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<B®K>
§1. Gauss ( 1777 ~ 1855 ) : HHATH(T Ty
§2. H.J.S. Smith ( 1826 ~ 1883 ) : Report on the theory of numbers, I ~ VI ( 1858 ~ 1865 )

§3. E. Hecke ( 1887 ~ 1947 ), H. Petersson { 1902 ~ 1984 ) :
Hecke 7 — % B,
Zur analytischen Theorie der Grenzkreisgruppen [ ~ V ( 1938 ~ 1939 )

§4. Serre and Deligne : Ho7#&KB, Buhler, Frey, Taylor : Icosahedral &,

§5. Kisin, Khare : Serre TR & Vo7 RE,
C. Khare and J.-P. Wintenberger : Serre modularity conjecture (I), (II)

§1. Gauss ( 1777 ~ 1855 ) : HffFSAI Y

aZb>0,
ag=a, byg=yb,

n bﬂ
it = 222 b = ab, (n=0,1,2,)

&2 T, 225055
{an},  {bn}
EERTD. FDLE,
lim a, = lim b, = M(a,b)

n—oo n—o00

alkbDEMNEMEHEND. .
TIT,a,beC* a#+b & LT, M(a,b) #ILET 2. M(a,b) DiEZEKRD 1B T, Gauss 1TKD
HX 1 oFRMEXEERALL.

miT

g=¢€"", Imr >0,

p(r)=1+23 ¢" (=64r))
n=1

g(r) =1+2> (-1)"¢" (=04(7))

n=1
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LB EE, [pr)) {g(n) RES 1 OREEATHS

F(2)0={(i Z) eI : aEdEl(mod4)},

F(2)4={(Z 2) € I'(2) : czO(mod4)}

EBREE,

P(1(r))? = (er +dp(r ), 7=(‘j 3) € (2,

gy (1) = (et + d)g(7)?, v = ( Z Z ) € I'(2)s.

Gauss i, {p(1)}?, {g(N}P? 7~V =FHLHEL TS ( FV ALK X, ).

§2. H.J.S. Smith ( 1826 ~ 1883 ) : Report on the theory of numbers, I~VI

n(r) = (Jﬁ H(l —¢") : Dedekind ®x=—Z B3 (g = &2 )

n=1

DEE,

o

n(8r)n(167) =Y a(n)q"
n=1
B3 Tp(128) 12BB4 D EE 1 D cusp form THDIZ E&#FL, a(n) ZRE L7 : VI (1894), 289-358 (§128)
p: BEEETD.

(1) p=1(mod8) D& &,

(2) p=3 (mod8) D& &,

(3) p=5,7 (mod8) D& &,

§3. E. Hecke ( 1887 ~ 1947 ), H. Petersson ( 1902 ~ 1984 )
Hecke i3

Zur Theorie der elliptischen Modulfunctionen, Math. Ann., Bd. 97, 1926, S.210-242.

T2RECET 27— /AR ZEA L. T72bb, B 2 REOTEBED LB FE-3E 2 REDHE
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B0 L-BET M-BAF2 L)) ¥4 7O b D% K~ Dirichlet BIUZ b SHRBEFEANES 1 O
cusp form 2725 Z L &R LT ¢

F:H3XD 0E 2 Kkix

OF: F 02BHER

Q: BRE

o : e =1mod QVD %H7=T Op ORIEHIKEE
a: Op DEELSFTT/A, |N(@)| =4

L¥BnLE,
Ou(r; pya, QYD) = D (sgup)gNWIA?P,

HEDF
u=p mod aQvD
HEDp/Uo, N(u)x>0

IIT, k=%l pca tTH OLE I, X level QD OHLEOARESECETIES 1 O
cusp form T b. 7L, 9. £0 &£T 5.
Ve £0 &2 D%EHIX?
Hecke RKRITEARICHEER LTS
Ob damit das volle System von elliptischen Modulformen (—1)-ter Dimension gewonnen ist, ist fiir
beliebige Stufenzahl noch immer eine offene Frage, - - -

While it is relatively easy to construct modular forms of weight £ > 1, and Riemann-Roch theorem
tells us exactly how many of them there are at each level, it is not so easy to exhibit forms of weight
1, and the Riemann-Roch formula fails to predict how may of them there are at a given level.

(J. Tate : The general reciprocity law, Proc. Symp. in Pure Math., Vol. 28, 1976)

Petersson :

Zur analytischen Theorie der Grenzkreisgruppen I ~ V (1938 ~ 1939 )

Uber Eisensteinsche Reihen und automorphe Formen von der Dimension —1, Comment. Math.
Helv. 31 (1956), 318-343

N : BA%

-1{ 0 -1
Kn=K=vN
. \F[N[))

®o = [o(N) U KTy(N) --- Fricke B
v: Io(N) @ odd 548

LFB. u(K2) = v(=1) = —1 #, v(K) = 4i & LT ®o(N) LOEWBIZIERTS -
vE(K) = +i (BEERIE)

NEORE-3
Si1(IH(N),v) = Si(Pa(N), v*) @ 51 (Po(N),v7)
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ERB. T o= (%), N:odd &T5. ZnLZ,

v(=1I) = (_Wl) =-1&9 N=3(mod4)
pE = dim S, (Bo(N),v¥)

LB N=p: EFD L,

BRI 5. (ROFERIE Serre :

