RKBBEDERER & T DAL

ARELF

[ZC&HIC

“BIR." EVWIHBEZICERILEY, B¥, IFOARLTHERFE L LV
HLTL %, ZOBEE LD LS IZHFMITRBATIUIZOWVDDOTLE I ? £
BEHEXPOEOL S REmIETHh, FOLSEHENEZDTLE I MN?
BEOPTOHKEIL, BTERHROER 2 ARBANUTEY -7~ Gerstenhaber
DEFERBE DV ET, ZOBBOBFLZEHELRNBL, BRI OVWTHLEEW
ERVWET, RVHIABEFBE2RICANTHETIDLIREZOBIZHRDED
Al (BXE) BEDLI>REDTLEIN? ZOFTRPEEEFLETOERE
ERYBEEVICBHATVET, ZOBRRAFOBRRLIFR, £hix b Lic#Hy
Ay Fa IEEL ZE, EREaFT -tk ar bu—ArE&RET,
TOEKIT, HBIIHTAEERaFRER P —HOHBERZOBBFNLESD
PRS- TWEZERZRBRLEECERB L TV ET,

(MREBEDEFENR | #BE L= Gerstenhaber Hi® (R I ANR=T KF)
1T Kodaira-Spencer DEZRBEDEFREIGEZ TV VA F U THATZONRE ot
WZRol, ] EESELNLTWELED, BlEE- & &IZiE, &6 HEREBE

DEFRBROREAZEZBIR L] SMTMXONE Lz, EREEOER] 3R
B TREDORIBOER] L LTHALNE LT, Stein BEA DL 2 HEF
4 (Poset) O ERIBEO S 2BOIT I —~OEFR2 A LTHLE, &
R AU) ROEBEREERSR AU) - AU) O200MBOERERV TS bIT
T

§1 F—4
1.1 BET IR0 [EAE. F594000F vy NLE L, FEP KT 2
TORVFELILEETT, FHEREIC EE” % Web THREL, 2FTHEOIC

BRLTEYELE, “BFER 13046000 T LT, FOSEIZI, HEBEMEE

HEOTFEROXF—U— RNz, HREEOER, RE@EEDOERREDEFER
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DHF—T—FREFONTVWE L, EREDT —<id REBEDEFRER .
HEMARTHLL2D, HLOAMEBOERZERL TWET, EREROLET
DNBMITEEZ DR, FoRVBWEFEE L THREEIEELE, 1983ETA
M.Hazewinkel 2330~ 7= & Z AIZ L 5 & “deformation” & BEAIZ D HEDFRHR I
4300 < HVHY, DS HK 1350 Bit 1980 FLIED & DEE 5 T, 2004 F
1 A{Z MathScinet TH~5 & 54694 vy FLEL7, VA IR TWAEHE
VWam 3T Eisenhart ‘Certain continuous deformations of surfaces applicable to the
quadries’, Trans. Amer. Math. Soc. 14 (1913) TF, &%, ZOT — X iIHR4IZE
FEh, TRURMOLDOLBRETESL LD EEVWET, T/, ‘Lie algebra’ THZE
T5E58061HY, VAPPSR TWVDESEVERIT Knebelmann ‘Classification
of Lie algebras’, Ann. of Math. (2) 36 (1935) % Jacobson ‘Rational methods in
the theory of Lie algebras’, Ann. of Math. (2) 36 (1935) T3, B &V —R¥K
DY A MOBFEITIZIER o febid TF,

Mathscinet T ‘deformation’ 83 L 7= R
& | # | & B8 % £ B F K
2003 | 128 | 1992 | 182 | 1981 | 110 | 1970 | 29 | 1959 | 44 | 1948 | 43
2002 | 217 | 1991 | 159 | 1980 | 142 | 1969 | 43 | 1958 | 35 | 1947 | 19
2001 | 217 | 1990 | 162 | 1979 | 103 | 1968 | 32 | 1957 | 30 | 1946 | 14
2000 | 172 | 1989 | 136 | 1978 | 90 | 1967 | 18 | 1956 | 33 | 1945 | 17
1999 | 268 | 1988 | 139 | 1977 | 75| 1966 | 29 | 1955 | 33 | 1944 | 11
1998 | 243 | 1987 | 102 | 1976 | 62 | 1965 | 45 | 1954 | 26 | 1943 | 14
1997 | 176 | 1986 | 94 | 1975 | 81 | 1964 | 57 | 1953 | 24 | 1942 | 13
1996 | 283 | 1985 | 106 | 1974 | 79 | 1963 | 35 {1952 | 18 | 1941 | 9
1995 | 210 {1984 | 102 | 1973 | 47 | 1962 | 39 | 1951 | 24 | 1940 | 12
1994 | 195 | 1983 | 105 | 1972 | 45 | 1961 | 35 | 1950 | 26 | 1939 | 19
1993 1 213 | 1982 | 80 | 1971 | 43| 1960 | 53 | 1949 | 21 | 1913 | 1

