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ZAK efg % P2 L3 3BL, be = fh 4 5 i, Pl1&P2

RERERPZELL, BEZH%IZ equidecomposable K> T W5,

¢ . d e
///
7/
™1 4
//
/
b : ¢ f/ 7 &
EB, Al = Aabd, A2 = Abed, Bl = Aefh, B2 = Aehg & &=,
cl=RiTHBE, c2 = * A dofbviz 270°  RiFFdbLHLHIIEE

LTRITBE’ EFd e &w,
Ld»L, A1NA2 # ¢ , BINB2 # ¢ THd3h,h o6, THE1ORHEE2
#E¥, CoFxETHR, Pl~ P2THDIILEEXERTZ RV,

Al ,A2 ,Bl ,B2 % Al = int ( Aabd ) &, ZABOABIL L Y, A3 =ad
A4 =ab, A5 = bc, A6 = dc H L B %,

Pl= aU...U a6, P2 =8B1U...U B6
LBELTH, WOEIWE, P1 vl 4+v2, P2 K
FWTR 3+2/2 LhoTEHEL 2HFLFTEIK i iz 1,...,
6 ) Hrhizw,

Tarski [T1] REK2VWTOEH]HR, ZAFPOABIIRPETHRTLES
s hfEEREL, P1~P2 DEBEBRYTDHICELE2HEMHT S
TEULRHU K. FOrYRHIDES aMEBELOHIIERL T,



KHLLULLKHRPAL, BELHHEE XL TV S, LT, ®XD¥EDIHIK
75V AFEDL Y aRA %ML T, équivalants par décomposition &
EBEXBERL, BE2 K, THEEHII] LOIFHE2WMVELTH
RIEDHE (%, D>¥O0EHE3) »{HPT BB IOBXDOEHB
THHIILE2RL, >¥0HEBEIRALD>ELEZHREL TNV S,

#ME ( Tarski )
R® omomwssaoKetr P L, HERCOKSH L1,
, Ln (BEXWRHEET, BUXboTVVThHrEbiv) %
&Y, Q = PUL1U...ULn &8B<¥,
P ~ Q MNEID.
B, £t 02 AaEL Q OAEB:E P ¥ 3Lk,
P ~ Q TH 5.

£ ¥ 3 (Banach-Tarski)
R® o#o-->0%#K P1 & P2 ¥r By,
P1 & P2 2, equidecomposable TH B H
o+ i, P1L & P2 OEBRIZELVWIELTHS.
%> T, R® ®# Tk, Banach-Tarski O BB HEE L 2 v .

Tarski O®HER [BT] KHEET2K VXTI EXHFEDIPALTWL S,
Cocehrs [BTl1 &vy, [T1] OoFDBHiE#ELALDPDOTH S
CEHPHEATH B, A 26, AEY, BRFEIAEBXR, BREK
BERTLESEIOLDOPBALLLTEBEZUDOAT, BEREXIND
EOIBRRBILEFISRTONSGTH B,

BEn >k, [BT] & [T 1] »HERRHEL THB L, equi-
decomposability D& ik, Tarski DARIE L B3R LEEXXEX2E L.,



§ 4 Banach-Tarski @#@ X [ B T] D B FE

KECDYT, 3O0BHNBHELERGR S ¢
1° strikingly counterintuitive theorem MM I h I &.
9°  Fquidecomposability —m #5, MHTHHKEHT AL L
3° BMAABOBFLBVIERELANAIBBMEREL:
ST, HREEHRWENX S.

s

1° 20T
Wagon O & [ W] D FE I Jan Mycielski A X #E Forword &% H
Banach-Tarski D H D L %
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R2 ® Jordan @ A ThoT, TOHERA 24
rectifiable (R X EH/BXh 32 HK) THor2 6, A WFHEHEN A

DERIZZFUWIEEFH® B & Tr-equidecomposable T& 3
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(A) S, HC R lo® L T, S 2% discrete #£45 T,
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A(S; H) = | IS N HI - A2(H I
n
(B) s, H C 1 (I = (0,1 KHLTR, s PERESD L %
Dn(S; H) = | 1Is N HI/1sSI] - An () |
B L. 1L, I'sl & s oxoEHEE#HEL,
AnC+) W, n-7R 7% Lebesgue I ( n=1,2,3,...) *%#%F%.
n
R, u, x1 ,..., xd € R LT, 84 F (u; x1,...,xd) %
N
D OXSit, EHT B
F (u; x1,...,xd) = { (u + nlxl + ... + ndxd) ;0 =< nl,...,nd = N
N
n
BL, v=o(vl, v2,..., voh ) € R kLT,



(v ) = ( {vl}, (v2},..., {vn} ), where
{a} = a - [al for a € R. ( [+] ik Gauss i & )
n
7 & FN(u; x1,...,xd) C 1
[LS) oxEHE, Ko wHS5. 2 EREF % 5. 3 Tdhd.
( &%, #oE5w, [LS]1kKsU2EFESEHRT)

5. 3 (1ii) BBroEHETIZHAZS W,

EHE 5. 2

Suppose that Hl and H2 are bounded measurable subsels
n

in R such that An ( Hl ) An (H2 > >0

and ACOHL) ¢ n, A (9H2) ¢ n. ;
Tr
Then, Hl1 ~ H2
T, AnC*) ¥, n-¥kx Lebesgue RE % F7.

