e+ 22 3112 2
where e 454 2u Fan “ =Ce= -2 ]131 22
W@ 113 2 2
w+8 B8 8 00
ti; = —pbi; + Avk k85 + p(vij +v5) (19)ps = Cf= 6w+ B 00
(7T ps B3 8 w+g 00
du | dw du | dv du According to Stokes : if we put
Poisson Ala & ﬁ(d:+ ";) T+ i du dvpu dw
%2 fuid B+ 4e) ny28e p(de s m=pr SR8+ 5 d)
ui d: T ay dy dy T dz ' 48 g g
nr2sde p(deedy) (e %) P P
dz d: T dy dz T dz = Cl= Fei p+Tﬂ 8 4 = (12)s (= (101)).
where1r=p~a%—€—t% 8 8 p+% % é
Remark: o K + k)= 3.
tii = Mg k6i5 + w(vij + vj,i) L R Q@ 2R 2Q
(GQ)ca s o o 46)c=>C¢= | R M P 2P 2R
£ k
, |Couchy k% 4+ Ky i(5§+3-;z) B, 2% . 1422132 N 2Q 2P
k { O 2 2 k(o 3
system 3 3-§+3-Z~ k—a-Z+Ku 3 5%+3§ -~ rRl13 122 ’
B(% % g(gugg) k% 4 Ky 1132 2
where »=28 421,28 where P=Q=R, L=M=N, L=3R
P L P 2., .
tij = ($(Pzz + Pyy + Prz) — Fopi)8i; +e(vij + v5,0)
= (-p— B k)b +e(vig i)
d d d d d
. | | T2 cE-8) (£
8 4 | @ dng dg | d¢
4 |Venant € dv+£ "+2Edv E(dz +dv) ! non description in {52].
fluid L ¢ %-ﬁ-% 5(3—1‘+%§) 7r+253—§
where 7r=§Pﬂ+Py,+P“)——%‘(%(;+%+%
= 2¢ { di d; a
i—P—Tsjé'Fj'Fé (94)
ti; = (—p — SHvk,k)8i; + plvig + v5.),
tensor = —1 X p+£5 u b b
- du _ gy 4 dv) 4w 4 du -
5 |Stokes P 2“(# 5) “(d:* ;) “(4':"*42) (12)s = cl= 4 -3p+4-3& “ 3% ag = (101).
Auid (g B)p-2m(g-0) -u(f %) howo -t ¥ k4
—pufdw L du) _fdv  dw),_ o (dw Remark : fp=12u(1-1%
u(d,+:: duu(d;+dv)p (%2 - 5) mark : &4 =2u(1- 1)
where 3§ = 9% + = + 9% (101)
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