1.2 BAOREH 2T, REBEOEFERD AL 7% % M.Hazewinkel (2
P> THEBLEL X 9, Gerstenhaber OBV LIETFEOEEERLT, I
LOSBFICHEAEEET, EREROaTLELT, ETETEOHMERD T
WHDOTY, ZIIENANDEEDERILITIRD 1.3 THET-XMEBRIIZE VN,

Ruantum mechanics and relative theory ; classical and semi-classical

limits, quantum groups, quantization

Algebraic geometry and several compler variables theory ; deformations
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of singularities, moduli

Differential geometry ; deformations of complex and other structures,

moduli, applications to (overdetermined) (partial) differential equation

Functional analysis ; deformations of operator and C*-algebras, fami-

lies of operators

Special functions ; g¢-special functions and g-orthogonal polynomials

and their links with quantum groups

Algebraic and differential theory ; homotopies, isotopies, ...

Numerical mathematics ; the homotopy or continuation method for

solving equations and differential equations

Global analysis and particle mechanics ; completely integrable systems,

birfurcations, (structual) stability

1.3 FRICHLMER

1) Deformation Theory of Algebras and Structures and Applications, M.Hazewinkel
and M.Gerstenhaber eds.,Kluwer Academic Publishers, 1988

2) Deformation Theory and Quantum Groups with Applications to Mathematical
Physics, M.Gerstenhaber and J.Stasheff eds., AMS Contemp. Math. Series 134,
1992

3) Deformation Quantization, IRMA Lectures in Math. Theoret. Phys. 1,
Walter de Gruyter, 2002

§2 Gerstenhaber D ZE R

Murray Gerstenhaber

1927 4£, N.Y. Brooklyn iz EN 5,

1948 £, B.S., Yale University, Mathematics

1951 £, Ph.D., University of Chicago, Mathematics
1961 48, XL I NN T REHRE

1973 £, J.D., University of Pennsylvania

REBEOEREIRIL 1963 FIZ2AE % Gerstenhaber O—EHDFRX [2-6] Tig
RENT, £D#%, Gerstenhaber-Schack (2L ¥, Small category 7> S E~D 3k
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ZREE (7], WA, L THy 7REK [8] ~, Flato-Gerstenhaber-Voronov ([1])
(&Y, Leibniz #HERT Y RE~LFERINTE, TITE, BRORER
s izt 5, BEMIT Gerstenhaber DX [3] TH B,

2.1 EREBROFTARY b LUTL2HREROBHBLE T3,

1) A definition of the class of objects within which deformation takes place and
identification of the infinitesimals of a given object with the elements of a suitable
cohomology group.

2) A theory of the obstructions to the integration of an infinitesimal deformation.
3) A parameterization of the set of objects.
4) A determination of the natural automorphisms of the parameter space and

the determination of the rigid objects.

2.2 EXHMTLAFTNLTERE RERBOLTERBEICLELREAGHRE
ELLELIEND, BEBFTRAMAXLEZESDIIFDTTH D,

ZF (Deformation): k ZBBIATREL T, AldE a: AxA— A TESR
Ehik LoR¥ET5, A DER Allt]] 1375 E A X OBRABREKREDOR2
T k[[t]] EoMBET, & o : A[[t]] x A[[t]] — Al[t] (¢: deformation parameter) VX

oy i= o+ tag +trop -

TERERIND, T, a;: Ax A— AT k- TEHRIZ K[[t)])- PR ICILE
ENFEBLDOTHD, o 1T Alt]] CREEEYEXD, “hE

Ay = (Alft]), o)

ERT, 21 OEROT AT MILkBE, AL A FRLCI FRICBTILEN
D, T, APBRERE (V—RE, etc) THIIT, A bFEESREK (VK
¥, etc) TRITNIERLRV, ai=ap=---=00D, &, oo ZHRALER (null
deformation) &\, Ay EET, THE, A OREILKR (k 225 k[[t]]) (e
5720, A BDERKTTHIE, Ay = A k([t]] #SRY ST,