1
uf:i(h—1)+s+2a,

pt = s+ 2a,
IITC s,a: HhOIEOFMEEHT-THEOBEEET .
P. Deligne et J.-P. Serre :
Formes modulaires de poids 1, Ann. scient. Ec. Norm. Sup., 4° séries, t.7 (1974), 507-530
J.-P. Serre :
Modular forms of weight one and Galois representations, in Proc. Symp. on Algebraic Number
Fields, Academic Press, 1977, 193-268

Selberg @ trace formula 2 X A& TARIZ DV TIF,

T. Hiramatsu : A formula for the dimension of spaces of cusp forms of weight 1, Adv. Studies in
Pure Math., 15 (1989), 287-300

dim S, (ro(p), (;) ) < pt

112, Duke :

1

=

S

log*p

84. Serre and Deligne : 0 7%®, Buhler, Frey, Taylor : Icosahedral £
Bz 6n7=HBK Galois EX K iZxt L,

p: Gal (@/Q) — GL ,(T)
2% Galois & p T, Gal (Q/K) =kerp £RDbDONRHD. 0L &, BEXH
p: Gal(K/Q) — GL ,(C)

EBAH n=28&T5h c ZERKEZEL, T8 p(c) VEHEHE £1 b oL & p & odd &S, IO
EERD2ODEBEHINT S,

— 208 —



EH A (Weil-Langlands) p BE#9T, conductor N & U, ROFRME (x) 2B et 15

(*) Gal (Q/Q) PIEE D 1 KTRBL ) & D twists p® A (BT 5 Artin L-BI3K L(s, p® \) BAERY
Thb.

oo

LT, L(s,p) = Za(n)n", flz) = Za(n)q" LT B EE, f(2) 1T Ly(N) i2B89 3 character det(p)
n=1 n=1
THEX 1 ® newform TH 5.
EE B (Deligne-Serre) f % Io(N) iZB9 % character ¢ TEE 1 @ newform &35, £D L
%, Gal(Q/Q) PEEMI T odd 72 2 KT Galois & p T conductor N, € = det p 2B L DM H - T,
Ls(s) = L(s, p) BERILT D.
EEB A+ TEEBLD,

Iy(N) (B9 % character €
THEX 1 ® newforms

- Gal (Q/Q) MBEK 2 KT Galois ZER T,
151 | conductor N, odd character ¢ PFREEH

2 mod Artin FAHRCTRMTH. Z D& &,
p: Gal (Q/Q) — PGL,(C)
DRIGHRET

5(Gal [@/Q) =

T# % (Klein).
Remark F 8L L, K % F EORREKIaT7HEKRETSH. G=Gal(K/F) £B<.
g:G — GL,(C)

G OnREFRETD. AREGRMEL2RETS. F 0% place v (IZH L, 0, & v TD G OIrifEE
~D g OHIRETSD. o IZBT D Artin O L-BET

L(s,0) =[] L(s,0v),

ZIZT, v K CRpEe s, C, % v £ Frobenius element & LT

-1

L(s,0,) = [det (I - a(C’.,)N;’) J
Artin 78 o DBLAI T non-trivial 726, L{s,0) I s OEH|B%E U TREFTERK SN S,
RIZ,F, % v CO F Ok L, Ap: F @ adele &R,

Ga=GL.(AF)
= T[GLA(F) (HmER

1B E, Gy LOBEN =% ) —FB 1 5, GL,, LOFREBFK (cuspidal REFER) DZERTOH
right translation operators & L T realize &h 2 & &, 7 % GL, ORERHE (cuspidal RH) &),
ZoLE T ICHLEARBAOEK {r,} H—EIZREY
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(1) m 1% v CEER,
(2) m, I¥ almost every v TR,
(3) m= @ Ty
MERMIT 5.
Langlands QEEMFE & 707ER o KXt L, GL.(Ar) LORAKR 1(0) Hd T,
L(s,0) = L{s,7(0))
METF 5. 72, o BEEMIDD non-trivial 725, 7(0) 1 cuspidal T 5.
Wiz, n=2F=Q0DL& TEALY
Artin F38 < Langlands T8
DRIL, FEB LVEX 1 ORBEEANITRTIOIIILABLND Z Elbhd. £LT,

p(Gal(Q/Q)) =Dip  (Hecke)
= A4, S4 (Langlands, Tunnel)
= As (Buhler : level 800, Frey ; Taylor ; Kisin ; Khare)

(n=1:1&KHK)

§5. Icosahedral Galois #® & Serre ¥

1) C. Khare: Remarks on mod p forms of weight one,
International Math. Research Notices, 1997, No. 3

2) B. Edixhoven : Overview of Khare’s proof,
Preprint, 2005

3) M. Kisin : Modularity of 2-dimensional Galois representations,
Current Developments in Mathematics 2005

4) C. Khare : Modularity of Galois representations and motives
with good reduction properties,
J. Ramanujan Math. Soc. 22, No.1 (2007), 75-100

Serre ¥ (EH A OFBAR ! ( J.-P. Serre : Duke Math. J., 54 (1) (1987), 179-230))
7 : Gal (Q/Q) — GL:(F)

g, BN 2 Kt odd mod p FE (ch(F) =p) &35, 5 % Serre type L35, p D
conductor & N(p), k(p) 2 p PEZ L THL &, pIXEZ k(p), level N(p) ® newform 226 arise 5.
iEBIiX, Khare-Wintenberger I, IL

© Serre FHEMKII T3V, Artin PREIIHRETS.
FEBAIL, 1) @ Proposition 1, 3) @ Corollary (0.4).
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