% I, AIHL) B, »¥F¥ome#irXx5d. (2H1I & HL @ boundary )

E# 3

The upper index of Kolmogorov A (E) for a bounded subset E of

k
R is defined by

A(E) = lim sup log M(&, E) / log(l/ ¢ ),
£ >+0

where M(&e , E) denotes the smallest number of balls of

diameter € needed to cover E.

A 5. 3
n
(i) If A, BC R are bounded convex sets with An C A )
= An (B ) > 0,
Tr
then, A ~ B.
2
(ii) If A, B C R are Jordan domain of the same area and with

Tr
rectifiable boundaries, then A ~ B.

2



EHE.5.2 RKRHBSI—0DHEBH->T, THhiE, TKantor £4) *EHOM
DREEHEIZDODNVTODRDE RHEORERRTH o1,

C.A. Rogers ©® BE oOBRX.:
A = (1/3, 2/3 >y U  7/9, 8/9 » U (¢ 25/27, 26/27 ) U -

EH L, A ~ o0, 1/2) n 9 P YES!

EH 5.2 2HMEIBAILDIcE, 2DF0 g8 5.4 BExF—HA &3,
ZLT, RE¥DEFET, £ 5.2 LU % 5.3 LEHZET 3.
E® 5.6 > xE® 5.8 > E®H 5.4 > EH 5.2 > ®H 5.3

EF 5.6 i [L3] WHEEETHhTWSD., (i, BEILE, LI2L,
BilrEBEEL2EAI 2., )

I 5.4
Let Hl, H2 be measurable subsets of 1= with A n(HL)
= An(H2)> 0 and suppose that there are vectors
x1 ,..., %xn € R.n such that
(i) the unit vectors e = (0,...,0,1,0,...,0) (i =1,...,n)
and x1 ,..., Xn are ;inearly independent over the rational
numbers, and

(ii) there are positive constants K, =« such that

-1-¢
DnC F (u; x1 ,..., xn ); Hj ) < K.N
N n
for every u € R , N=1,2,.

Tr
Then, Hl -~ H2.

Comment W¥NR

Tr
ZonHE4S HL , H? M translation-eguidecomposable ~

A53-Ho+nEbE, FMEATHELRE [Discrepancy) AHEWT
R T, HBXIL1] o T—-BREERLIATHB.



EHE 5.5

Let G be the n-dimensional torus identified with I , where

I = [0, 1) and let u be

Suppose that Hl,

independent elements x1 ,..

K, ¢ such that

H2 C G,

the Haar measure on G.
# (H1) = @ (H2) > 0, and there are

., xXN € G and positive constants

-1- £
Dn ( F Cu; x1 ,..., xn ); Hj > < K.N
N
for every u € G, N =1,2,..., and j = 1,2.
Tr

Then H1 ~ H2.

EH 5.6
d
Let S1, S2 be discrete subsets of R , and suppose that
there are positive constants  , K, such that
d~-1- ¢
I 18; NQIl - @ « 24d(Q) | < K-=*s(Q
d

for every lattice cube

Q C R and j = 1,2, where s(Q)

denotes the length of the side of Q.

Then there is a

bijection

I ¢ (x) - x| <

for every x €

EES5. 6 - ®E

B u €
Sr(uw) = { n € Z ?

Sr(u) C Zd
CHr¥E, EES5. 5

discrepancy

S1, where

M5, 5

d

¢ from S1 onto S2 such that

M

the constant M only depends on

DIEP D outline

R LT,

(u + nx )
(r =1,
D HBo

Dn . ;

&

€ Hr ) (r =1,2) &<, %)
2 ).

) WO T3x682HWT,



d-1- ¢
sy @ - - 2d@) | = K.s@)

for every lattice cube Q.

BT B ENLERS. EL,
22CHL ) = A2(C H2 ) = « , a>0.
EHoT, EES5. 6 XY bijection ¢, T @ tSLW e 52w

BEET S,

Eok ( ¢, ;i uc Rd} & Sr(w) DEHEEHBWVWT, bijection
x : HlL » H2 T&o>T7T,

x(z) =z +d, , dg € { ax + by + ci + dj : a,b,c,d € [-C, CI )}

2T 2 OBEIXDD®»B.

Tr
x 2HWT, HI ~ H2 ThdrH, BB, Kihxhisd.