FIf (Equivalence): A, &%k A DEFH T, £OMR o] = a+ta) +t2ah+--
THDET 5, kt]-FARES

fi=la+th+tfh+-,
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(f; € Homy(A, A) 1t k[[t]] IKIEBENTND) TROEHEZHLT bORIFET
BLE, A & A BEETHD LV, A~ A LEL

da,b) = flau(fela), fe(b))
= {f7lou(fe, f)}a,b) (a,b € A).

a*xb=a,(a,b), a-b=a(a,b) EB &, EORIZ filaxb) = fi(a)- fi(b), T4
bbb, fi: Ao A PRREEZDLZLERLTNS, A,~A4 DEE, A, B
BRE %R (trivial deformation) &%,

=245 1 ¥ — (Cohomology): FEERBOEFERICET D IHRER U—IZ20
THRRZ, MORERICOVTIEEEHET 2. A% bk LOBERE LT D, A b
BB TH DD arla, (b, ¢)) = as(au(a,b),c) PEREIND, Zhiit ERFEE
R (deformation equation):

D {ap(ag(a,0),¢) — ap(a, aq(b,©))} = (6an)(a, b, 0) (¥)

ptrg=mn
p>0,9>0

RS, T T, § iL Hochschild coboundary operator T, & : C"(A,A) =
Hom, (A", A) — C™1(A, A) RRATEZEIN D :

0"f(ar,- .- ane1) = a1f(az, .. an) + 2 (1)f( -, aiai, )
+(-1)n+1f(a’1a v 7an)an+1.

ZORMDL
Sa; =0, ie., a, € Z%(A, A)
Q) ~ ay <= a} ~ a; € B*(4, A)

Norbd, EBEE, aj~o DEE, aj—a,=—0f; EBITIE, FE f,: A — A
T fi=1la+tfy THEZDBOD,

#ERR/NE T (Infinitesimal defrmation): B o, == a +ta; + tPay + -+ D—IK
DFEE o) & ZDEROTBMER LV,

FEATHIEIME (Analytically rigid): A DT X TOER A, HERARER A, IZFME
(A ~ Ag) ThHD L, AIXBHNBIETHD LD, F7, HY(A,A)=0%%
7ot R % & B/ B (infinitesimal rigid) & KI5, 22T, EAMLER

ERBIT B,
Theorem (Gerstenhaber [3]) fESREK A 1T H?*(A, A) = 0 27 ¥ I TREATHI R
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Thbd, &<, THEOREUIETOEMETH 5,
GERRY & o = at+tar+2as+--- 1BV, §f0 =a; 725 f1 e CY{A, A)
LY,
ol = (14— tf D)Ly (1h — tf D, 1,4 — tfD)
= a+tiay+--(~a),
DEIC—ROEEHET, “IROFEK o), 2-aH A IV THEND, FREDIE
ETIDEGHETIENTED, IRK, BROEEZHELT

oo oo

[T =t a [T(1a = /9, 14 = t79) = 0.

i=1 =1
BHBD, 10T, ap~ap BRET, GERKDY)

Integral Problem : 2 —=4 A 7 )V oy € Z2(A4, A) IZOWT, ZhE—RDED
LT DEDRER ap = attay+tlap+- - BDHFET D L &, oy T integrable
ThHhdHEWVI,

B (Obstruction): X T, “aFEny—" OBEIHIERFENX (x) ITEA
Do (%) BT a1, a0 22D, (x) BT o, BHRLIVL, ZZIC,
EENET D, fog(a,b,c) = f(g9(a,b),c) — fla,g(b,c)) LI &, (x) DERIZ
(18Qp 1+ + ap_150)(a,b,c) EREDND, BEEFERX (x) X

0100n_1 + *+* + ap_1050; = dax,

DFIERED, BEBIE 3—aP A7V THEZENFHECL VDN, Zh i
BatA o7 rend, ROEFNRERBIIALNTHAS ),
Theorem (Gerstenhaber [3]) #&Ek A 28 H3(A, A) =0 #H-8iE, §3To
2 — Y%A 7 i Integrable Th 5,

/RF A —Z 220 (Parameter Space) k %1, Q% k280 HAKL TS, A%
k LD nRkT~<7 MVZER, {a1,... ,an} ZEOEELTH, EEXZEEL, A &
CREEREOBEEERD, COEEERE (cix), TROD, aa; =, cijrt
ET5E, RP= (g FTESENNLCHEINLI ZROZERDOREHNES V
Q¥ MICHET 5, V 2 n-RIEBEAREONRSA—2RE LV ), —BHREE
G=GL(n, XV EIZERT S, REEELE L BTHEIRMBRITITIE R 5 D,

(1) R gP (g€ G) T KREE A CRABRFEERENIILT D,

(2) & P = (cijp) \&C2WT, Bl GP A P T Zarisky RES RS &, X
ST AREERE A 2B EMAETHD LWV I,
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(3) Z%*(Aq,Aq) DITIER PICBT BT MVIZHIET 5, BEMOR P =
(Cije +tei) WX (ERBI SRS 20) RE A /2 A, BRIEL, £ OMIT aig; =
Y i(Cije +teip)ar THEZ BALD,

Theorem (Gerstenhaber & Schack [7]) k Z1EE 0 O, A ZREFEXTERS
NOEIREOHT AV —ICBT2HEBRTREL T2, 2oLk, AIzo0T, %
IR AIE & FEATHIRIEIIRS TH D,

Note RFERMIEE (40m) TED 1?2 ITEZ L

infinitesimally rigid => analytically rigid = geometrically rigid
(H}(A,A) =0 & (A; ~ Ap) <« (GP is open)

§3 BE & DXEE

BB/ OEFMERALIT 1958 £ Kodaira-Spencer DE R E DL Hin
B4 o8 [13] I2igE 5, ZOER L OXEE2 < LT Gerstenhaber DIE5G E’%L
DZLFELNE D THD, £, NTA—FZERMITONTIE, 18574 D Riemann
DB L OXEEL 2D,

3.1 ERBEDEREM Spencer @ ‘sewing Grandmother’s quilt’ & UVHNEE
(MERLHRAER (12) a3 T2y VERSHE M ITERBEORELE
D DB LOTHEND, M OEFRIIEFOY b FE2EZDHI L TH
5] EEEEOTEPRITZ 572, Spencer D1EEEIL Gerstenhaber 25 & < 51 A
TH5LDOTHD, ZIZ Tk, BEBEOEHER LREBEDENLDOF—T —
FORIEZRIZILTHD,

BEREE — BaRBOMEE
i BHRBITIR M, A
afrEnY— | BREa T Y— Hochschild 2 &€a v—
HE(M, ) HE(4, A)
ERNEF H'(M,©) H*(A, A)
S H2(M, ©) HY(A, A)
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BREREOR Y HiEFH (M F) 2E x5 FAN HY(M,0) TRBINDIbiTT
HD, BHEZRET 2 HEITHEBMETIT HI(M,0) =0, HERETIT H2(4,A) =0
L5,

3.2 V25X 18574, Riemann i3 ¢ 22 OV —~  EHOEAKIFIE
BLEII G- 3BEOERNRTGA—FTREDIZILERBRLE, ZOEHK3g-3 %
MEo (€225 R & LA,

§4 KBWEDER

§3 TEREROBEDOFIEEHEREOBEIHA L, 22T, 2 00H%
bORT VYV OREBLIVCEEO ZEHEZ LM ZEHEOERER® EO X O IR
Shienkshd, FREz b a—AT5@0RaRER P —BEROTH I &M
F—|T72%, §2 D 2.2 THRALHIME, Integral Problem [ZB89 % EEIZRERRIZ
FROSIODT, ZZTIEEKL, L5 arenl—NRRsHCERE
oz & :Té IHIT, ZOMHEBELRBNTHETH2THAS I, V—HRED
EEERIZIEL Chevalley-Eilenberg cohomology 23 Vv H#L 3 (1966 4E ; Nijenhuis
and Richardson [16]).

FEF@ART VR AT Y % (Noncommutative Poisson algebra,
B LT ncPa) A 3O DK k £~ NERT, HEHHE a(a,b) =ab BX
WY —F& Aa,b) = {a,b} b b, T bHDOMED Leibniz law : {a,bc} = {a,b}c+
b{a,c} (a,b,c€ A) 2HETHEDOTHD, ZOREDOELEHIL 1995 FIZ Flato-
Gerstenhaber-Voronov ([1]) Iz K> TH®RE I, ncPa (4, a, \) DEF (A[[t]], ou, Ar)
BEEE g =atto+tPa+- BEIOI—FE M = A+t +20 4+ &
H 5, Leibniz law: A(e,a(b,c)) = ala, A(b,¢)) + a(A(a,b),c) ZFHEETHDTH

5, TOERBERHIETIaRER Y — 2o TS, IR SN IE$EEIT
(C2(A, A), 61r) T B :

Stotlore = Op+ ¢k

Cl (A A) = Bppq=nCPUAA), O = ,
tot( ) p+a ( ) tot { 5totl0ﬂ»q _ 5H+(_1)450E (p_>_2)

v-y-‘—C‘\
— ’