Equidecomposability WHEELz KBFRrOMBETERLOEFEY 5 &,

50
s 1 Disk ~ Square ® N i N > 10 (ILI1IT DMy 77 f 58,
N>3 ¥, RER, BRrxhTbhbiuvsluvn!,

fi# 2 1Is a disc equidecomposable to a square of lhe same area
using Borel measurable pieces ?

3
Bl #® 3 Is a regular tetrahedron in R

equidecomposable to a cube
using Lebesgue measurable pieces ?

& 4 Is every polygon equidecomposable to a square using translations
and Lebesgue measurable pieces ?

8§ 1 0 Laczkovich It X3 BgED{LE

Laczkovich & [L 1] o@X%2RBKXITI5HMPizrh il T
BMEOMEFEEZ [LE6] FRRERELTWD. ChoonftE% [L1]
CHREARREDTOALAFERZ2HMBI3LAKRBEVIOLH 3., Th o
BMRDOLKODPERBNALTHEKD. ¥ 7,

o7 —



E#®4
=aAk T HBZAHAE P %2 XANEDHTS ( T tiles P )

R, ZAK Al,...,,An THoT, 2¥0XxU 23T DHbOBEFE
T2EEENS,

(1) P = U™ AP, int Al N int Aj = ¢ Ci#i,

(2) Al ©» T (i=1,2,..., n), (PR, HBE*E%RT 3. )

oL E, BEND-D, T | PTEIFTELIZT S,

EEDS
P 2334 NVEVWTEZ=ZAK T TH>T, BELHHU TR DD

WA s(P)Y THT:

s(CP )= # ( { Titriangle ; TI P }/ o ).

A PIMHULT, scP) %2KDBCrER, ETHL22LOAE
( surprisingly difficult problem [L6]1 ) THB. HEE, P B
EfoLETTS TIP %3 3_To T 2RET S

VWS SHMBREEBARER T RN,

WX L7 B0 T2¥o o BEHRBER TS,

= #H 8 (Laczkovich)
R, %E n ARBLTDHE s(R,)= TH 5.

EL, EHE n £ 8 FTCL<bLEMPATWVWED, n 2 9 Kk
DWTOEHD detail & omitted Th 5.

DEOHMEIHERBEY.

M B (Posa) T = AABC kEBWT, £ A=060", £ B=90" ,2 C
= 30° x93,
EF®E &, co=4#

&

T T, ZANEDERDKES S ?



E # 9 (Laczkovich)

Posa OB DX, No ! THhH 5B,

§ 1 1 Banach-Tarski paradoxical! decompositions with the
property of Baire

SEOY YRSV LATHEHMOMBZESLSH >T, EXTERIO>REHE,
1994 FILRRFEXHTT Dougherty-Foreman D ERIE, TO0HEY K
Banach-Tarski OH B HFLOWEREZRRBALZHIREKERTH I H» 5
ZOHDOETEEHDODHFTHHRNLTHE 20!

£ 1 O (Dougherty-Foreman)

X % Polish space &L, G % X o (NHEEEILLZD, D
B3+ 5. X @ » 3 comeager subset Y TH->T, G H»H Y L
2 acts freely 233, Bit, 5HARK NWKkKEZVWLT, a6 ® 3N
T @D free generators fij (i= 1,2,3; 1Z2jSN) 2R 2LRET 3.
CnrE, XOWRKK, MESE Alj ThHoT, 2¥0Xx#(irad
LOHBFET .

(1) Aij Bt disjoint TH 3.
2y f£Ho j = N WKHEWVLT,

U3 fij (Aij) W X O T dense ThHh BH.
izt

CDHOEHRMNS, B4 DFH U\ paradoxical decomposition D EFEE B
X Hh B,

HEPHTEBRAEBLERA L2V ES KT 2D, RMEIA VSR D, oD
RWBELLI2TEHIPBDTHMEET, PHEORELRDI D405 H%



FRIBETEOSRCMAEAODEFDOERBEIC ED TITSEH AL, follow T34
THRETH 5. co#mY (DFl] O FEE RHFEXE LT (DF2) AH D
X [DF2] @O FFEWFT [DF1] 2 BMETIHH LT B LB IRD
FRRRETH S.

UL, 21, Fit, BERKEY 5.
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[L6] ----=--~

7] ——-=-=---
Compt. Geom.

{Sil] W.Sierp
generalisatio

[5i2 ----~--
en deux parti

(5131 -------

----, Tilings of polygons with similar triangles,
Combinatorica 10 C 1990 >, 281-306.

----, Tilings of polygons with similar triangles I1

19 ( 1998 ), 411-425.

inski, Sur la congruence des ensembles de points et ses
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JNW-MEE, Mo EE, £ H K, 1991,
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[(Tall S AAE, HHBEFPH, £ 8K, 1933,
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