C' = Homi(A?1A4, A)
p’q A =
C™(4, A) { CP4 = Homy(AP ® (A2A),A) (p>2)°
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3y 1X Hochschild coboundary, dcg t% Chevalley-Eilenbrg coboundary T& %,
72 6p : CY = Homy(A91A4,4) —» C?9 = Homi(A? ® (A1A),A) XA
Hom,(AT+14, A) 5 Homy(A ® (A94), A) B Homy(A? ® (A1A4),A) (e*f(ar ®
(a2 A ...Nag)) == flarAag A .. ANay)) THD,

[ou T5H [on
Homi(A%,A) %5 Homi(A°® A, 4) 295 Homi(4®®A24,4) 25

T‘SH LSH LSH
Homy(A2,A) 293 Homy(A2® A4,4) 25 Homy(A2®A2A4,A4) 223

[8p = 8u K3 lop

Homi(4,4) 25  Homp(A24,4) 5 Homi(A34,4) 5

SETERE LT, AR (19964 : [14]) IXZH T [a,b] = ab—ba ZFIALT, &
BB {—, -} =A-.—-] (Ack)ZzEALT, BEOITIOEERE LD M, (k)
LI ERN R EOAFRETH D L EER LT,

ZEROERBSR BE, AKR-AD0 (1) KXo TRBS N, £TZEHHK
DWTEHAT 5, Lie triple system (B LT, Lts) iZ Jacobson [10-11] i & » T,
MO TEEXROE TERIN, TO—HEEEL, BEOHIZ LI=D Yamaguti
[17] ThoTo : k ZEEODOEE TS, k L LtsT id k E~2 MERT, KD
EERX L BT =EM [abd 2HD:

[aab) =0
[abc]+[bca] +[cabl =0
[ablcde]] = [[abc]de] + [clabd]e] + [cd]abe]].

Lts [Zi3 @Y —RED3H Y, Lts FEESh TV —REOEREZEM L7222
LIRIT SN T &z, ZOFNIE, Haris (1961 4E:[9)) 13848 U — %% Chevalley-
Eilenberg coboudary #F|HL T Lts »afEu V—FEEHZLKE, —F, LA
(1960 & : [17]) i, @Y —RE LW IHIAHHRITHD Z LR <ME ORHRE
BRI, Bald, ERERELERT S ECRLURNafrEe P—0hFRETT
HBENOEREGZ, BEIL, - T, Lts DaFEaP—ZIUADENTSH
BRE| LIELAREoT, ERERIL, TORERIZ, ZOWxSBEHNEL
MESHDHEEEEZTIND, D LBHEETIEIH 52, Yamaguchi coboundary
operator # Z ZIZEETT, £7, Lts (T, a(—,—,—)); a(—,—, =) =[-—- =] D
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B T, = (T[], o) 13
ai(a,b,¢) = ag(a, b, c) + tai(a, b, c) + t*as(a, b, c) +

DOFTHY, Lts CREONTZRGEERMETHLOTH B,

T BH IR EF O >HBEEB~5, (2n+ 1)-cochains DZER] C**+ (T, T) iI—
EDZRMEH =T 2n+ 1 E k-multilinear function f : Tx - xT = T OEST,
Yamaguti coboundary {ZEA T CER I D k-linear map §2*~! : C* YT, T) —
C*rtYT,T) TH5 :

" f(x, -, Tont)
= 9($2n,$2n+1)f($1, e ,Cvzn—1) - 9($2n—1,l‘2n+1)f(l'1, crr ,Ton-2, l‘zn)
+Z n+kD (Tok—1, Tok) f(z1, - , Tok1, Toky " - s Tont1)
n 2n+1
+ Z Z n+k+1f :Cl, e 71'/2/9?17 52\/0) Ty [$2k—1 T2k xj]a e ;$2n+1)
k=1 j=2k+1 .

ZZiZ, 8(a,b)(v)=[vad] THY, TIXEREERT,

o\T, 1) 5 3T, 1) L v, T) — -
§2nt1§2n=l = forn =1,2,--- D3RV LD,
B . BEOBESLYEITTE o EERASEES - SHERBEHEFOME
Feh, ERELARVCEBEAICELBLBLETFET, £/, MHEEEOEER
CERITRWICEMRICA D £ LTz, &RIT, Gerstenhaber i IoHFEL XL RITR
DEFA, FR15EI RIS B, R#ERZHNL, REBEOCEERBER

DEBRRIIFBICEELTEI =, FLT, (\WDOL0ZETHBEDN) 74 FF)v
T4 THEED, BLACBRIGEVARRSEXTCTSB 2 LICRET 5,
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